KHAZAR UNIVERSITY

IRAQI Al- KHWARIZMI
ASSOCIATION

Proceeding |

4th International Scientific
Conference of Iraqi AlIKhwarizmi
Association
In Cooperation with Khazar University
1-2
Baku - Azerbiagan

iK' KHAZAR UNIVERSITY



PROCEEDING

OF

FOURTH INTERNATIONAL SCIENTIFIC CONFERENCE OF
IRAQI AL-KHWARIZMI ASSOCIATION IN COOPERATION
WITH KHAZAR UNIVERSITY (ICMSPCS 2019)

1-2 August 2019
BAKU, AZERBAIGAN scientific

Supported by

48 RN
*@* Iraqi Al-Khwarizmi Association

)‘( KHAZAR UNIVERSITY

Always leading the way!




oNve
)

«
: X
N
®
ol

" eak\’

KHAZAR UNIVERSITY

\@

/sel

h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

CONFERENCE COMMITTEES

Prof. Dr. Noori F. Almayahy.

Pro. Dr. Mohammad H. Alsharoot.
Asst.Prof. Dr . Saleem A. Hussain
Asst. Prof. Dr. Hassan R. Yassein.
Asst. Prof. Dr. Sataar H. Hamzaa.
Asst. Prof. Dr. Boushra Y. Hussein.
Asst. Prof. Dr. Ehsaan J. Kadhim.
Asst. Prof. Dr. Lmyiaa A. Noor.

. Asst. Prof. Dr. Mohannad F. Alsaadony.
10.Asst. Prof. Dr. Abdulhussein A. Khdhair.
11.Asst. Prof. Dr. Hameed J. Huzairaan.
12.Asst. Prof. Dr. Mohammad M. Aaraak.
13.Dr. Riyadh D. Ali.

14.Dr. Gorgees S. Mohammad.

15.Dr. Salwa S. Baawi.

16.Dr. Faezah L. Hassan

17.Asst.Lec. Wasan A. Alawsi.
18.Asst.Lec. Zahraa Ch. Elewy.
19.Asst.Lec. Faaz G. Abdulkadhim.
20.Mis. Fadhaa H. Ibrahim.

21.Mr. Hamza Mohsen Alrodhan

1.
2.
3.
4.
5.
6.
7.
8.
9



oNve
&

P
: X
N
()

+ 199
T Ak
KHAZAR UNIVERSITY

\@

/sel

h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201
Qs

INTRODUCTION:

Scientific societies have played a prominent role in advancing science and linking it to
society. Scientific societies were built on the basis of volunteerism through the efforts of
scientists, researchers, and academics.

At the international level, the Scientific Society is founded on a sincere voluntary desire
by groups of learners and intellectuals to contribute to the collection and dissemination
of useful information in the field in which we work among members of society without
regard to the material output resulting or expected for its members.

Al-Khawarizmi lragi Society is one of the scientific societies concerned with the
dissemination of the culture of mathematics and its sciences and includes the disciplines
of mathematics, computer, statistics, and physics. It was established under the Law of
Scientific Associations No. 55 of 1981 and its amendments as per the Ministerial Order
No. (3/10793) in 10/10/2012. It works according to an internal system approved by the
Legal Department of the Ministry of Higher Education and Scientific Research. The
members of Al-Khawarizmi Iragi Society based in the province of Qadisiyah aims to open
other branches to it in the rest of the provinces.

1. Cooperation to raise the level of instruction and scholarship in the subject areas of the
Association's specialties.

2. Promoting scientific research and sharing in the research, exchanging its results and
linking applied research topics to the needs of Iragi society.

3. Documenting cooperation between the corresponding departments inside and outside
Irag through the members of the Association.

4. Issue a quarterly Iraqi scientific journal in the specialties of the Society.

5. Unification of scientific terminologies in the specialties of the Association and
encourage Arabization and composition in the Arabic language.

6. Attracting the scientific expertise and expertise from outside Iraq to benefit from their
potential and to find out what is new in the fields of the Association's specialties.

7. Provide opportunities to complete the graduate studies of the members of the
Association in coordination with the members of the Assembly as much as possible.

The Assembly adopted some means to achieve the objectives of the above-mentioned
Association, as indicated in the following:-

1. Holding lectures, seminars, and conferences to discuss innovatively and applied
research and findings of the member researchers as well as discuss the problems of
society.
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2. Issuing scientific journals and publications reflecting their activities, includiKF;E?RUNNERSITY
research of their members and their achievements and exchanging with their
counterparts locally and internationally.

3. Establishing scientific libraries through exchange or acquisition.

4. Organizing meetings or periodic meetings to study the new scientific terminology.

5. Organizing courses and studies for the activation and scientific modernization of the
members.

6. To establish meetings between the Association and some scientific bodies rather

than to serve the community.

7. Providing consultancy and technical services.

8. Provide a data room and a specialized library that combines scientific activity in the

fields of the Society's specialties.
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On fuzzy soft normed space
Noori F. Al-Mayahi and Donia SH. Farhood
Department of Mathematics
College of computer Science and Information Technology
University of AL-Qadisiyah , Diwanyah-lIraq
E-mail:nafm60@yahoo.com
Abstract :

In this paper , we have introduced the definition of fuzzy soft normed space and obtained some new
properties of these space by studying the open and closed balls. Moreover , we studied the continuity
and the convergences in fuzzy soft normed space .

Keywords: fuzzy soft norme , fuzzy soft set . fuzzy soft continuity
1. Introduction:

In 2002 , Maji et.al gave a new concept called fuzzy soft set , After the rontier work of Maji, many
investigator have extended this concept in various branches of mathematics and Kharal and Ahmad in
[2] introduced new theories like new properties of fuzzy soft set and then in [3] defined the concept of
mapping on fuzzy soft classes and studies of fuzzy soft in topological introduced by Tanay and
Kandemir [4].Mahanta and Das [5] continued studier .In all of the above —mentioned works , the
researchers used a fuzzy soft vector space or soft vector space ,while in this worke we used a vector
space . In this work we introduce Fuzzy soft normed space and discussed the continuity and convergence
and bounded

2.Preliminaries

In this work we use the simples X , E , P(x) to denote for an initial universe ,a set of parameters and
the collection of all subsets of X, respectively .

Definition (2.1): [1] A fuzzy set A in X is characterized by a function with domain as X and value in I.
The collection of all fuzzy sets in X is denoted by ¥

Definition (2.2) [15] : Let X be a universe set and E be a set of parameters , P(X) the power set of X
and A € E.Apair (F, A) is called soft set over X with recepectto A and F is a mapping givenby F: A —
P(X),(F,A)={F(e) e P(X):e € A}.

Definition 2.3 [1] : Let A be a subset of E . A pair (F,A) is called a fuzzy soft set over (X, E ) ,if F:
A — I* is a mapping from A into I* .The collection of all fuzzy soft sets over ( X , E ) is denoted by
F(X, E)

Definition (2.4)[1]: A Fuzzy soft set (F,A) over (X,E) is said to be absolute fuzzy soft set , if for all e
e A, F(e) is a fuzzy universal set Tover X and denoted it by £
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Défi‘nition(Z.S)[l]: A fuzzy soft set (F,A) over (X, E) is said to be null fuzzy soft set ,if for all e € A,
F(e) is the null fuzzy set 0 over X .we denoted it by @

Definition(2.6)[41] Let X be a non-empty set, * be a continuous t-norm on I=[0, 1]. A function
N :X X (0,0) = [0,1] is called a fuzzy norm function on X if it satisfies the following
axioms: forall x,y € X, t,s > 0;

N(x,t) > 0.
N (x,t) =1 &x = 0.

N (ax,t) = N (x,—) foralla € F{0}.

|ex|
N(@t)*N(@,s) < N(x+yt+s).
N (x,.): (0,0) = [0,1] is continuous.
le t—o0 N (x, t) = 1

(X, N,*) is called a fuzzy normed space.

Definition(2.7) : Let X be a vector space .Then a mapping ||.|| : X = R(E)" is said to be a soft norm on
X if ||. || satisfies the following conditions :

Dlx|]] =0 forallxeX

2)|[x]l =0ex=0

3) llr x|l = Ir|llx|| for all x € X and for every soft scalar r

4 llx + yll < llxll + llyll for allx,y € X

The vector space X with a soft norm ||. || on X is said to be soft normed space and denoted by (X, ||.||)
3.Main result

Definition(3.1) :Let X be a vector space over the scalar filed K, suppose * is continuous t-norm , and.
A fuzzy sub set I" on X x (0,0) is called fuzzy soft norm on X if and only if for X e ,ye- € Xand k € K
the following condition hold

E(xe,t)=0 VvVt <0

E(Xe,t)=1Vt >0ifandonly if xe =86,

E(kxe,t):E(xe,lz—l)if k #0V ¢t >0

E(Xe ® Xe+ ,t®S) =E(Xe,t)*E(ye: ,S)Vt,s > 0 and Xe,Ye € X
E(xe, . ) is continuous function and tll)r{.lo E(x.,t) =1

The triple (X, E, ||. || ) will be refered to a fuzzy soft normed space
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Déflnltlon(3 2): let (X, E, ||.|| ) be a fuzzy soft normed space and t > 0 we define an open ball ,
closed ball and sphere with center at xe and radius « as follows

B(Xer,7,t)={ye2€ X; E(Xe1 — Ye2,t)>1—1}
E(Xel,r,t):{)/eZEXZ E(Xe1 — Ye2,t)=>1—1}
S(Xer, 7 ,t)={ye2€ X: E(Xe1 — Ye2,t)=1—1}

SFS(B( Xe1,r,t)), SFS(B(Xe1, r,t)) and SFS(S(xe1, r , t)) are called fuzzy soft open ball, fussy soft
closed ball , fuzzy soft sphere respectively with center xe and radius r

Definition(3.3):A mapping A: X X X x (0,) — (0,1) is said to be fuzzy soft metric on X if A satisfies
the following condition

A(Xe1,Ye2,t)=0forallt< 0

A(Xe1,ye2, t) =1 forall t > 0 if and only if Xe1 = Ye2

A(Xe1 ,Ye2 , 1) = A(Ye2, Xe1 , 1)

A(Xe1,Ze3,5Dt )= A(Xer,Ye2,S) * A(Ye2 ,ze3, 1) Vt,s > 0
A(Xe1 ,Ye2, . ) : (0,0) — (0,1) is continuous .

X with a fuzzy soft metric A is called a fuzzy soft metric space and denoted by (X, A ,*)

Definition(3.4) : Let { x;; } be a sequence of vectors in a fuzzy soft normed space (X , E, ||. || ). Then the
sequence convergence to x. ; with respect to fuzzy soft norm.

If (xg; - Xe; 0. )=>1—aforeveryn > noand a € (0,1] where nois positive integer and t > 0
Or lim E (xg; e},t)—last—>oo
n—-oo

Similarly if lim A (xg; — xg; 0., t)=1last — oo then {x2 ; } is convergent sequence in fuzzy soft metric
n—->oo
space (X,A,x)

Definition(3.5): A sequence { x,; } in a fuzzy soft normed space (X, E, || ]|) is said to be a Cauchy
sequence with respect to the fuzzy soft norm if

E(xg; —xgj,t)=1—a foreveryn,m >noand a € (0,1] where no is positive integer and t > 0
Or lim E(x;; — xg,t) =last—> o
n,m —ow
Similarly if lim A (xg; — xg; 9.,t)=1last - oothen { x? ; } isa Cauchy sequence in fuzzy soft metric
n—-oo

space (X ,A %) .

Definition(3.6): let (X , E, ||.||) be afuzzy soft normed space.Then (X ,E,||.||) issaid to be complete
if every Cauchy sequence in X converge.

Definition(3.7):A Complete fuzzy soft normed space is called a fuzzy soft banach space.
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Défi‘nition(3.8): let {x¢;}a sequence in a fuzzy soft metric space (X ,A,x ). Then the sequence {x;;}is

said to be a bounded sequence with respect to the fuzzy soft metric A if ||x7; — x} ||« < M
By definition ||ij — Xg; |l =inf{t; A (xgj, xg;,0) = a,a €(0,1] }

That is {x.;} is said to be bounded if there exist a positive integer N depending on M such that A (x;,
xl,’},t) > a,Vn,m = N(M).

Theorem(3.9) : Every convergent sequence is Cauchy sequence.

Proof : Let{x.;} be a sequence in a fuzzy soft normed space (X, E, ||. ||) . Consider {x;;} converges to

0
ej -

X
Then we have E(x;lj ,—xgj,t) >1—aforeveryn >nyand a € (0,1] whereny, € Nand t > 0
Therefore
E(x;lj - x;’},t) = E(xgj — X3 @xgj - xgj ,t)
=E((x§ — x) @(xJ} — x2;),t)
> E(xgj — X9 ,%) *E (xJ} — xg; ,;)
>1-a)*(1—-a)
=min{l —a,1 —a}
=l—-a
E(x}; —xJ},t) =1 —a foreveryn ,m=n,and a € (0,1]
Thus {x;};} is a Cauchy sequence >
Theorem(3.10): limit of a sequence in fuzzy soft normed space if exist is unique.

Proof :

Let{x;;} be a sequence in a fuzzy soft normed space (X, E, | ]]) -
Such that lim E(x;lj - xe,t) =1
n—-oo

Lim E(x}; —x,1,t) =1, are two limits of sequence {x};}.

n—-oo

Then by definition there exist positive integers n,, n, such that

E(x}; —xe,t) =1 —aforeveryn>n, and a € (0,1]
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E igj—xe\,t)Zl—aforeverynznzandae(0,1]

Choose n = ny,ny = min{n,,n,}

E(xe —x,1,t)=E(xe —xgj @xg; —x,1 , 1)
=E((xgj —xe) @(xgj —x.1),0)
ZE(x;‘j—xe,%)*E(xgj — X, ,%)
>(1-a)*(1—-a)
=min{l-a,1 — a}

=1l -«
E(e —x,1,t)21—a

That implies lim E (x, —x,1,t) =1
n—-oo

EMxe —x,,t)=1

By definition of fuzzy soft normed space

E(x, —x,\,t)=1witht >0 ifandonly ifx, —x,\ =6, .
Hence x, = x,

Definition(3.11): Let X and Y be two universe sets . We define two fuzzy soft (F , A) and (G,B)
over universe sets , respectively . Let f: X — Y and g: A — B be two functions . Then the pair (f, g)
is called Fuzzy soft function from

(F,A) to (G,B ) and denoted by (f, g): (F,A) - (G,B) ifitis satisfies f(F(x)) = G(g(x)) for all
x € A.

The image of the fuzzy soft set (F,A) under the fuzzy soft function (f, g), denoted by (f, 9)(F,A)
=(f(F),B), is a fuzzy soft set over universe set Y and defined by
{V g =y f(F&)  ifg ') #0

0] otherwise

For allx € B . The pre-image of fuzzy soft set (G,B) under fuzzy soft set (f, g) , denoted by (f, g)}(G,B)
=(f~1(G), A) is fuzzy soft set over verse set X and defined by

Definition(3.12): Let (X, E,||.|| ) and (Y ,E,|l.||]) be two fuzzy soft normed spaces . A function f :
X — Y is said to be fuzzy soft continuous at xo € X if for every sequence { X2, } in X with {X2},} —
{X%}asn - cowehave f(X%) - f(X%)asn - . if f isfuzzy soft continuous at each vector of
X then f is said to be fuzzy soft continuous function .
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Theorem(3.13): If (X, E, ||.|]) be a fuzzy soft normed space then

the function (x, , y,\ ) = xe ® y,\ is continuous
the function ( C, Xe ) = c* Xe is continuous where Xe1 ,ye2 € SSP(X) and C € K

Proof :

If Xe, > xcand y,» =y, thenasn -

E(Xen @ Yep) — (e @Yo 1), t) =E(Xen @ Yo —Xe = Ve )
=E((Yen — %)@ (¥ey —Ye')t)
= EQen —Xer2) * E(Yop = Ve 1, t)
- 1last— o

Thus the function(x, , y,1 ) = xe® y, 1 Is continuous
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Definition(3.14): A fuzzy soft function f : X — Y is said to be fuzzy soft bounded ,if there exist a

fuzzy soft real number M such that ||f(x.)|| < M ||x,.|| forall x, € X

Theorem(3.15) : The fuzzy soft function f : X — Y is fuzzy soft continuous if and only if it is fuzzy

soft bounded .

Proof: Assume thatf : X - Y be fuzzy soft continuous and f is not fuzzy soft bounded .Thus, there

exist at least one sequence {XZ, } such that
If (Xen) Il = nll Xex I 1)
Where n is a fuzzy soft real number . It s clear that x2,, # 6,.

Let us construct a fuzzy soft sequence as follow :

Xon
nllxgnll

n _—
yen -

It is clear that y2, » 6, as n — o . Since f is fuzzy soft continuous , then we have ||f (y2)Il —

0asn — o,

n
xen

nllxenll

n || Xen ||

= TL” ” ”f( en)” > —nr ”Xn” =1

lromll = |f

Which is a contradiction
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Cbﬁversely , suppose that f :X — Y is fuzzy soft bounded and the fuzzy soft sequence {XZ.} is
convergent to the {X2}. In this case

If (X&) = f(Xeo) | = If (X& — Xeo)ll < Ml Xz =Xl = 0
Which indicates that f is fuzzy soft continuous .
Definition(3.16): A fuzzy soft function f :X — Y is said to be fuzzy soft linear function if
1) f is additive, thatis f(x, + y.) = f(x.) + f(y.) forevery x,, y, € X

2) f is homogeneous ,thatis, for every soft scalarr, f(r x.,) = |r| f(x,) forevery x, € X,

Theorem(3.17) : Every fuzzy soft normed space is a fuzzy soft metric space.
Proof :

Define the fuzzy soft metric space by A(Xe1 ,Ye2 , ) = E(x¢, — e, t)....... *
forevery x.,v., €X.

Then it is clear to show that the fuzzy soft metric space axioms are satisfied .

1) A(Xe1,ye2,t) =E(xe, — Ye,,t) =0 ift<0
2) A(Xer,ye2 ,t) =E(xe, —¥e,,t)=1ift>0
3) A(Xer,ye2,t) =E(xe, —¥e, t)
:E(yez — Xe, t)
=A( Ve Xe, 5T )
A(Xe1,Ye2 , 1) = A(Ye,, Xe, st )
4) A(Xe1,Z,, ,S@t) =E(xp, — 2, ,t@Ps)

= E(Xe, = Ve, + Ve, = Ze, , @)
> E (Xe, = Ve, S) * E(Xe, — 2, , 1)
=A(Xe, Yoy S) *Alxe, Ze,, 1)
A(Xe1 ,Zg, , S®t) = AXe, Ve, S) *A(Xe, 1Ze,0 1)
5) By the definition * of A we get A is continuous and
A(Xe, \Ye, »-) :(0,00) = [0,1]
Theorem(3.18): Let f: X — Y be a fuzzy soft function .Then ||f]|| is fuzzy soft norm .

Theorem(3.19): Let f: X —» Y and g: Y — Z be two fuzzy soft function .Then
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a) I7°gll < IfNllgll;
b) If f:X - Y is fuzzy soft function then |[f™|| < ||f]|™ .

Is satisfied .

Proof :
a) lf°gll = sup{llf > g (xe)ll: llxell < 13
sup{[|f (g(x))|: llxell < 13
< sup{ [Ifll-1lg Cxe)ll: lIxe |l < 13

I/ 1Hlgll

IA

b) If we take f = g then we have ||f2|| < [If]|*. Then [|f™|| < [If]I"™ is obtained.
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Numerical Solution Based on Backward Differentiation Techniques for Systems of
Nonlinear Weakly-Singular Volterra Integral Equations

Merewan A. Saleh! , Borhan F. Jumaa? and Esa I. Esa?®

L.2Computer Science Department, College of Computer Science and Information Technology,

University of Kirkuk, Kirkuk, Iraq.

'marewan_812004abdal@yahoo.com

2porhan_nissan@yahoo.com
Abstract and

This paper uses Backward Differentiation Formulas of step (1, 2, 3, 4, 5 and 6) to evaluate a system of
three and two second kind of nonlinear Weakly-Singular Volterra integral equations numerically. The
system is solved by using MATLAB 2014b software. Finally, a number of examples are proposed to
demonstrate the accuracy and effectiveness of this formula.

Keywords: Nonlinear integral equation, Weakly-singular Volterra, Backward differentiation formulas.
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1 Introduction:

The following equation formulates the general nonlinear weakly-singular Volterra integral
equations of the second kind:

B

ToroeCle®)dt , 0<a<1, xe[0,T] (D)

() =g+ [}

where f is a constant, and G (¢(t)) is a nonlinear function of ¢(t). In the literature, one can find these
equations in several mathematical chemistry and physics, such as heat conduction, stereology,
radiation of heat from a semi-infinite solid and crystal growth. It is also assumed at the function g(x)

is a given real valued function [1, 2].

The books edited by Wazwaz [3] and Linz [4] contain some different methods to solve the system
of nonlinear weakly-Singular Volterra integral equations analytically. The author of [5] used the
Trapezoidal Predictor-Corrector Method to solve the system of two nonlinear Volterra Integral
Equations of the Second Kind. Furthermore, the authors in [6] proposed a numerical solution of System
of two nonlinear Volterra integral equations. Moreover, Borhan and Abbas in [7] used non-Polynomial
spline method to solve systems of two nonlinear Volterra integral equations. Finally, the authors in [8]
used predictor-corrector methods as a numerical solution of these systems.

Accordingly, this work studies the system of two and three nonlinear weakly-singular Volterra integral
equations of the second kind. The following form formulates the unknown functions that appear inside
and outside the integral sign [8].

pi(x) = gi(x) + XL, fox kij(x, £) Gy (@ (8))dt i=12,..,n - (2)

where @;(x) are unknown functions, and G;;(;(t)) is a nonlinear function of ¢;(t). The functions
gi(x),i=1,2,3 and kernels k;;(x,t),1 <i,j <3 are given real-valued functions on subsets of
R® and R*, respectively. The kernels k;; comprises of singular kernels where the generalized form is as

follows:

1

=T For




RUZA

¢

¥
KHAZAR UNIVERSITY

*GZQQ
/ses\?

h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

2 Backward Differentiation Formulas [2]:

Let Q,4(t) denote the polynomial of degree < q that interpolate Y(t) at the points

tn+1 by s tnoger fOrsome g = 1,
Qq(®) = X921, Yty )i (D), ..(3)

where {l;,(t):j = —1,...,q — 1 } are the Lagrange interpolation basis functions for the nodes

tnstrtpy oo tnoger - USE
Qq(tns1) =Y (tns1) = f(tns1, Y (Ens1)) . (4)
Combining (4) with (3) and solving for Y (¢,,,.;), we obtain
Y(tns1) = X920 &Y (bnj) + B (tns1, Y (tns1))
The p-step Backward Differentiation Formulas is given by
Yne1 = 2020 @ Ynoj + hBG(tns1, Yns1) -.(3)

The truncation error for (5) can be obtained from the error formulas for numerical differentiation

T, (V) = —q% hT+L Y @D (5 ) fOr SOMe ty_ge1 < Pn < tnsr ..(6)

3 Numerical Methods

For simplicity, an interval [a,b] is taken to develop the numerical method for approximation solution

of a system of the type (2). Accordingly, a grid of N 4+ 1 equally spaced points x; = a + ih,i =
0,1,...,N is defined, where h = %. Now, the following represents the p-step Backward formula for
each i segment.

Vn+1 = 27;3 Aj Yn—j + hBg(tns1 ) Yn+1) (7

To solve the equation (2) we combine (7) with (2), then we obtain:

©i(Xn41) = gi(ny1) + 2;-1:_3 aj Pn_j + hB X7m1 kij(Xns1, tre) Gij (@ (Ens1)) (8
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Accordingly, the system of two and three nonlinear Weakly-Singular Volterra integral equations of the
second kind can be approximated via (8). The approximation is defined as NLWSVIEBD algorithm,

which is stated as follows:

Algorithm (NLWSVIEBD):

Step1:Seth="2; x; = xo + ih, i=012,..N, x; =a, xy = b.
Step 2: For g = 1 to 6 perform the next steps.

Step 3: Fori = 1to N + 1 perform the next steps.

Step 4: Set ¢;(x0) = gi(%0)-

Step 5: Evaluate ¢;(x,, ) using equation (8).

4 Numerical Example:

In this section, we suggest a number of examples to illustrate the methods of Section 3.

41  Example (1)

System of two nonlinear Weakly-Singular VVolterra integral equations of the second kind is

defined as follows:

X

, 25 3 1 1 , 1 ,
px)=x —gxz—ﬁxS +J —— () + ———0%(t) |dt
s \os—er -
X
, 4 15 5 28 1 , 1 ,
B(x) = x —Ex4—%x5+f S S 10 Ya—— 1R P
s \Gs—e -

which has the exact solution: (¢ (x), 8(x)) = (x2,x%)
Table (1): The truncation error of the numerical solution via (NLWSVIEBD) algorithm.

q Errorin ¢ Errorin @



4.2

Example (2):

defined as follows:

i3 2 3 2
@(x) = sin2x + = (cosx — 1)3 — =sin3x + f
2 2 1
o \ (cosx — cost)3

1 1 1
@(x) = coszx + 3(cosx — 1)3 + 3sin3x +

0.192913E-02

0.479822E-03

0.119803E-03

0.299413e-04

0.748472E-05

0.187687E-05

X

1
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0.313335E-02
0.653059E-03
0.142067E-03
0.634997E-04
0.976963E-05

0.778953E-05
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X

T %(t) +

System of two nonlinear Weakly-Singular Volterra integral equations of the second kind is

T @%(t) |dt
(sinx — sint)3

2 (pz(t) -

o \ (cosx — cost)3

which has the exact solution: (¢ (x), @(x)) = (sin%x ) cos%x)

> @2(t) |dt
(sinx — sint)3

Table (2): The truncation error of the numerical solution via (NLWSVIEBD) algorithm.

Q

Errorin ¢
0.768544E-01
0.185549E-01
0.435448E-02
0.110156E-02
0.274531E-03

0.688776E-04

Errorin @
0.617599E-01
0.156383E-01
0.598975E-02
0.778439E-03
0.237855E-03

0.553324E-04
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Example (3):
System of three nonlinear Weakly-Singular Volterra integral equations of the second kind is
defined as follows:
X
1 11 1 1
p(x) = e* — E(e‘“‘ -1)2 - §(e6x -1)2+ f — %) + - w?(t) |dt

(e** — e4t)2 (e6% — e6t)2

X

— p2X _l 6x __ 1 _ 2x 1 1 2
D(x)=e 3 (e 1)z — (e 1)z + —w(t) +
5 \ (e®* —e6t)2

- @%(t) |dt
(er — eZt)f

X

— p3Xx _ 2x_1%_1 4x_1% 1 2
p) = = (e -2 (¥ -2+ | [ ———¢* (O +
4 (er_eZt)j

_2(t) | dt

(e4x — e4t)§

which has the exact solution: (¢ (x), v(x), w(x)) = (e*, e?*, e3¥)

Table (3): The truncation error of the numerical solution via (NLWSVIEBD) algorithm.

Q Errorin ¢ Errorin @ Errorin w

1 0.582415E-02 0.412917E-01 0.015870E-00
2 0.182492E-02 0.209369E-01 0.828769E-01
3 0.719683E-03 0.529830E-02 0.232478E-01
4 0.357568E-03 0.914723E-03 0.651729E-02
5 0.117323E-03 0.467798E-03 0.885640E-03
6 0.443456E-04 0.010317E-03 0.336518E-03

5 Conclusion:

In this paper, we proposed using of Backward Differentiation Formulas method to solve the system

of two and three nonlinear Weakly-Singular Volterra integral equations of the second kind numerically.

The findings demonstrated the superiority of our proposed methods achieved more better accuracy in

solving the systems. Furthermore, q is the key to getting good approximation results, where the

increasing of q leads to an increase in the number of points, and the error approaches zero.
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Fuzzy Neutrosophic Soft cosets on HX ring
Dr.Mohammed J.Al-Mesafer , Faleh Abdul Mahdi Jaber
Department of Mathematics , College of Education for Pure Sciences,
University of Thi gar

ABSTRACT: In this paper, we introduce the notion of fuzzy neutrosophic soft HX subring of a HX ring ,
fuzzy neutrosophic soft coset and pseudo fuzzy neutrosophic soft coset of a HX ring. We explain some related
properties and results of fuzzy neutrosophic soft coset and pseudo fuzzy neutrosophic soft coset of fuzzy
neutrosophic soft HX subring.

Keywords: fuzzy neutrosophic soft set, fuzzy HX ring , soft set .

l.Introduction

In 1965 Zadah [12] introduced the concept of Fuzzy subset of a set X as a function from universal set into
the closed unit interval[ 0, 1] and studied their properties. Atanassov [1] introduced the developed the theory
of intuitionistic fuzzy sets. In 1999 ,[ 8] Molodtsov initiated the novel concept of soft set theory which is a
completely new approach for modeling vagueness and uncertainty. Further P. K. Maji, R. Biswas and A. R.
Roy [5] introduced the concept of fuzzy soft sets in 2001. Also, P. K. Maji, R. Biswas and A. R. Roy [6]
defined and clarified the concept of intuitionistic fuzzy soft set .In 1988 Professor Li Hong Xing [4] proposed
the concept of HX ring and derived some of its properties. In 2014, R. Muthuraj and M. Muthuraman [9]
defined the notion of intuitionistic fuzzy HX ring of a HX ring and investigated some of their related
properties with the necessity and possibility operators of an intuitionistic fuzzy HX ring. The concept of
neutrosophic set (NS) was first introduced by Smarandache [11] which is a generalization of classical sets,
fuzzy set, intuitionistic fuzzy set etc. Later, Maji[7] has introduced a combined concept neutrosophic soft set
(NSS). .In 2016 the concept of neutrosophic soft ring is introduced by Bera and Mahapatra [2] and some
basic properties related to it are established .In 2018 R. Muthuraj and M.S. Muthuraman [10] introduced the
concept of intuitionistic fuzzy coset on HX ring and intuitionistic pseudo fuzzy coset of a HX ring and were
discussed some related properties of intuitionistic fuzzy coset and of intuitionistic pseudo fuzzy coset of
intuitionistic fuzzy HX subring . In this paper, we introduce the notion of fuzzy neutrosophic soft HX subring
, fuzzy neutrosophic soft coset , pseudo fuzzy neutrosophic soft coset of a HX ring. We discussed some
related properties of fuzzy neutrosophic soft coset and pseudo fuzzy neutrosophic soft coset of fuzzy
neutrosophic soft HX subring.

2 Preliminaries

We recall some basic definitions related to, neutrosophic soft ring.

2.1 Definition[9]

A neutrosophic set A={< x, T,(x), I,(x), F4(x) >:x € R} over aring
(R, +,.) is called a neutrosophic subring of (R, +,.) if the followings hold

Ty(x +y) = min{T,(x), T,(y)} Tp(—x) = Ty(x)
) LGx+y) Smax{ly(x), L)} , i) { L(=x) < (%)
Fy(x +y) < max{F,(x), F,(y)} Fy(—x) < F4(x)
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T(Ta(x.y) = min{T, (%), Ta(3)}
iii){ Li(x.y) < max{l,(x), ,(y)}
Fy(x.y) < max{F,(x), F4(y)}

forall x,y €R .
Definition(2.5)[9]
INNSS H = {(e,{< x, Tru(e) (), Irney (%), Frrey(x) >:x € U}):e € E} overaring (R, +,.) is called

a neutrosophic soft ring if f5,is a neutrosophic subring of (R, +,.) for each e€ E.
Proposition(2.5) [9]
An NSSH = {(e,{< x, Truce) (s Irne) (X)), Fru(ey(x) >:ix € U}):e € E} over the ring (R, +,.) is

called a neutrosophic soft ring iff following's hold;

Trneey(x —y) = min{T,(x), To(y)} Trnee)(xy) = min{T,(x), T,(y)}
)4 Irney(x —y) < max{l,(x), [, (¥)} i3 Lrnce)(xy) < max{l,(x),1,(y)}
Frr(ey(x — y) < max{F,(x), Fy(y)} Frr(ey(xy) < max{F,(x), F,(y)}

foreachx,y €R , e €E

3 Fuzzy Neutrosophic Soft coset of a fuzzy neutrosophic soft HX

3.1 Definition[4]

Let R be a ring and a non-empty set Nc 2R — {®} with two binary operation (+) and (.) , then N is
said to be HX ring of R if N is a ring respect to the algebraic operation defined by

i) A+B={atb: a€ A, and b € B} which its null element is denoted by Q , and the negative element
of A is denoted by -A .

i)A.B={a.b: a€ A ,b€B}

iii)A.(B+C)=AB+A.C and (B+C).A=B.A+C.A

3.2 Definition

Let R be aring (F, E) be a fuzzy soft set definedonaR and N c 2% — {®} beaHXringon R . We
defin a fuzzy soft HX set (45 ()) such that

Arey = max{F,(x) : forallx E AcCR,e € E}
3.3 Definition

Let H be a fuzzy neutrosophic soft set (FNSS) over a ring R such that
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H= {<x, Trnee)X), Irney (%), Fruey(x) >:x € R, e € E}, E be set of parameters and where T, I, F: R —
[0,1] such that 0 < Ty ey (%) + Trrey(x) + Tryey(x) < 3 . Let N c 28 — {®} be a HX ring . A fuzzy
neutrosophic soft subset A such that

Of N is called on fuzzy neutrosophic soft HX subring induced by H if the following condition are satisfied
forABEN ande €E

a) {l) AfH(e)(A B) = mln{ H(e)(A) AfH(e)(B)}
”) AfH(e)(AB) 2 mln{ fH(e)(A) fH(e)(B)}

o {i) Afb(ey(A — B) < max{Apy o) (A), (o) (B)}
i) Ap(e)(AB) < max{Afy ey (A), Ay ey (B)}

{l) AfH(e)(A B) = maX{AfH(e) (A) H(e) (B)}
”) AfH(e)(AB) < maX{AfH(e) (A) H(e) (B)}

where ey (A) = max{Tyy ey (x): forallx € AS R, e € E}
Xn(ey(A) = min{ly o) (x): for allx € AC R, e € E}

H(e)(A) = min{Fpy()(x): forallx € A S R,e € E}

3.4 Definition
Let H be a fuzzy neutrosophic soft set (FNSS) over a ring R such that

H = {< x, Try(e) (%), Irn(e) (%), Fru(ey(x) >:x € R, e € E}, E be set of parameters and where T, 1, F: R —
[0,1] such that 0 < Ty ey (%) + Trre)(x) + Tryey(x) <3 . Let N c 2% — {®} be a HX ring and let

M =< A Ay (A), Aoy (D), Ay ey (A) >: A € Ny and Agoyey(A) + Apyyey (A) + Afpyey (A) < 3} 2
fuzzy neutrosophic soft HX subring of a HX ring N . Then the fuzzy neutrosophic soft coset of a fuzzy
neutrosophic soft HX subring A7of a HX ring N determined by the element A€ N is denoted by (4+A1)
and is defined by

3.5 Remark
i) If A=Q then the fuzzy neutrosophic soft coset A+A7 = AH

i) If 2 a fuzzy neutrosophic soft HX subring of a HX ring N and A = Q then the neutrosophic soft coset
(A+21) is also a fuzzy neutrosophic soft HX subring of a HX ring N.
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Let R be aring .Let H be a fuzzy neutrosophic soft set defined on R and A7  be a fuzzy neutrosophic soft
HX subring of aHX ring N .Then forany A,B € N ,

(A+20) = (B + 1) iff
Muey(B —A) = Aoy (A — B) = Ay oy (@)
AJI’H(e)(B —A) = AJI‘H(e)(A —B) = AJI’H(e)(Q)
Aney(B = A) = Ay (A= B) = Ay (@)
Proof: Let A be a fuzzy neutrosophic soft HX subring of a HX ring N . Let

(A+A)y=(B+ A" ) foranyA,BEN , e€E

(A +Appe))(X) =(B +Arpe)(X) | (A +A11e)) (X) =(B +Ap1e)) (X) 1 (A +Afy())(X) =(B
+/1fH(e)) (X)

)i) (A +Afu(e))(B) =(B +Agy()) (B)
Muey(B —A) = ALy (B~ B)
My (B —A) = Ay (@)
i) (A +2Afh ) (A) =(B+Afy () (A)
Muey(A = A) = Ay (A= B)
An(ey(@) = Afyey(A = B)
Hence  Afyey(B —A) = Ay (A — B) = Ay (Q)
b)i) (A +2£4(6)) (B) =(B +Apy(e)) (B)
Atey(B = A) = Ay (B — B)
Aier(B = A) = Ay (Q)
ii) (A +25(e)) (A) =( B +Afy () (4)
H(e)(A A) = H(e)(A B)
A (@) = Aprer (A = B)

Hence H(e)(B A) =2 H(e)(A B) =1 H(e)(Q)
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And in the same way we can prove that My B —A) = Ay (A = B) = (@)

Conversely let
H(e)(B A) - H(e)(A B) - H(e)(Q)

Mrey(B = A) = Apy(e)(A = B) = Ay (Q)
Mrey(B = A) = Aoy (A = B) = Ay (Q)
Forany X € N (A+ AfH(e))(X) = H(e)(X A)
ey X —B+B—4)
= min{Af, oy (X — B), Afy()(B — A)}
=min{Afy ) (X = B), Ay (Q)}
:A;H(e)(X —B)

=(B + Afn(e) (X)

Hence (A + fH(e))(X) = (B + 4 H(e))(X)
Similarly (A+ Ape) @) < (B + Ay (X)
Hence (A+ Xpe) ) = (B + Ay ) (X)

And in the same we can prove that (A + Afy(,))(X) = (B + Ay (X)

Also (A + 1 H(e))(X) =({B+41 H(e))(X)

Hence (A+ A7) =B+ A7)

3.7 Theorem

Let R be a ring and H be a fuzzy neutrosophic soft set defined on R and A# be a fuzzy neutrosophic soft
HX subring of a HX ring N .Let forany A, B € N , (A+ A) = (B + A ) then

M)A = Upey(B) , Aye)(A) = Aoy (B) Aoy (A) = Ay (B)
Proof:
Let A be a fuzzy neutrosophic soft HX subring of a HX ring N .Let for any A,B € N
(A+ A1)y =(B+ 2" ) then

A;H(e)(A) = A;H(e)((A —B) +B)



RUZA

¢

¥
KHAZAR UNIVERSITY

*GZQQ
-’Sex\c"

h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

> min{Af, ) (4 — B), Aty () (B)}

=min{Afy (@), Aty (B)}  (by theorem 3.6)

=An(e) (B)

Hence Mh(e)(A) = Ay (B)
Similarly M)A < Ay (B)
Hence M)A = Ay (B)

And in the same way we can prove that  Afy () (A) = Ay y(B) . Afy(e)(A) = A (B)

4 Homomorphism and anti homomorphism of afuzzy neutrosophic soft coset of a fuzzy neutrosophic soft
HX subring of a HX ring

In this section we introduce the concept of an image ,pre-image of a fuzzy neutrosophic soft coset of a HX
ring and discuss the properties of homomorphism and anti homomorphism images and pre-images of a
fuzzy neutrosophic soft coset of a fuzzy neutrosophic soft HX subring A of a HX ring N determined by the
element A € N.

4.1 Theorem: Let N; and N, be any two HX rings on the R, and R, respectively .Let g: N; = N, be
a homomorphism onto HX rings. And let (A + A¥) be a fuzzy neutrosophic soft coset of a fuzzy
neutrosophic soft HX subring A of a HX N; determined by the element A € N; .Then g(A4 + AH) isa
fuzzy neutrosophic soft coset of a fuzzy neutrosophic soft HX subring g(A") of a HX ring N, determined
by the element g(A) € N, and g(A + A7) = (g(A4) + g(A")) ,if A¥ has a supremum property and A¥ is g —
invariant .

Proof: Let g: N; » N, be a homomorphism onto HX rings. Let (A + A¥) be a fuzzy neutrosophic soft
coset of a fuzzy neutrosophic soft HX subring A” of a HX N, determined by the A € N;. Then

g™ ={< g0, 9 T10))9X), 9 (A1) 9X), 9 (A ey ) g (X) >: X € Ny}

LetA,BEN, , then g(A),g(B) €N,

Now a) i) (g(fue))(9(d) — g(B)) = (9(Afne)))(g(4 — B)) (g homomorphism)
=Afne)(A = B)
> min{ Afy ey (A), Afpe) (B)}

=min{( g (A}1())) (G(A)), (9(A () (9(B)}
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Hence

i)

Hence

b))

Hence

Hence

(@

(g (A}‘:H

(9 e (g@DgB)) = (9(Afu(e ) (9(4B))

(g homomorphism)
:AJZH (e) (AB)

(IR e (9A@g(B)) = min{(g(Af1 ) (9(A)), (g(AFh ) (9B}
X)) (9A) —g(B)) = (A4 ) (g - B))

(g homomorphism)
=Afney(A = B)

S I’I’laX{ A]I“H(e) (A); AJI‘H(e) (B)}
=max{( g e))) (G(A)), (9(Afnee))) (9B}

IR (9A) — g(B)) < max{(g Ay ) (GA)), (9(Afn())) (9B}
(X n@N(9@gB)) = (g(Ah ) ) (9(AB)) (g homomorphism)
=1y (AB)
< max{Ary ) (A), Ao (A}
=max {(9(Afu(e)) ) (9(A)), @(Afuacer)) (9(B))
G (9@ g(B)) < max{(g(Xsy))) (g (A), (8(Af4(e)) (9(B))}

And in the same way we can prove that

3 {(g@}me)))(g(m — g(B)) < max{(g(1)) (9(A)), (9(A 1)) (9B}
(I X)) (gD g(B)) < max{(g(Afy)))(9(A), (8(Afn(e)) (g (BN}

Hence g(Af) is a fuzzy neutrosophic soft HX subring of N,

Now, let A, X € N,

then g(A), g(X) €N,
(9 + 9(A))) (9C0) = (9(A DG X) — g(A))

=(9(Ape) (X — A)) (g homomorphism)
=(A+ A e))X)

=9 (A + A}H(e))g(x)
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@ (g — g(B)) = min{(g(Af))) (9(A), (9 (A1) )) (9(B))}
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(9 + 9(Wuey) ) (900)=g (4 + Afu())g(X)  for any g(X)€ N

Hence 9 ((A+ i) = (0@ + g(uey))

Also (9 + 9(Hue))) (90) = (9 (A1) DGO — g(A))
=(9(Afue) )X —4)) (g homomorphism)
=(4+ Afue) )X
=9(A+ Ay(e)) 9(X)

Hence (9 + 9(2n))) (90N)=9(A + Aoy o)) g (X)

Hence 9((A+ 2neey)) = (0@ + g(Krry))

And in the same way we can prove that g ((4 + Af))) = (9(A) + 9(Afue))

Hence g(A+2") = (g(4) + g(a™))

4.2 Theorem

Let N; and N, be any two HX rings on the R, and R, respectively .Let g: N; = N,
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homomorphism onto HX rings and (B + Y©) be a fuzzy neutrosophic soft coset of a fuzzy neutrosophic
soft HX subring Y¢ of a HX N, determined by the element B € N, .Then g~1((B + Y%)) is a fuzzy
neutrosophic soft coset of a fuzzy neutrosophic soft HX subring g~ (Y¢) of a HX ring N, determined by

the element g~1(B) € Ny and g~ 2((B + Y%)) = (g~ *(B) + g~1(Y9)) .

Proof :Let g: N; » N, be a homomorphism onto HX rings. Let (B + Y%) be a fuzzy neutrosophic soft
coset of a fuzzy neutrosophic soft HX subring A¥ of a HX N, determined by the element B € N,. Let B =

g¥) ,YeN

97 (¥) ={< X, 97" VF6) @), 9 (YVf6(e) XD, 97 (¥f(e)) (X)) >: X € Np)

ForanyX ,Y €N, ,g(X), g(Y) € N,

Now a) i) (97" Vo) @~ B) = (Yfge)(9(4 — B))
= (Yfo())(9(A) — g(B)) (g homomorphism)
> min{ Y}y (9(A)), ¥ (e) (9 (B))}
=min{(g™" (Vo)) (A, (97 (Vo)) (B)}

Hence (97" Vee)) = min{(g™" (¥fo(e) A, (07 (Vo)) (B}
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(97 (VFee))(AB) = YF6(e)(9(4B))
=Yfee)(g(A)g(B))

> min{Y () (9(A), Yiee)(9(B))}
= min{g_l (Y’I];(;(e)) (A), g_1 (Y;G(e))(B)}

Hence (97" (Vra(e))(AB) = min{g ™ (Yia(e)) (A), 97 (Vae)) (BY}
b) i) (97" Vae) @ = B) = Yfse)(g(A— B))
= Yfo(y(g(4) — g(B)) (g homomorphism)
< max{ ¥4(e) (4), ¥f5(e) (B}
=max{(g ™" (Ve e))) (@A), (07 (Y60 ) (B}
Hence (97" Ve (A = B) < max{(g~" (Ya())(A), (7 (¥fo(e))) (B}
) (97 (Yro(e))(AB) = Yhs(e) (9 (AB))
=Yty (9(A)g(B) (g homomorphism)
< max{Yi(e) (9(A)), Yoo (9 (B))}
= max{g™ (Yys(e)) (A, 97 WGe))(B)

Hence (g7! (YIfG(e))(AB) < max{g_l(Y}G(e))(A),g_l(Y}G(e))(B)}

And in the same way we can prove that

9 {(g‘l (Yioe)(@—B) < max{(g (YA, (07 (¥ie)) (B}
(97 Viee)@B) < max{g™ (Yic(e)) @A), 97 (Ya(e)) B}

Hence g1 (Y%) is a fuzzy neutrosophic soft HX subring of N,

LetX € N, and B € N, .Then
(971B) + g7 ((VFeey)) 00 = (g7 (") + g7 (¥ 50 (D)
=¥ + 9 (Ve @)
= (@0 (WfeN&E =1)

= Yoy (@X —Y))

\)NiVE,P
)

X

¥
KHAZAR UNIVERSITY

\&

*GZQQ
/sey



oNive

")

¥
KHAZAR UNIVERSITY

R

\&

*GZQQ
/sey

h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

= (Yfee)(@(X) = g(¥)) (g homomorphism)
= (g + Yiee))9(X)
= (B + Y}6(0))9(X)

=97 (B + Yfe))) ()

Hence (g‘l(B) + g_l((Y,Zg(e))) X) = g (B + Yfee)NX)
Hence gt ((B + Y,Za(e))) = (9_1(3) + 9_1((\’;@(@))
Also

(57B) + g7 (Vo)) 00 = (07 (@) + g™ (Ve )X

=V + 9" (VoD X)
= (0" (o)X - 1)
= (Ve (g(X = 1))
= (YW (@X) —g()
= (9" + Yhg(0)) 9 (X)
= (B + Yf6(e))9(X)
= g7 (B + Yfse N X)

Hence (978 + 97 (Vo)) ) = 97 (B + Yo ) (X)

Hence 9 (B +Y¥ew)) = (971 + 974 (Vo))

And in the same way we can prove that g~ (B + ¥f(e))) = (97 (B) + 97 ((¥fs(e))

Hence g B+Y)) =@ B +g YY)

4.3 Theorem

Let N, and N, be any two HX rings on the R, and R, respectively .Let g. N; — N, be anti
homomorphism onto HX rings and (4 + A%) be a fuzzy neutrosophic soft coset of a fuzzy neutrosophic
soft HX subring A7 of a HX N; determined by the element A € N, .Then g(A + A%) is a fuzzy
neutrosophic soft coset of a fuzzy neutrosophic soft HX subring g(4*) of a HX ring N, determined by the
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element g(A4) € N, and g(4 + ) = (g(4) + g(At)) ,if 2 has a supremum property and A* is g —
invariant .
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Proof: Let g: N; - N, be anti homomorphism onto HX rings. Let (A + A") be a fuzzy neutrosophic
soft coset of a fuzzy neutrosophic soft HX subring A of a HX N, determined by the A € N;. Then

G ={< 9(X), 9 1) 9X), 9 (A1) 90, 9(Af ey ) 9(X) >: X € N}

let ABEN, , then g(A),g(B) €N,

Now @) i) (X N (9 — g(B)) = (9(A4()))(g(A - B)) (g homomorphism)
=Af(ey(A — B)
> min{ Afy ey (4), Afp(e)(B)}

=min{( g (A} ) (9(A)), (9(Afp())) (9 (BN}

Hence (9 AfuEeN(g(A) — g(B)) = min{(g(Af1e))(9(A)), (9(Afue))(g(B))}
i) (9 W) (9D 3g(B)) = (9(Afy()))(g(BA)) (g anti homomorphism)
:/1;1;1_1(6) (BA)

> min{Af ) (B), Afy ey (A)}

= min{Afye)(4), ey (B)}
Hence (9 AN (9(A)g(B)) = min{(g(Afy ) ((A)), (9(Afu(e)) (g (B))}
b)) (9 W) (g = 9(B)) = (9(Afue))) (9(A = B))

= X1(ey(A = B)

< max{ Ay ey (4), Afp(e)(B)}

= max{( g (1)) (G(A)), (A1) (9B}
Hence (g (Afy(e)))(9(4) — g(B)) < max{(g (X)) (9(A)), (9 (Afe))) (9 (BN}
i) (9 e (9DgB) = (9(Afue))(9(BA)

= Mu(ey(BA)
< max{Ay ey (B), Afpyey (A}

= max{Afy ey (A), Ay (B)}
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= max {(g(A}H(Q))) (9(14))' (g (A}H(e)))(g(B))

Hence (9 Q) (g@Dg(B)) < max{(g(Apye)) (A, 8(Ar1(e)) (9B}

And in the same way we can prove that
0 {(g(l,fH(e)))(g(A) — 9(B)) < max{(g(Afu(e))) (9(A), (9(Afpe))) (9 (BN}
(9AfrEe)) (9@ g(B)) < max{(g(Afy ) (9(A)), (9(Afpe))(9(B))}

Hence g (1) is a fuzzy neutrosophic soft HX subring of N,.Then g((4 + A%)) is the fuzzy neutrosophic
coset of a fuzzy neutrosophic soft HX ring g (A7) of a HX ring N, determined by the element g(A) € N, .

To prove that g(A + A%) = (g(A) + g(1*)) by similarly to theorem (4.2)

5 Fuzzy neutrosophic soft pseudo coset of a fuzzy neutrosophic HX ring of a HX ring

In this section we introduce the notion of fuzzy neutrosophic soft pseudo coset of a fuzzy neutrosiophic
HX ring and discuss its properties.

5.1 Definition Let H be a fuzzy neutrosophic soft set (FNSS) overaringR .Let N c 28 —{®}}bea
HX ring and A7 a fuzzy neutrosophic soft HX subring of a HX ring N and A € N. Then the fuzzy
neutrosophic soft pseudo coset of a fuzzy neutrosophic soft HX subring A#of a HX ring N determined by
the element A € N is denoted by (A+21)P and is defined as

(A + Ap(ey X)) = p(A ALy (XD, (A + Ay )P (XD = (A Aoy (XD,
(A + ey )P (XD = p(A)Afye)(X)
Forevery X € N, andforsome p € P where P = {p(X); p(X) €[0,1], VX € N}
5.2Theorem

Let A a fuzzy neutrosophic soft HX subring of a HX ring N . Then the fuzzy neutrosophic soft pseudo
coset (A + A*)P is a fuzzy neutrosophic soft HX subring of a HX ring N determined by the element 4 €
N.

Proof: For every X,Y,A€ N we have
a) i) (A + Ay(ey WX = 1) = p(A)Agyey(X = Y)
(A + ey P (X = Y) = p(A)min{AL, o) (X), A0y (N}
=min{ p(A)A}:H(e) X, p(A)A;H(e) M}

=min{(A + Afy ey )P X, (A + Aoy )P (V)
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A+ /’lfH(e) YX —-Y)=min{(4 + /’lfH(e) YX),(A+ 2 fH(e) )P(Y)}

i) (A + Ay PXY) = p(A)Af ey (XY)

(A + Ay )P (XY) = p(A)min{Afy ey (X, Afy(e) (V)
=min{ p(A)Af ) (XD, DA Af ey (V)3
=min{(A + Afy ey )P (XD, (A + Aoy )P (V)}

(A + Ay P XY) 2 min{(A + ALy P (X), (A + Afy ) )P (V)}

Hence
b) i) (A+ Aoy P (X = Y) = p(D) Ay (X = 1)
(A + Ay WX = Y) < p(Amax{Afy o) (XD, Aoy ()}
=max{ p(A) Ay ey (X), D(A) Ay ey (V)}
=max{(4 + Afy(e) )P (X0, (A + Aoy )P (1)}
Hence (A + Apey WX = Y) < max{(4 + Apye) )P (XD, (A + Appye) )P (1)}
ii)
(A+ Aoy P (XY) = p(A) Ay (X = 1)
(A + Apye) )P (XY) < p(A)max{Ayy oy (X), Ay ey (V)
=max{ p(4) Ay 0, P(A) Arpaey (V)
=max{(4 + Afy(e) )P (X0, (A + Aoy )P (1)}
Hence (A + Apyey W (XY) < max{(A + Afy ey )P (X), (A + Afyrey )P (V)}

And in the same way we can prove that

{(A+ fHe PX —Y) < max{(A+ FHie) PO, (A + A0 )P ()}
(A + Ay P(XY) < max{(A + Afy(e) )P (X, (A + Ay P (V)}

Hence the fuzzy neutrosophic soft pseudo coset (A + A#)? is a fuzzy neutrosophic soft HX subring of a

HX ring N.

6 Homomorphism and anti homomorphism of afuzzy neutrosophic soft pseudo coset of a fuzzy
neutrosophic soft HX subring of a HX ring




In this section we introduce the concept of an image ,pre-image of a fuzzy neutrosophic soft pseudo coset
of a HX ring and discuss the properties of homomorphism and anti homomorphism images and pre-images
of a fuzzy neutrosophic soft pseudo coset of a fuzzy neutrosophic soft HX subring A" of a HX ring N
determined by the element A € N.

6.1 Theorem

Let N; and N, be any two HX rings on the R, and R, respectively .Let g: N; = N, be
homomorphism onto HX rings and (4 + A¥)P be a fuzzy neutrosophic soft pseudo coset of a fuzzy
neutrosophic soft HX subring A# of a HX N, determined by the element A € N; .Then g(A4 + A7)? is a fuzzy
neutrosophic soft pseudo coset of a fuzzy neutrosophic soft HX subring g(A") of a HX ring N, determined
by the element g(A) € N, and g(A + AH)?P = (g(A) + g(A™))? ,if AH has a supremum property and A7 is g
—invariant .

Proof : Let g: N, - N, be a homomorphism onto HX rings. Let (4 + A)P be a fuzzy neutrosophic soft
pseudo coset of a fuzzy neutrosophic soft HX subring A of a HX N, determined by the A € N;. Then by
theorem (4.1) g(A) is afuzzy neutrosophic HX subring of a HX ring of a HX ring N, .Then g((4 + A%)P)
is a fuzzy neutrosophic soft pseudo coset of a fuzzy neutrosophic soft HX subring g(A) of a HX ring N,
determined by the element g(A) € N,.

LetA, X €N, then g(A),g(X)€EN,
(9(A) + 9(Afue))P 9(X) = p(g(A) (g Afre)) (9 (X))
= P(D ey (X)
= (A + AP ()

= g((A+ Afpe)P)g(X)

Hence (9 + g NP9X) = g((A + Afyey)?)g(X) forany g(X) €N,
Hence IU(A+ A pe)?) = (9(A) + g(Afuee))?
Also (9(A) + (A NP 9(X) = p(g(A)) (9 Afpey) (9(X))

= P(A)App(e)(X)

= (A+ AP (X)
= g((A+ Ape)?P)g(X)
Hence (G + 9(Ap))Pg0) = g((A+ AP )gX) forany g(X) €N,

Hence (A + Ay ))?) = (9(A) + g Ay ()P

¥
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And In the same way we can prove that
g((A+ A]I‘:H(e))p) = (g(4) + Q(A?H(e)))p
Hence g((A+A")P) = (9(A) + g(Afu(e))?
6.2Theorem
Let N; and N, be any two HX rings on the R, and R, respectively .Let g: N; = N, be

homomorphism onto HX rings and(B + Y¢)P be a fuzzy neutrosophic soft pseudo coset of a fuzzy
neutrosophic soft HX subring Y¢ of a HX N, determined by the element B € N, .Then
g~ Y(B + Y9)P is a fuzzy neutrosophic soft pseudo coset of a fuzzy neutrosophic soft HX subring g~
(YY) of a HX ring N; determined by the element g=1(B) € N; and g~ 1(B + Y6)? = (g7 *(B) +
A C'ED) L

Proof: Let g: N, —» N, be a homomorphism onto HX rings. Let (B + Y¢)P be a fuzzy neutrosophic
soft pseudo coset of a fuzzy neutrosophic soft HX subring Y¢ of a HX ring N, determined by the
B € N,. Then by theorem (4.2) g~*(B) is a fuzzy neutrosophic HX subring of a HX N; .Then
g((B + Y)P) is a fuzzy neutrosophic soft coset of a fuzzy neutrosophic soft HX subring g~ (Y%)
of a HX ring N, determined by the element g~1(B) € N;.

LetA,X € N, then g(A),g(X)€EN,
Now (g7*(B) + g7* (¥fa(e))? (X) = P(g7*(B)) (9™ (Yfe(e) D)
= P(B)(¥fa(ey(9(X)))
= (B + Yige)"9X)
= 97 (B +Yfo()")
(97 (B) + 97 Vfa(e))? X)) = g7 ((B + Vg (X)
Hence g7 (B + Yfae))") = (97 (B) + 97 (¥ra(e))”
Now (97X B) + g7 Whe())? &) = P(g7(B)) (9 (Yo D(X)
= P(B)(¥6e)(9(X)))
= (B + Yf(e))P9(X)
= 971 ((B + Yoe)")

(97 B) + 97 VP (X) = g7 (B + Yie(e)) ) (X)
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HenACéx g‘l((B + Y;G(e))P) =g '(B)+ 9_1(Y}G(e)))p

And in the same way we can prove that
9 (B +YFe)?) = @07 B) + 97 (Wig))?

Hence g B+Y)P = (g7 (B) + g7 (Y))P

6.3Theorem

Let N; and N, be any two HX rings on the R; and R, respectively .Let g: N; = N, be anti
homomorphism onto HX rings.Let (4 + A7) be a fuzzy neutrosophic soft pseudo coset of a fuzzy
neutrosophic soft HX subring A of a HX N; determined by the element A € N; .Then g(A4 + A#)Pisa
fuzzy neutrosophic soft pseudo coset of a fuzzy neutrosophic soft HX subring g(A) of a HX ring N,
determined by the element g(4) € N, and g(4 + A*)P = (g(4) + g(AF))P if A7 has a supremum
property and A is g —invariant .

Proof: Let g: N; - N, be anti homomorphism onto HX rings. Let (4 + A%)P be a fuzzy neutrosophic
soft pseudo coset of a fuzzy neutrosophic soft HX subring 2 of a HX N; determined by the A € N;. Then
by theorem(4.1) g(A) is a fuzzy neutrosophic HX subring of a HX ring of a HX ring N, .Then

g((A + 2A1)P) is a fuzzy neutrosophic soft pseudo coset of a fuzzy neutrosophic soft HX subring g(A) of
aHXring N, determined by the element g(A) € N,.

LetA, X €N, then g(A),g(X)€EN,

(9(A) + g(Af(e))IPgX) = p(g(A)) (g Afpy(e)) (9 (X))

= P(A)Af(e)(X)
= (A + Uy e)PX)
= g((A + Hu(e)?)g(X)
Hence (9 + g NP9X) = g((A + Afyey)?)g(X) forany g(X) € N,
Hence (A + 2 pe)?) = (g(A) + g(Afpe))?
(9(A) + (A )P 9X) = p(g(A) (g Afpe)) (9 (X))
= P(A) Ay (X)

= (A + AP (0

= g((A+ Ay)P)g(X)
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9 + 9(Ap DPgX) = g((A + Afye))?)g(X) forany g(X) € N,

Hence JU(A+ Aye)P) = (A + 9(Ary )P

And in the same way we can prove that g((4 + A7) = (g(A) + 9(Afy)))P

Hence g((A+ 2P = (g(A) + gy e))?
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The effect of alternative resource and refuge on the dynamical behavior of food
chain model

Zahraa Mohammed Hadi and Dahlia Khaled Bahlool
Department of Mathematics, College of science, University of Baghdad, Iraq

E-mail of the corresponding author: dahlia.khaled@gmail.com

Abstract. In this paper a food chain model involving a prey refuge and an alternative
food sources is proposed and studied. It is assumed that the number of refuges
proportional with the availability of middle predator. The existence and uniqueness of
solution are discussed. The bounded of the solution is proved. The local stability of all
possible equilibrium points is investigated. Finally the global stability of the locally
asymptotically stable points is studied using the Laypunov method.

Keywords: Food chain; refuge; alternative food; stability.
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1. Introduction

There has been an increasing interest in the use of mathematical models in ecology
as revealed by papers (cf. Holling [1], Tian and Xu [2], Kar[3], Narayan[4]) in the last
decade. It has attracted much attention from many scientific directions. Early researches
suggested that resource availability plays an important role. Many contributions study the
effect of alternative food chain. Researchers found that when resources (food, nesting
sites, or refuges) were limited, populations would decline as individuals competed for
access to the limiting resources (cf. Senthamara and Vijayalakhmi [5]). Also many
contributions to Population ecologists study how births and deaths affect the dynamics of
populations and communities. So the food chain is important because each living thing
depends on others for survival, no matter how big or how small. There are so many papers
introduced readers to food chains and how animals survive by consuming other animals.
It teaches humans that every creature depends on another creature for life and sustenance.
It is extremely important to understand that even the slightest bit of disturbance in the
natural food chain and eating patterns can alter the lifestyles of a lot of creatures (cf. Mohd
et al.[6]). In addition researchers interested in refuge(cf. Ghana and Zachilas [7],
Sarwardi et al.[8], Huang et al.[9], Kar[10]) which is a term in ecology in which species
gain protection by hiding in places difficult to found, Haque et al. in [11] studied refuge
on the prey and discussed the effect of coefficient of refuge which plays an important
role. Naji and Majeed in[12] proposed and studied refuge in prey as a defensive property
against predation and harvesting taken from predator. Sih in [13] studied the influences
of prey refuge and harvesting efforts. Das et al. in [14] studied the existence of refuges
effects on the coexistence of predators and prey, after that Molla et al.[15] proposed a
mathematical model for prey-predator allowing prey refuge depending on both prey and
predator species. The results of Ko and Ryu in[16] show that the shape of the functional

response plays an important role in determining the dynamics of the system incorporating



oNve
&

.
>

s X
o®

‘- =

. S L .

\@

/sel

h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

ALK Ryarie!
KHAZAR UNIVERSITY

a Ap?ey refuge under homogenous Neumann boundary condition especially, the interesting

conclusion is that the prey refuge has a destabilizing effect under some certain conditions.

Kar et al.[17] described a prey-predator model with Holling type 11 functional response
where harvesting of each species is taken in consideration. Also they have considered a
gestation delay of predator population and harvesting of both the species. Many
researchers have confirmed that the presence of alternative foods can effect bilological
control through a variety of mechanism. Agarwal and Kumar in [18] studied the effect of
alternative resource for top predator in food chain model with Holling type 111 functional
response. Some theoretical works on alternative food may be found in many papers.
MCNair in [19] proposed the effects of refuges on interactions between prey and predator.
Alternative food plays a stabilizing role in predator-prey interaction that proposed by
Sahoo [20].

Overall the above facts, the researchers motivated to study mathematical model prey
refuge with three species food chain with Holling type 11 functional response for middle

predator and top predator and discussed the effect of alternative resource for top predator.

2. Mathematical model

A three species food chain model consisting of prey — middle predator — top predator
combining a prey refuge with an alternative food for top predator is formulated

mathematically according to the following hypotheses:

1. It is assumed that the model contain three species, where x(t) represents the
densities of prey at time t, while y(t) and z(t) represent the densities at time t of
the middle predator and top predator respectively. The predation processes have
been done according to the Holling type-11 functional response where a, and b,
represent the capturing rates for middle predator and top predator respectively,

while a and b represent the half saturation constants for middle predator and top
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conversion rates given by a, and b, for middle predator and top predator
respectively too.

2. The prey grows logistically in the absence of predator with intrinsic growth rate r
and carrying capacity K, while the middle predator grows logistically with intrinsic
growth rate s and carrying capacity L in additional to the food gained from their
predation on the prey. The middle predator decays exponentially in the absence of
their food with natural death rate d, .

3. The top predator has additional sources of food taken from the environment with
alternative food rate A, in additional to the food gained from their predation on the
middle predator. There is intraspecific competition between the top predator
individuals with intraspecific competition rate A,. Furthermore, the top predator
decays exponentially in the absence of their food with natural death rate d,.

4. Finally, its assumed that the prey specie protect himself through the availability of
refuge that proportional with the number of middle predator x; = cxy with

proportionality constant ¢ € [0, 1] and hence the rest of prey population x — xj is
available for predation by middle predator. Accordingly, we obtain that y < %

According to the above assumptions, the dynamics of food chain can be described by the

following set of nonlinear first order differential equations:

ax = rx (1 _ f) _ai(x—xR)y

dt K a+(x—xg)

dy _ Y az(x—xg)y  biyz

dat 5y (1 L) + a+(x—xg) b+y diy (1)
E _ bzyZ

= Az—A,z° —d,z
dt b+y+ 1 2 2

where all the parameters are assumed to be positive constants. Substituting xz = cxy,
system (1) will be as follow:
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aex (D) a5 =

_y [s (1 _%) 4 G2(-cy)x bz = d1] yF, (2)

a+x(1-cy) b+
e [bzy + Al - Azz - dz] —_ ZF3

with x(0) = 0,y(0) = 0 and z(0) = 0. Clearly the functions of vector F = (F;, F,, F3)T
are continuous and have continuously differential function on R3 = {(x,y,z) € R3:x >
0,y = 0,z = 0} and hence they are Lipschitzian. So the solution for system (2) exists and

IS unique.
3. Boundenees of the system

In this section, we had shown in the following theorem all the solutions of system (2)

are uniformly bounded:
Theorem (1): All solutions of system (2) in R3 are uniformly bounded.

Proof: Consider the function w(t) which is the sum of solutions in R3 that is given by

w(t) = x(t) + y(t) + z(t), then

dw _ dx

dy dz
4= 4=
dt dat

dt — dt
X (1 _ %) _ (a1-ay)(x—xR)y + sy (1 _ %)

a+(x—xg)

__(b1—by)yz oz )
bty dly + A1Z (1 (ﬁ—;)) dzZ

dw _ (DK | sL A _
ot +4+4A2 ux+y+z)=p—uw

(r+1) K

where u = min{1,d,,d,} and p + + — therefore we obtain

aw
E+uw$p
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Thus all solutions are uniformly bounded. u

Keeping the above theorem in view, system (2) is a dissipative system and hence it has
an attractor belongs to R3.

4. Existence and local stability of equilibrium points

There are at most eight equilibrium points for system (2), we described them as
follow:

The vanishing equilibrium point E, = (0,0,0) and the first axial equilibrium point E; =
(%,0,0), with X = K are exist without any restriction.

The second axial equilibrium point E, = (0, 9, 0) exists provided that
s>d, (3a)

where

9= (30)

S

The third axial equilibrium point E5 = (0,0, 2) exists if

A >d, (4a)
where

_  Ai—d

7=t (4b)

The middle predator free equilibrium point E, = (X, 0, 2) exists if
A >d, (5a)
where

= K; 5:% (5b)

Ul

The prey free equilibrium point E5 = (0, y, Z), where
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byy+(A,—dy)(b+y)

2= o) (62)
while 7 is a positive root of the third degree polynomial that given by

Boy® + Biy*+B,y+ B3 =0 (6b)
where

By = —sA4, <0

Bl == (S - dl)AZL - ZSbAZ
Bz = Z(S — dl)Asz - SAzbZ - bleL - LblAl + Lb1d2
B3 = (S — dl)AszZ - blAlbL + Lbb1d2

So in order to have a positive root and then the prey free equilibrium point E; =
(0,9, Z) exists uniquely we should have the following conditions

b,y+A,(b+y)

d, < bty (6¢)
And one set of the following conditions

B; >0and B; <0 (6d)
Or

B;>0andB, >0 (6e)
The top predator free equilibrium point E, = (¥, ¥, 0), where

g ald,-s(1-%

*= [az—d1[+s(1§%)f()1]—c§) @)
where ¥ is appositive root of the fifth degree polynomial

Bsy® + Bay* + Bsy® + Boy® + By + o = 0 (8)

here:
a’a,r
Po = aayr(a, —dq +5) — (d; —5s)

K

RUZA
)

X

¥
KHAZAR UNIVERSITY

\&

*GZQQ
/sey



oNve
)

X

¥
KHAZAR UNIVERSITY

\@

*GZQQ
/sey

h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

B, = aay’cr + aa,cd,r — 2a,a,d; — 2a,a,s — a;d,°
2
+2a,d,s — a,;s? + aaycrs + acd,“r — 2acd,rs + acrs?
aa,rs a’a,rs

- L - KL + 2a1a2d1

aa,crs 2a,a,s 2a;d;s 2a,s?
B2 = I + T + 7 + 2a,a,%c

+4a,a,cs + 2a1cd12 — 4a,cdys + 2a,cs? — 4a a,cd,

2 2
—a.8° 4aqa,cs  4a,cdys 2aqcs 5 5
= — + + —a;a;“c
I?B L2 l, L, l, 1“2

2
+2a,a,c%d, — 2a,a,¢%s? — ayc?d,“ + 2a,c*d,s — a;c?s?

2a.cs® = 2aqc?s
Py = zz + 1L (a; —dy +5)

c?a,s?
Bs = _—Lzl
Hence there exists a positive root for Eq. (8a) provided that one set of the following sets
of condition hold

fo>0,61>0,,>0,63>0p,<0
fo>0,61>0,6,>0,63>0p,>0
fo>0,p1>0,6,>0,63<0,,<0 (8b)

Bo>006,>0p,<0p3<06,<0
Po>0,6,<0,p,<0,63<0,8,<0

Moreover, top predator free equilibrium point £ = (¥, ¥, 0) exists uniquely provided that
in addition to condition (8b) the following condition holds

5(1 — %) <d;<a,+ 5(1 o %) (8c)

The positive equilibrium point that denoted by E, = (x*,y*, z*) exists uniquely in R3,
where

x _ bay+(A1—dy)(b+y)
2= A,(b+) 9)

While (x*,y™) is the positive intersection point of the following two isoclines

g1(x,y) = aKr + Krx — cKrxy — arx — rx?
+crx?y — a;Ky + a;cKy? = 0
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| arloo) by (baysta )i g g

gz(x: y) =S— L a+x(1—cy) b+y Ay(b+y)

Clearly, when y — 0, we obtain that the first isocline g, (x, y) = 0 intersects the
x —axis at a positive point:

hy = -2+ 2 (@ = K)2 + 4aK (10a)

While the second isocline g, (x,y) = 0 intersects the x —axis at the positive point:

baAz(dl—S)+b1a(A1—d2)

hy = bA,(s+a,)—by (A —d,)—bA,d, (10b)
Provided that:
bA,s + b;d, < b;A, + bA,d; < bA,(s + a,) + b,d, (11a)

Therefore in order to have a unique positive equilibrium point we should have in addition
to condition (11a) the following set of sufficient conditions holds

h, < h, (11b)
dy _ _ (391/3%)
ax = gy 0 (11c)
dy _ _ (8g5/3%)
dx ~ (89,/9y) <0 (11d)

5. Local stability analysis

In this section we discuss the local stability of all possible equilibrium points of system
(2) with the use of linearization method by calculating the eigenvalues of the Jacobian
matrix of system (2) at those points.

It is easy to verify that the eigenvalues of the Jacobian matrix at the trivial equilibrium
point E, = (0,0,0), are given by Ay; =7 >0,4p, =s—d; and Ay3 = A4, — d,.
Therefore, due to existence of positive eigenvalues, E, is unstable point.
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are given by A4,; = —r<0,4, =

locally asymptotically stable provided that

(12a)

A <d, (12b)
The eigenvalues of the Jacobian matrix at the second axial equilibrium point E, =
(0,9,0) , are given by 2,y =7 =29 +%2% 2, = (d; - ) <0 and A5 = 72 +

A, — d,. Therefore, the second axial equilibrium point E, is locally asymptotically stable
provided that the following conditions hold:

L <ﬂy (13a)

o LA < d, (13b)

The Jacobian matrix at the third axial equilibrium point E; = (0,0, 2) has the following
eigenvalues by A3, =7 > 0,13, = s — %z‘— d, and 135 = —A,Z < 0. Therefore, due
to existence of positive and negative eigenvalues, E5 is unstable saddle point.

Now the eigenvalues of the Jacobian matrix at the middle predator free equilibrium point
E, = (x,0,2), can be written as

141 =—-r< O (14&)
A42=S+%_?Z_d1 (l4b)
2.43 = _Azz: < 0 (14C)

Accordingly, the middle predator free equilibrium point is locally asymptotically stable
provided that the following condition holds

azx b1 =

S+ <MF4d, (14d)

The characteristic equation of the Jacoblian matrix at the prey free equilibrium point
Es = (0,7,2), can be written as

[r — A][A2 — TsA + Ds] = 0 (15a)
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Therefore Eq. (15a) has three roots (eigenvalues) with negative real parts given by

_ a;(1-)y
/151 =T — —a

Aoy == —= /TS — 4Dc (15¢)
/153 = %+% ’Tsz - 4‘D5 (15d)

Provided that the following sufficient conditions hold

, (15b)

a,cy? aq =

r+ <y (16a)
blé S
D15 <7 (16b)
b5 <d, (16¢)

Accordingly, the prey free equilibrium point Es = (0,¥,2) is locally asymptotically
stable under the conditions (16a)-(16c).

The characteristic equation of the Jacoblian matrix at the top predator free equilibrium
point E; = (%, ¥, 0), can be written as

[A%2 = T, + D] [(”Zy +4y—dy) = 2| =0 (17a)
Where

& r a,(1-cy)2%y ~ s aa,cx
T6=X[——+1(v—y)vyz+ [—‘—V;vz
[a+%(1-cy)] L [a+¥(1-cy)]
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~ ~ _aN2Y M
D. = ¥% [_1 a{(1-cy)*y [_f . aa,cx
6 =XV |7k [a+§(1—cfl)]2 L [a+§(1—cf/)]2
n [f(aal(1—2c§)+a%(1—c§)2)] [ aa,y(1-cy)
[

[a+§(1—c§)]2 a+§(1—c§)]2

Therefore Eq. (17a) has three roots (eigenvalues) with negative real parts given by

3'61 == % - % T62 - 4D6 (17b)

162 = % + % T62 - 4D6 (170)
b, ¥

163 = b-zi-:)_'); + Al - d2 (l?d)

Provided that the following sufficient conditions hold

a:(1-c)’5 T

el lrip 1
[a+X(1-cy)] < K (182)
y < (18b)
b,y

b:}; +4; <d, (18¢)

Accordingly, the top predator free equilibrium point E, = (¥,%,0) is locally
asymptotically stable under the conditions (18a)-(18c).

Finally, the Jacobian matrix evaluated at the positive equilibrium point that denoted by
E, = (x*,y* z") isgiven by

J(E;) = [aij]3x3 (19)
where:
_ o[ a-cy)Py”
A1 =X [ K [a+x*(1—cy*)]2]

a x*[a(1-2cy*)+x*(1—-cy*)?]
[a+x*(1-cy*)]?

ai; =

a;3 =0
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_ _aa(1-cy )y~

921 = e Gocyyp = O

s aa,cx* b,z*
o=y |- |
22 y L [a+x*(1-cy")]? T (b+y*)?2

byy”
Ayz = — 0
23 (b+y*)
az; =0
bsz*
asz, = >0

asz; = —A4,z" <0
Then the characteristic equation for J(E) is given by

A3+ B2+ B,A+B; =0 (20)
where:

By = —(a11 + az; + ass)

By = a11032 — Q42031 + A11033 + 432033 — Az303;

B3 = —(a11022033 — A1103032 — A12021033)
with:

A= —(a; + azy)(a1a;z; — a12a21) — (a1 + azz)ag1ass
—(az; + as3)(azya33 — az3a3;) — 2a1105,033
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Now according to the Routh-Hurwitz criterion all roots of the characteristic equation Eq.
(20) have negative real parts and hence the positive equilibrium point that denoted by
E; = (x*,y",z") will be local asymptotically stable provided that B; > 0; B; > 0 and
A = B;B, — B3 > 0. Hence the local stability conditions for the positive equilibrium

point can be established in the following theorem.

Theorem (2): The positive equilibrium point E, = (x*, y*, z*) is locally asymptotically

stable in R3 provided that the following sufficient conditions hold

a1(1-cy*)?y* <r
[a+x*(1—cy*)]? K

(21a)

yr < — (21b)

2¢C
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aa,cx*
< 2
(b+y*)? L [a+x*(1-cy*)]?

(21c)

Proof: Follow directly from the fact that condition (21a) guarantees that a,; <0,
condition (21b) guarantees that a,, < 0 and condition (21c) guarantees that a,, < 0.
Hence straightforward computations show that all the requirements of Routh-
Hurwitz criterion are satisfied and hence the positive equilibrium point E- is locally
asymptotically stable. |

6. Global stability analysis

In this section the global stability of all locally asymptotically stable is investigated
with the help of Lyapunov method for stability. In the following theorem the global
stability conditions of the first axial equilibrium point are established.

Theorem (3): Assume that the first axial equilibrium point E; = (X,0,0) is locally
asymptotically stable. Then it is globally asymptotically stable if the following sufficient
condition holds

s+ @ <d, (22)

Proof: Let V; = (; (x —X—XIn %) + C,y + C3z be a real valued positive definite

function, where the constants C;; i = 1,2,3 are positive to be determine below. Then we
have

M L(x—x)2— _ xA-cy)y
ar C1K(X X) [Ci1ay Czaz]a+x(1 Cy)
a(1-cy)y
+C1x—aix(1 +C2(S_ dy)y — Cz y

—[Cyby — C3b2] + C3(A; —dy)z — C3A,2°

Then by choosing the positive constants as following C; = Z—j C,=1and C; = Z—:, then
by doing some algebraic steps we obtain that

av. b
d—tls—Qz(x—x)z+[—+s—d1]y+b—:[A1—d2]Z

Therefore, according to the given condition a long with local stability condition (12b) we
obtain that % < 0 is negative definite and hence according to the Laypunov method for


https://www.google.com/search?q=Routh-Hurwitz+%E2%80%8E&spell=1&sa=X&ved=0ahUKEwjOv5br2YzjAhUILVAKHUubBJQQkeECCCsoAA
https://www.google.com/search?q=Routh-Hurwitz+%E2%80%8E&spell=1&sa=X&ved=0ahUKEwjOv5br2YzjAhUILVAKHUubBJQQkeECCCsoAA
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Theorem (4): Assume that the second axial equilibrium point E, = (0,9, 0) is locally
asymptotically stable. Then it is globally asymptotically stable if the following sufficient
condition holds

2(5) <10 -97 (23)

Proof: Let V, = M;x + M, (y —y—7yIn %) + M5z be a real valued positive definite

function, where the constants M;; i = 1,2,3 are positive to be determine below. Then we
have

dv, x x(1—=cy)y
_dt — erx (1 - E) - a + x(l — Cy) (M1a1 - Mzaz)
52 x(1—cy) b,y
_Mz oy =97 - : —=z

Ya +x(1—cy) )
zy
—F(leh M3b,) — M3z(d, — Ap) — MsAZZ2

Then by choosing the positive constants as following M; = % M, = 1and M5 = %, then
1 2

by doing some algebraic steps we obtain that

< 8(2)- 1097 -n [ )s

a

Therefore, according to the given condition (23), we obtain that % < 0 is negative

definite and hence according to the Laypunov method for stability the second axial
equilibrium point E, = (0,7, 0) is globally asymptotically stable.
|

Theorem (5): Assume that the middle predator free equilibrium point E, = (X, 0, Z) is
locally asymptotically stable. Then it is globally asymptotically stable if the following
sufficient condition holds

azx

S+_<d1

blz

(24)
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dvs

= (1-cy)
ar —ng(x — %) = [Nya; — Npap] - =——2%

a+x(1-cy)
_n = %0-cy)y Y\, _
Ny x a+x(1-cy) + Nps (1 L) Y N dly
sz:y
b+y

—[N,b, —Nsbz]byTZy—Ns _NsAz(Z_Zz)Z

Then by choosing the positive constants as following N; = Z—i N, =1and N; = Z—: and
then doing some algebraic steps we obtain that

dV3 a, r =\2 [a2x= b12= b1 =2
—2<—2-(x—x L 4s—d —=|y—2A4,(z—-2
2 = " ax( |t 17 Y 5,422 - 2)

Therefore, according to the given condition (24), we obtain that % < 0 is negative
definite and hence according to the Laypunov method for stability the middle predator

free equilibrium point E, = (X, 0,2) is globally asymptotically stable.
|

Theorem (6): Assume that the prey free equilibrium point Es = (0,¥,2) is locally
asymptotically stable. Then it is globally asymptotically stable if the following sufficient
condition holds

K by (b+3) z
Z—i(%) < 1bb2y A, (z — 2)? (25)

Proof: Let V, = &;x + 6, (y — 5 - f/ln%) + 685 (z —Z—Z%In %) be a real valued

positive definite function, where the constants é;; i = 1,2,3 are positive to be determine
below. Then we have

avy _ _x\ _ x(-cy)y _
at ﬁlrx (1 K) a+x(1-cy) (51611 62&2)

S

_ -HE-B o bby
(b+y) (62b1 03 b+fz)
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then by doing some algebraic steps we obtain that

av, _ ap (rK by (b+) N2 s b,z A
at  a ( 4) bb, A (z - 2) [L b(b+ff)] (-3

Therefore, according to the given condition (25) and condition (16b), we obtain that % <

0 is negative definite and hence according to the Laypunov method for stability the prey
free equilibrium point E5 = (0,7, 2) is globally asymptotically stable.
|

Theorem (7): Assume that the top predator free equilibrium point Es = (%,¥,0), is
locally asymptotically stable. Then it is globally asymptotically stable if the following
sufficient conditions hold

q12° < 4411922 (26a)

LS alfz(l—c;;)(l—cfl) (26b)

K RE

d, > 225 + Ay (26c)
1

where R = a + x(1 — cy) and B = a + ¥(1 — c¥), while g11, g1, and gy, are given in
the proof.

. _ S A A 4 by .
Proof: Let V5 = (x X xlnf) + (y y yln;,) + 5, 2 be a real valued positive

definite function. Then after doing some algebraic steps we obtain that

dV5 by(d; — A1)
—r < ~aulx — %) — (-9 +anx-Hy -5 - [b—z—y z
where:
T a;y(1-cy)(1-cy)

11 =~ RE

Gy = % + ac:gx

q _aay(1-cy)+a,c?¥yy+a,c(y+y)(a+x)-a;(a+%)

12 —

RR

Now by using the given conditions we obtains that
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(e =) - Vamly - )] - [ - 5],

Therefore, % < 0 is negative definite and hence according to the Laypunov method for

stability the top predator free equilibrium point E, = (%, ,0) is globally asymptotically
stable. u

Theorem (8): Assume that the positive equilibrium point E; = (x*,y*, z"), is locally
asymptotically stable. Then it is globally asymptotically stable if the following sufficient
conditions hold

L>2% (1 - cy)(1 - cy) (272)
Lt (270)
P12° < 2p11P22 (27c)
P23° < 2P22P33 (27d)

where B=b+y,B*=b+y", R*=a+x"(1—cy"), while p;; are given in the proof.

. _ * * X * * y * * z
Proof: Let V, = (x—x — X ln;)+(y—y -y ln;)+(z—z —Z ln;) be a
real valued positive definite function. Then after doing some algebraic steps we obtain
that

Vs _

— < Pu(x —x)2 +p(x —x)G - ¥) —p -y’

+023(y — ¥ )(z — 2z*) — p33(z — z*)?
where

T a;y”
Pu1 = ¢~ Zgr (

1=cy)(1—-cy)

__ s bz" | aaqcx
P22 =7 "5 7 rr

P12 = Ran [cv+y)(a+x7) = (a+x"(1+cy'y)) +a(l - cy?)]

P23 = BB (bz — B")

P33 = A
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Using the above conditions, we obtain that
av, 2
;fS—Lmﬂ&—xﬂ—/%%y—fﬂ
2
-—“%ﬂy—yﬂ—dmﬂz—fﬂ

Therefore, % < 0 is negative definite and hence according to the Laypunov method for

stability the positive equilibrium point E,; = (x*,y*,z"), is globally asymptotically
stable. -
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Lyapunov’s Function for Random Dynamical Systems and Pullback
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Abstract. In this paper we study the Lyapunov function for random dynamical systems , where some
new properties are proved ,Lyapunov stability theorem ,Rate of pullback convergence.
Key words: random dynamical system ,pullback attractor and Lyapunov function for random dynamical
system.
1.Introduction
The concept of random dynamical systems is a comparatively recent development
combining ideas and methods from the well developed areas of probability theory and dynamical
systems. Due to our inaccurate knowledge of the particular model or due to computational or theoretical
limitations (lack of sufficient computational power, in- efficient algorithms or insufficiently developed
mathematical and physical theory, for example), the mathematical models never correspond exactly to
the phenomenon they are meant to model. Moreover, when considering practical systems we cannot
avoid ei- ther external noise or inaccuracy errors in measurements, so every realistic mathematical model
should allow for small errors along orbits. To be able to cope with unavoidable uncertainty about the

“correct” parameter values, observed initial states and even the specific mathematical formulation
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in\76l\/ed, we let randomness be embedded within the model. Therefore, random dynamical systems arise
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naturally in the modeling of many

phenomena in physics, biology, economics, climatology, etc.

The concept of random dynamical systems was mainly developed by Arnold [1] and his ”Bremen
group”, based on the research of Baxendale [2], Bismut [3], Elworthy [4], Gihman and Skorohod [5],
Ikeda and Watanabe [6] and Kunita [7] on two-parameter stochastic flows generated by stochastic
differential equations.

Lyapunov’s first method was, however, filled with new life in 1968 when Oseledets [10] proved his
celebrated multiplicative ergodic theorem. For (random) dynamical systems under an invariant measure
this theorem establishes the existence of Lyapunov exponents as limits and can be used to conclude
nonlinear stability from linear stability. A systematic account of the theory of nonlinear random
dynamical systems based on Lyapunov’s first method through the multiplicative ergodic theorem is
given by Arnold [1]. In contrast to his first method, Lyapunov’s second method turned out to be very
successful from the beginning, in particular in numerous applied problems. Early systematic accounts in
the West were given by the Springer Grundlehren volumes of Hahn [9] in 1967 and of Bhatia and Szeg6
[8] (developing Lyapunov’s second method for dynamical systems) in 1970, both of which are still
classical references.

D. T. Son (2009)[11] studied the Lyapunov exponents for random dynamical systems. X. Yingchao
(2010)[12] used the theory of random dynamical systems and stochastic analysis to research the
existence of random attractors and also stochastic bifurcation behavior for stochastic Duffing-van der
Pol equation with jumps under some assumptions. 1.J.Kadhim and A.H. Khalil(2016)[13] they define
the random dynamical system and random sets in uniform space are and proved some necessary
properties of these two concepts. Also they sudy the expansivity of uniform random operator.

The structure of this paper is as follows: In Section 2 we recall same basic definition and facts about
random dynamical, study the definition of Lyapunov function for random dynamical systems and
theorem Lyapunov stability . In Section 3 we will study Lyapunov function for pullback attractor ,

existence of a pullback absorbing neighborhood system and theorem (Rate of pullback convergence).

2.Lyapunov Functions for Random Dynamical Systems

Definition2.1. A closed random set M:Q — P(x) is said to be a semi-weak attractor ,if Vx €
M(w)3 a Tempered random variable 6,:Q — R* and y € S(x, §,.(w), there is a sequence {t,} in R,

t, — +© 3 d((p(tn,etnw)x,M(a))) —0ast— +oo
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i, asemi —attractor , if x € M,3 tempered random variable &, 3

S(x, 6, (w),d ((p(t, Btnw)x,M(w))) —0ast —» +oo

ii. a weak attractor , if there is a tempered random variable § and for each y € S(M(w) ,0 (w)),
there is a sequence {t,,} in R, t,, — oo such that d(¢(t,, 6;, w)x, M(w) > 0

iii. an attractor , if there is a tempered random variable § such that for each y € S(M(w) ,0 (w)) :
d(p(t,0,w)x,M(w)) > 0ast - +o

iv. a uniform attractor , if there is a tempered random variable § such that foreach e > 0 , thereis T
=T (e) > 0 such that {¢p(t,0,w)x:t € [T,+0)}cS(M,e) foreach x € S[M,§ ]

an equi attractor if it is an attractor and if there is A > 0 such that foreache ,0 <e <A andT >0
, there exists tempered random variable & with {@(t,0,w)x:t €[0,T]}n S(M(w),6) =

@ whenever e < d(x,M) < 2

Definition2.2 (Lyapunov Functions) [1] . Let ¢ be a random dynamical system in R% and A be a
random compact set which is invariant under ¢. A Function V: Q x R —» R* is called Lyapunov

Functions for A (under ¢) if it is has the following properties :

i. o~ V(w,x)is measurable for each x € R¢, and x — V(w, x) is continuous for each w € O

ii. V is uniformly unbounded , i.e., lim ;-0 V(w,x) = oo for all w.

iii. V is positive-definite, i.e., V(w,x) = 0 for x € A(w),and V(w, x) > 0 for x ¢ A(w).

iv. V is strictly decreasing along orbits of ¢ i.e, V(6,w,¢(t,w,x))V (w,x)forall ¢t > 0and x &
A(w).

Definition2.3 The derivative of the function V:Q x R — R* along the parametric vectorX(t) =

(X1 (), %2 (1), > Xa () ) IS defined by

V(w,X®) =5V (0X©) =34, 220 s e @

Theorem?2.4 (Lyapunov stability theorem)[1]

Let x = X(t),x €S € R% +— R™ has critical point at the origin. If there is function V: Q xR¢ +— R*
such that

av(wx(®)) i=1

™ , 2,.,.,d exist and continuous .
i

i. The partial derivative

ii. V is positive —definite .
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i,V is semi-positive —definite .

Then the origin is stable critical point for the system. If (iii) above replaces by a stronger condition (iii*)

V is negative —definite.

Then the origin is asymptotical stabile critical point for the systems. If the function that satisfies the
hypothesis (i), (ii) and (iii) from the above theorem is called weak Lyapunov function and if hypothesis

(iii) is replaced by (iii*), then v(x, y) is called strong Lyapunov function.

In the following we shall characterize the asymptotically random set in terms the lyapunov function . to

this end we first sate and prove the following lemma.

Lemma2.5 let the phase space X be arbitrary and K c X. Let V: Q0 X K +— R be any continuous
function defined on K such that V(8,w, ¢(t, w,x)) <V (w,z) forall t > 0and x ¢ K(w). Whenever
¢([0,t],w,x) € K (w),t = 0.Then if some x, p( R*,w,x) < K (w), we have V(w,y) = V(w, z) for
every y,z € At (x).

Proof. Assume that V(@tw, o(t, w,x)) < V (w,x) . there are indeed sequence{t, } and{ 7,,} in R such

thatt, » o, 1, > and ¢@(t,, w,x)—>y ,9(T,w,x) >z . We may assume by taking a
subsequence that t, < t, for each n,Then clearly V (tha), o(ty, w, x)) >V (Bfna), o(ty, w, x))

as

(p(Tn: w,x) = (P((Tn - tn) + th, w,x) = (p(Tn - tn)' H(tn)(/), (P( tn, W, x) )' T, —t, >0, and

o([0,1, — t,],0(t)w, p(t,, w,x)) c K(w), Thus proceeding to the limit we have continuity of V

,V(6:w,9(t,w,y)) = V(w,z). This contradicts the original assumption and the limit is proved .

Theorem2.6. A compact random set M C X is asymptotically stable if and only if there exists a

function V: 2 X N — R ,where is a neighborhood Nof M such that
2.6.1V(w,.): N —» R,is continuous Vwef2 and V(w, x): 2 — R is measurable VxeN .
26.2V(w,x) =0ifvxeMand V(w,x) > 0ifx & M,Vwen

263 V(6w 0t wy))< V(wx) For all t>0and x € M(w) for x ¢ M,t >0 and
([0, t] ,w,x) € N(w)VweQ.
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dis
compact of Let m = min{ @(x): x € H(M, @)}, Then by 2.6.2 and continuity of ®,m > 0.Set K = {x €

S[M,a]: @(x) <m}. Then K is indeed compact and because 2.2.3 k is positively invariant. This
establishes that M is stable as K positively invariant neighborhood of. To see that M is an attractor,
choose any compact positively invariant neighborhood K of M with K < M . Then forany x ek, @ #
AT c K,and lemma 2.5 shows that @ is constant on A*(x) € M. Thus M is attractor and consequently
asymptotically stable. Now let M be asymptotically stable and A (M) its region of attractor. For each
x € A (M)define

@(x) = sup{p(t, 6,w)x,M):t = 0}

Indeed ¢ (x) is defined for each x € A (M) b, because if o(7(t,x), M) = «, Then thereisa T > 0 with
(T, +),x) c S(t, a). Thus
p(x) = sup{p(t,6,w)x,M):T >t = 0}

Aso(p(t, 8,w)x, M) isacontinuous function of t, ¢ (x) is define. This ¢ (x) has the properties: ¢(x) =
0 forx € M,¢p(x) =0 for x ¢ M and <p(n(t, x)) < @(x) for t = 0. This is clear when we remember
that M is stable and hence positively invariant and that A (M) is invariant. Thus if ¢(x) is defined for
any x € M, it is defined for all xt witht € R*. We further claim that this ¢(x) is continuous in M.
Indeed stability of M implies continuity of ¢(x) on M .Forx ¢ M , set o(n(t,x),M) = a(> 0) and
choose ¢, & > “/4, such that S[x, €] is compact subset of A (M) isopen,since M is uniform attractor

,thereisa T > 0 such that S[x, €]t c S[M, “/4] forall t = T . Thus for yeS[x, €] we have

o(x) - p(y) = sup{o(p(t,6,w)x, M) : t = 0} — sup{e(¢(t, 6,w)y, M): t = 0}
= sup{o(p(t,0;w)x,M) : T =t = 0} — sup{o(@(t,0,w)y,M): T >t = 0}

There fore

lp(x) — ()| < sup{o(o(t,6,w)x, M) — 0(@(t,0,w)y,M) : T >t = 0}
< o(p(t, 6,0)x, p(t,0,w)y): T =t = 0}.

The continuity axiom implies that the right hand side of the above inequality tends to zero as y — x, for
T is fixed for yeS[x, €] .The function ¢(x) is therefore continuous in M . However, the above function
may not be strictly decreasing along parts of trajectories in A (M) which are not in M and so may not
satisfy 2.6.3. Such a function can be obtained by setting
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That V(w, x) is continuous and satisfies 2.6.2 in A (M) is clear. To see that V(w, x) satisfies 2.6.3, let
x € M(O_,w) andt>0. Then indeed V(6,w,¢(t,w,x))< V(w,x) , holds because
v(0:w, p(6;w,%)) < v(w,x) holds.

To rule V(Htw, (p(@ra),x)) < V(6,w,x) =V(w,x),Vx € N, observe that in this case we must have
V(Htﬂw,(p(t +7 ,0, x)) = V(Hra), (T ,w, x)) forallt>0,x €.
thus in particular, lettingt = 0, ¢t ,2t, ... we get

V(w,x) = V(entw,q)(nt ,a),x)) ,n =1,2,3,... Byasymptotic stability of M (6_,w) implies that for
xeA(M), p(nt ,w,x) = 0ast — o, V(w,x) is continuous. This shows that V(w, x) =0. But as x ¢
M, we must have V(w, x) > 0 acontradiction . We have thus proved that V(Htw, o(t, a),x)) <V(w,x)

forx ¢ M, and t > 0. the theorem is proved.
3.Lyapunov function for pullback attractor

A Lyapunov function characterizing pullback attraction and pullback attractors for a discrete —time

process in R¢ will be constructed here.

Consider a non-autonomous difference equation

Xn+1(@) = fo(Onw, xn(w)) )
On R4, where the f,: R% - R%, are Lipschitz continuous mapping.

This generates a process @:z%2 x RY - R* through iteration by CID(n, no,xo(w)) =
fr-1° - °fn, (xo(@)) is Lipschitz continuous for all n = n, the pullback attraction is taken with respect

to basin of attraction system, which is define as follows for a process.

Definition 3.1 A basin of attraction system D,;, consist of families D = {D,;:n € z} of non empty
pounded random set of R? with the property that D™ = {D,(ll): ne z} € Dyuif DA =
{D,(lz): ne Z} € Dyerand D,(ll) c D2 foralln € z.

Although somewhat complicated, the use of such a basin of attraction system allows both non-uniform

and local attraction region, which are typical in non-autonomous system, to be handled.
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Definition 3.2 A @-invariant family of nonempty compact A = {A,,:n € z} is called a pullback

attractor with respect to a basin of attraction system D, if it is pullback attracting
lim dist (¢ (61 (), Dy (@), An(@) = 0 (3)

Foralln e zandall D = {D,;:n € z} € Dy
Obviously A € Dy

The construction of the Lyapunov function requires the existence of a pullback absorbing neighborhood

family.
Existence of a pullback absorbing neighborhood system

The following lemma shows that three always exists such a pullback absorbing neighborhood
system for any given pullback attractor. Lemma 3.3 if A is a pullback attractor with a basin of attraction
system D, for a process, then there exists a pullback absorbing neighborhood system B < D, of A

with random T. ¢ moreover, B is ¢ — positive invariant
Proof. For each ny € Z pick S, (w)>0 such that B[A,, (w);Sy, (®)]:={x¢€
R4 dist (X, Ap,@) < Sp, } such that {B[A, (w); Sp,(w)]:ny € Z} € Dy, and define By, :=

Uz0 p(ng, eno—](w)fB [Ano—] ((U);Sno—] (w)])

Obviously 4,,, < int B[AnO (w); Sy, (w)] e By,
To show positive invariance the two-parameter semi group property will be used in where follows

<p(no + 1,600, Bno)

=VY=0 pme+1, Bnow, (P(enow; eno—jva [Ano—] (w);sno—] (w)]))

=VYi20 pmy+1 'eno—]w ,B [Ano—] ((‘));Sno—] ((‘))])

=Up>1 (P(no +1, 9n0+1—]w ,B [An0+1—] (w);Sn0+1—] (w)])

c U120¢(n0 +1 v9n0+1—]w , B [An0+1—] ((U);Sno+1—] (w)])) = Bn0+1((‘))

SO
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<p(h0 + 1, 6,,w, B, (w). This and the two parameter semi group property again gives

oMy + 1,60, 0,8, (w) =g+ 1,0, 410,0Mn + 1,6, w,B, (w)
g (p(no + 2 '9n0+1w1 Bn0+1(w) g Bn0+2(w)-

The general positive invariance assertion then follows by induction. Now referring to the continuity of
@(On, @, Opy—jw ) and the Compactness of B [An,—j (@); Sp,—j (w)]the set
@(ng, Ony—jw , B [Ap,—; (0); Spy—; (@)]) is compact for each j > 0and n, € Z . moreover, by pullback

convergence , there exists an

N = N (ng,Sn,) € N such that ¢(ng , 0@ , B [An_, (@), Sny—j (@)]) €

B[Ay,(®); Sy, (w)] €B(8,,w) for each j > N.Hence

B(On,®) = YU @10, O, (@), BlAn,—; (@), Sy (@)

C B[A,,(w); Sp,(w) U OSEJ<N(p(n0, Op,—,w,B [Ano_] (W); Sny— (w)])

= 055’<N @ (Mg, Opy—), B[An,—,(0); Sp,—, (@)]), which is compact, so B(6,,,w) is compact.

To see that Bso constructed is pullback absorbing with respect toD ¢, letD € Dy -

Fix ny € Z.since A is pullback attracting , there exists an N(D, 6n0,n0) € N such that
dist((p(no,Hno_jw,D ),Ano) < §(Op,w) forall j = N(D,Sno,no). but <p((n0, Ony—j @, Dno_j) c

int B[Ap,(w), 8n,(w)] and B[4, (w), 6, (w)] < B(6,,w) ,s0

no—Jj

@ (no, Hno_j(w),Dno_j) C int B(6,,w) forall j > N(D, Sn, M)

Hence Bis pullback absorbing as required .

Necessary and sufficient conditions

The main result is the construction of a Lyapunov function that characterizes this pullback attraction

Theorem. 3.4. Let £, be uniformly of Lyapunov continuous on R% for each n € Z and let ¢ be the

process that they generate. In addition, let A be a ¢ —invariant family of nonempty compact random sets
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that is pullback attracting with respect to ¢ with a basin of attraction system D, . Then there exists a
Lipschitz continuous functionV: Q x R — R, such that
Property 1 (upper bound): for all n, € z and x, € R%

V (1o, xo) < dist(xg, Ay,), 4

Property 2 (lower bound): for each n, € z there exists a function a(n,,.): R —» R* with a(n,, 0) =

0 and a(n,,r) > 0 for all » > 0 which is monotonically increasing in r such that
a(no, dist(xg, Ap,)) < V(Op,w,x,) Forall x, € R? (5)
Property 3 (Lipschitz condition): for n, € zand x,,y, € R% ,

|V (6w, X0) =V (Bnyw, ¥0) | < llxo = yoll, (6)

Property 4(pullback convergence): for all nyg €z and any D € Dyst

limit sup,_ e supzno_nEDno_nV(Hnow, (Mg, Opg—n,zng — 1)) = 0 (7)
In addition,

Property 5 (forwards convergence) : there exists V' € D, , which is positively invariant under ¢ and

consists of nonempty compact random sets N (6, ,w) with 4, (w) < intA, (w) foreachn, € Zsuch

that V(6 410, @ + 1, 0,0, % ) < eV (6, w, x,) (8)

For all x, € N(8,,w) and hence

V(g1 j@, 9, Ony0,%0)) < eIV (6,,,x0) for allxy € N(6,, )

,J EN 9

Proof. ~The aim is to construct a  Lyapunov  function  V(6,,w,x,) =

supe_T"Odist Xg, PN ,9 _,w,B 6, o) forall n, €Z and X9 € Rd where 1 =n++
c 0 0 ¥Yng—n neg—n 0 0 No,n
neN

+

n
j=1%ng—j -

With T,, o = 0. Here a,logL, where L, is the uniform Lipschitz constant f,, on R? , anda® = (a +

|a| / 2, that is the positive part of a real number a.

Note 4 T, n, =nand Ty nim = Tuyn + Tng-nm fOr n,m € N,ny, €Z.



supremum involves the product of an exponentially quantity bounded below by zero and a bounded

increasing function , since the set ¢(ng, 0,,—nw, B(6,,-,w ) are a nested family of compact random
sets decreasing to A(6,,w) with increasing n. In particular, dist(xO,A(Hnow) =

(x0, 9(ng, Opy—n®, B(Bn,—nw ) for all n € N. Hence there exists an N* = N*(ng, x,) € N such that

%dist(xO,A(GnOw) < dist(xg, (g, Ony—nw, B(0p,—nw) < dist(x,, A(6,,w) .For alln = N*, but

notn = N* — 1. There, from above,
V(Brgt0,0) 2 €T dist (o, (o, By, BBy -0) ) 25 €T (o, A(B,)
Define
N* (B, 7) = sup {N* (6,0, %0): dist (0, A(6ny) ) =7}
Now

N*(On,w,7) <o For x, & A(6,,,w) With dist (xo,A(HnOw)) =rand N*(6,,0,7) is non decreasing
withr >0. To see this note that by the triangle rule dist (xO,A(HnOa))) <

dist((xo, @ (g, Opy—nw, B(On,—nw) ) + dist ( (g, Opy—nw, B(Hno_na))),A(Bnoa)) )

Also by pullback convergence there exists an N (n, r/z) such that

dist (g, Opy—n®, B(Ony—n@)), A(6r,) ) <57 . For alln€N(ng,7/y). Hence for

dist (xO,A(BnOw)) =randn > N(no,r/z),

Thatis "/, < dist <x0,<p (nO,Hno_nw,B(Hno_nw))>.

“ o ok ) & ) <
D =/ A
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Proof 1

Since e"™o™ < 1 foralln € N and dist(xo, ¢ (ng, Ony—nw, B(6y,-nw )

Is monotonically increasing from 0 < dist(xo, @ (ny, Hno_nw,B(Hno_nw) < 1.dist(xg, A(On,w).

Proof 2

Ifx, € A(0p,w),then V(Hnow,xo) = suzg e Tro-ndist( (xo, @ (ng, Ony—nw, B(Op,—nw )) the

nz
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Ob(/iouslyN*(Gnow, r) < N*(Qnow,r/z).
Finally, define a(n,, 7) =7/, e "moN (o), (10)

Note that there is no guarantee here (with further assumption) that a(n,, r) dose not converge to 0 for

fixed r # 0)asny — oo.

Proof 3

|V(9n00), XO) - V(enow’ yo)l

sup e o-ndist((xo, (Mg, Ong—n®, B(ny-nw) ) —

nenN

sup e‘Tno—ndist((yO, @ (Mg, Opy—nw, B(On,—nw) ) |

nenN

ssup e_Tno_n |di5t((xOr <p(n0, Hno—nwr B(eno—n(‘)) ) - diSt(()’Or (P(nO» gno—nw' B(eno—nw) )|

nenN

< sup e Tno-n I — ¥oll < llxo — ol
nenN

Since

|dist(xo, C) — dist(yo, C)| < |lxo — yoll for any x,, y, € R® and nonempty compact random subset of
C € R%.

Proof 4

Assume the opposite. Then there exists an &, > 0, a sequence n; » o in N and points x; €
@ (Mg, Oy —n@, D (B, —nw) such that V(6,, w, x,) = &, for all & € N since D € Dy, and B is pullback
absorbing , there existsan N = N(D,ny) € N such that ¢(n,, Hno_nja),D(BnO_njw) C B(0,,w) forall

; >N.

Hence, for all j such that n; = N , it holds x; € B(68,,w) , which is a compact random set , so there

exists a convergent subsequence x; — x* € B(8,,w) . but also

Xj € n]LiN (P(no. eno—nw; D (eno—nw))

And n UN @ (g, Opy—nw, D(0y, _nw)) € A(Oy,w)

le,TlZn]' n]Z
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And the definition of a pullback attractor. Hence x* € A(8,,w)

And V(Gnow,x*) = 0. But V is Lipschitz continuous in its second variable by property 3, so €,<

V(Ony@,%;) = [[V(Bny,%7) =V (Ony0, x| < [l = x*

, Which contradicts the convergence x; —

x*. Hence, property 4 must hold.
Proof 5

Define
Ny, = { % € B[B(0p,0),1]: 9(ng + 1,0, 0, %) € B(6p,4+10)},

Where B[B(6,,w),1] = {x, : dist(x,, B(6n,w)) < 1} is bounded because B(8,,w) is random
compact and R¢ is locally compact, so Ny, is bounded. It is also closed, hence compact, since
¢(no +1,6,,0,.) A(6y,w) c intB(6,,w) is continuous and B(6,,w) is compact. Now and

B(0y,41@) € Ny, S0A(6,,w) € intN,, . In addition
@(no +1,0,,0,Nng ) € B(Op,41@) C Ny 41, SON is positive invariant.

It remains to establish the exponential decay inequality (40). This needs the following Lipschitz

conditionon  ¢(ng, Op,w,.) = f, ():

”‘P("o: O, @, xo) - ‘P(nm On, @, 3’0)” < e o[xy — yoll.

For all xo, yo€ D (6, w) .it follows from this that

dist(p(ng + 1,0,,0,%) — 9(ne + 1,6,,w,Cy,) < e*odist(xo, Cp,)

From the definition of V,V ((9n0+1w), o(ng+1, Hnoa),xo)) =

sup e Tno+in dist(<p(n0 +1,0,,0, xo), (p (no, Ony—n@, B(Hno_nw))

n=0

Since @(ng + 1,0,,, %) € B(On,+1w) When x, € N(8,,w ). Hence re-indexing and then using the

two-parameter semi group property and the Lipschitz condition on <p(1, On, @, - )

%4 (9n0+1w,<p(n0 +1,0,,0, xo)) =
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sup e Tnotrit1 dist(p(ng + 1, 6,,, o), (¢ (no, Oy jo1®, B(Qno_]-_la)))
j=
= sup e "ottt dist(¢(ng + 1, Op,w, %), (@ (no +1,6,,0,¢ (no, Ory—j s B(Qno_ja))))
j=0
< sup e Tno+1i+1 %o dist(x,, (p(no, On,-jw, B(Gno_jw)))
j20
NOW T 41,j41 = Tng j41 — @ng SO, V(g 1@, o(ny +1, Onow, Xo)
< s.uop e Tno+1i+1 e nodist(x,, <p(n0, TON B(Qno_ja))))
jz
=e! sup e~ "mod dist (xg, ¢, Ong—jw, B(6p,-j®)))
j=
< e WV (6,,w, xo),
Which is the desired inequality. Moreover, since
@(1,0,,0,%) € B(0p,410) € N(Opy410), the proof continues inductively to

give, V(Ony+j@, @(no + 1,6, ,w,%0) < eV (0, w, %), for allj € N. This completes the proof of

theorem 3.4.

Definition. 3.5. A family random sets D € D, is called past-tempered with respect to Aif

l_im% log*dist ((Hnow),A(Hno_jw)) =0 .For all ng € Z, or equivalently if
]—)OO

lim e™"/ dist (D(Gno_jw),A(Gno_jw)) =0forallny €70 <y.

j—

Proposition3.6. For past-tempered family random sets, Dc N it follows that
lim diste (g, Oy—j@, D (- ©), A(6y—j0)) = 0

j—o©

Proof

V(On,w, @ (no, Hno_jw,x(eno_jw)) < e Jdist (D(Gno_jw),A(HnO_jw)) — 0 asj — oo. Hence

a(Op,w, diste (no, Hno_ja),x(GnO_jw),A(QnO_jw))

< e Jdist (D(@no_jw),A(eno—jw)) > 0asj - oo
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Since n, is fixed in the lower expression, this implies the pullback convergence

lim disty (20, Og- @, D (- j), A(6, ) ) = 0

Theorem3.7. (Rate of pullback convergence)

If B is pullback absorbing neighborhood system, then for all ny € Z,n € N and D € D, there exists

an N(D,n,,n) € N such that V (6, w, ¢ (no, Ony-m, Z (9n0—m0)))

< e Tnondist (B(Hnow),A(Hnow))

Proof

# (10, Ony-n-m, D(Bry ) )

= 0 (10,00 20,9 (10 = 1.0y 00, D6, n-m®)))
€ ¢ (10, Oy, B(6ny-n))

=@ (no, On,—iw, ¢ (n — 1, 0p,—nW, B(Hno_nw)))

(- (p(no, Gno_iw,B(Hno_iw)) Foreverym>N,n>i=>0

Where the positive invariance of B was used the last line. Hence

Q (no — N, 0p—n-m®, D(Hno_n_mw)) co (no — N, 0p,—n-m®, D(Hno_n_mw)).
Forevery m > N(D,ny,,n) and n =i = 0 or equivalently

1) (no — N, Opy—mw, D(Bno_ma))) Co (no —Nn,0,,_0, B(Qno_iw)) .For everym = n + N(D,ny,n)

andn=>i>0.
This means that for any Z(6,,_mw) € D(6y,-mw) the supremum in

V(6y,w, ¢ (no, Bno_mw,Z(Bno_mw)) = e Tnoidist ( @ (6n, ), Ono_mw,Z(BnO_mw)) , P (no —

n, Qno_iw, B(Gno_iw)),



RUZA

")

¥
KHAZAR UNIVERSITY

*GZQQ
/ses\?

h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

Need only be consider over i > n. Hence
%4 <0n0w, ) (no, On,-mw, Z(Gno_ma)))

= supe Troidistep (no, Hno_mw,Z(HnO_mw)) ,Q (no, Ony—iw, B(Gno_iw))>

i=0

< e Tnonsupe T nonidiste (no, (6y-mw, Z(Gno_mw)) ,A(Op,0))
j20

< e Tnondist(B(6y,,w), A(On,))
Since

A(Gnow) Co (no, Hno_i_jw,B(Hno_i_ja)))and

0 (70 Bny 0,2 (8 -m9)) € B(60,)

Thus

V (8o, @ (0, By, Z(Bry ) ) < €™ Tn0ndiSt(B(6y), A(6,))
For every Z(6,,,-mw) € D(Bp,—mw), m =n+ N(D,ng,n)andn = 0
Corollary3.8. We can be assumed that the mapping n +— n + N(D, ngy, n)

If monotonic increasing in n (by taking a large N(D,ng,n) if necessary, and is hence invertible. Let
the inverse of n = M(m) = N(D,ny,n). Then

V(Bnoa), 1) (no, Hno_ma), Z(Hno_ma)))
< e TroMm dist(B(Op,w), A(On,w))
Forevery m = N(D,ny, 0) = 0.

Usually N(D,n,,0) > 0. This expression can be hold for every m > 0 by replacing M (m) by

M*(m) defined for every m > 0 and introducing a constant Kj, , . > 1 to account for the behavior over

the finite time setm > N (D, ny, 0) > 0,for every m > 0,thisgives

V(8o @ (0, By, Z(Bg-) ) < Kpnydlist (B(8y), A(8r,) ).
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ABSTRACT

Features extraction and Texture analysis are viewed as significant activities in image processing
field for different PC applications.

In this paper a proposed method for analyzing and extracting the features of water plans images
based on Curvelet transform (by decomposing the image into its components then adopting the
segmentation algorithms on that components), which offers precisely the edges because it deals with the
winding information in all directions. Apply segmentation techniques to get information in region of
interest, as it is fragmented or split the image into several sections. Studying the features of texture of
water plans in satellite images of northern Mosul (Mosul dam).

Proposed algorithm segmentation need been used to extricate area for premium (water plans)
from. images, which contain limitation accuracy for edges, to be studied. The algorithm produces a set
of segments, which are stored in the cells array, for extracting features of the textures using a co-
occurrence matrix .

The texture features of the image, based on the proposed approach, such as Contrast, Correlation,
Energy and Homogeneity, gave an accurate representation of texture class.
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Introduction

Remote sensing images can be used in the several applications. The main utilization of remotely
detected information is to make an order diagram of explicit or important highlights or classifications of
land spread sorts in a scene [1].

It is considered, clearly defined is one of the main components of each scene, which plays an
important role in the spatial distribution of the flow of surface water and determine the external processes
(erosion, accumulation and corrosion etc.). Terrain information is necessary for modeling and
understanding many physical processes [2].

Every pixel of image data detected from a separation speaks to a model in a specific spot of the
planet. These images have an enormous number of purposes that contain meteorology, mapping and
military insight. Satellite pictures can be one of the accompanying: water vapor, infrared and
unmistakable light as appeared in Figure (1). image is the most straightforward approach to acquire
geographic data. [3]
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Image2 (Tanzaniancapital) [4]

e1 (Mosul Dam) |
Figurel: Satellite Image

Interpretation and understanding of satellite symbolism is a technique for acquiring data about
objects and the scene. It is a particular procedure of considering the geographical land reality dependent
on the recognition, distinguishing proof and spatial limitation of individual items and territory shapes
caught in elevated photos and satellite picture records. Translating the picture means decoding its
multifaceted substance from the perspective of the reason which the over viewed learning serves [5].

The information that we are searching for in the pictures are encoded in different shades and
surfaces. The translation of computerized images is essentially conceivable in two different ways, more
often than not alluded to as visual elucidation and PC understanding. The user is available in both sub-
forms yet in every one they have an alternate assignment. Visual elucidation is a less controllable
procedure, in which there are numerous variables. [6]

Related Work

In (2019), Ahmed .S and others, was used curvelet transform to disassembled a traffic signs
images and get coefficients.[7]

in (2017), Khalil 1. Alsaif and Esraa Hussein,was used curvelete Transform to detected kidney
stones.[8]

In (2013) A. Djimeli, D. Tchiotsop et.al was concerned with refine edge model dependent on
Curvelet coefficients investigation. Results demonstrate that when the decomposition scale increases,
their method brings out details on edges.[9]

In (2013) Yan Zhang n, TaoL.i et.al presented a way to deal with analysis and division of tire
laser stereography image by joining curevelet transform and Canny edge identification to distinguish
deserts in tire surface. So this technique would bring about a remade image progressively advantageous
for edge detection and the time multifaceted nature is decreased.[10]

In (2010) a researcher was used curvelet transform to estimate the optical flow and founded it
much better than most other methods in that area.[11]

Curvelet Transform (CT):

The curvelet transform is a multiscale directional tansform, which permits a practically ideal non
versatile scanty portrayal of items with edges. It has produced expanding enthusiasm for the network of
connected arithmetic and sign handling over the previous years. [12]

AZAR UNIVERSITY
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"~ The curvelet transform has two noteworthy ages. Original utilize an unpredictable advances
which incorporate the ridgelet transform of radon transform of a image. Second era disregards the
utilization of ridgelet transform, the reiteration decreased which prompts expanded speed. [13]

The work all through in two measurements, for example with spatial variable x, with a frequency
domain variable, and with r and polar coordinates in the frequency domain. Begin with a couple of
windows W(r) and V (t), which we will call the "radial window" and "angular window", separately.
These are smooth, nonnegative and genuine esteemed, with W taking positive real arguments and
supported on re(1/2,2) and V taking real contentions and bolstered on te[-1,1]. These windows will
consistently comply with the tolerability conditions as in equations (1a) and (1b):

oo

Z w?(2ir)=1, re (%,;) (1)

i—oo

5 veenen o4

Then, for every j > j,, introducing the frequency window Uj defined in the Fourier domain by

Ui(r,0) =22 w(27r)v (%) )

where |j/2] is the integer part of j/2. Thus the boost of Uj is a polar “wedge” delimit by the support of
W and V, the radial and angular windows, applied with scale-dependent window widths in each
direction. To acquire real-valued curvelets, work with the symmetrized version namely,

Uj(T, 9) + U](T,g + T[)

Delimit the waveform ¢;(x) by all means of its Fourier transform. is a “mother” curvelet in the sense
that every curvelets at scale 27 are get by rotations and translations of ¢j .

The equispaced sequence of rotation angles 8, = 2m.2U/21.1 | with 1 = 0,1, ... such that 0 < 6, <
2m,and the sequence of translation parameters k = (k1,k2) € z2. With these notations, defining

curvelets (as function of x = (x1,x2)) at scale 27, orientation & and position xUM =

k
Ry} (kl. 277, ks 2‘%> by

Pix(X) = @; (Reg(x - xf’” ) ...(3)
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where Ry, is the rotation by &radians and Ry its inverse (also its transpose).

~L [ |\

Figure 2: Curvelet tiling of space and frequency [14]

Curvelet transform is another augmentation of wavelet transform which plans to manage fascinating
wonders happening along curved edges in 2D images[15]. It is a high-dimensional speculation of the
wavelet transform intended to depict images at various scales and various directions (angles). It is seen
as a multiscale pyramid with casing components ordered by area, scale, and direction parameters with
needle-formed components at fine scales. Curvelets have time-frequency limitation properties of
wavelets yet additionally demonstrates a high level of directionality and anisotropy, and its singularities
can be all around approximated with not very many coefficients.[16]

Gray Level Co-occurrence Matrix (GLCM)

GLCM is the applied mathematics techniques of analyzing the textures that contain the spatial
relationship between the pixels.

GLCM is made from a gray-scale image. The GLCM involve information about how regularly a pixel
with gray-level value i happens either on a level horizontally, vertically, or diagonally to adjoining
pixels with the value j. Where i and j are the gray level values in an image.

The properties or highlights separated from standardized symmetrical GLCM are appeared in table(1)

Table (1) GLCM properties

properties formula
‘Contrast’ EL |2 .
= J| Pl )
Lj
‘Correlation’ Z{::— i j—u jipli, i)
- o0
LJ L}
‘Energy’ ZF'{’:J]E
ij
'Homogeneity'

¥ pli, )

LJ 1+|£_-j|



Proposed Algorithm:
The essential thought of the proposed algorithm relies upon the way that the image has many unique
attributes. These qualities vary from image to image depending on the color space of the object and the
space of the tissue. In this paper the tissue properties obtained from the analysis of water plans images
can be used to improve the performance of the classification and knowledge of the water parts in aerial
images in future research.

In this research, an algorithm was proposed to extract the properties of the water plans. The algorithm
included acquisition aerial images and then performing preliminary treatment by extracting certain parts
of the images to be used in the research (These parts were 128x128, 256x256, 512x512), and then apply
a linear low pass filter to whole parts in order to remove noise from them, then apply histogram
equalization to redistribute the image points evenly within the range 0-256, Then image decomposition
using Curvelet transform has been adopted due to its ability to handle the curves contained in the water
plans images in order to facilitate the handling of the images, this transform decompose the image to its
coefficients. Finally, the GLCM Matlab function was applied to extract the properties from the images
(Contrast, Energy, Homogeneity, Correlation coefficient), These properties were stored in a database to
be adopted and to get benefiting from it for future research. Figure (3) shows the block diagram of the
proposed algorithm.
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Preprocessing
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raw image
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Apply Histogram on ImageTo perform
the homogeneity of colors (Image
enhancement)

\ 4

Apply Curvelet algorithm to the
enhancement image Make image
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/ Transformed Image /
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Figure (3) Chart of
the proposed
algorithm
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RESULTS AND DISCUSSION

In the trials, the proposed procedure has been executed to a set of water bodies in satellite images
of 128x128, 256x256 and 512x512 sizes. The procedure has been implemented in MATLAB, to get the
fast discrete curvelet coefficients.

The accompanying outcomes describe the proposed algorithm for two real of water bodies images:

1. Table(2) indicates estimations of Gray Level Co-Occurrence matrixes (GLCM), the measurable
features for contrast, correlation, energy and homogeneity were determined from enhancement
water bodies images after applying histogram equalization operations with different sizes of
segmented images. Results represent Properties for Image 1 and image 2 : Contrast, Correlation,

Energy, homogeneity with sizes (128x128, 256x256, 512x512)

2. Figures (4), and (5) represent Energy properties of imageland image?2 respectively, with different
sizes of (128x128, 256x256, 512x512). Figures (6) and (7) demonstrate the consequence of
applying the proposed calculation on two real of water bodies images contrast properties of
imageland image2 respectively, with sizes (128x128, 256x256, 512x512). Figures (8), and (9)
represent Correlation properties of imageland image2 respectively, with sizes (128x128, 256x256,
512x512). Figures (10), and (11) represent Homogeneity properties of imageland image2
respectively, with sizes (128x128, 256x256, 512x512). After applying histogram equalization on
segmented images, the subsequent image has then issue of more brightness than the original image
due to histogram equalizationthe particles give off an impression of being somewhat more brilliant
than their unique one. image improvement strategies can be performed on the first image.

3. Energy, contrast and homogeneity, were directly proportional with size of the image, which is clear
seen in figures (4,5,6,7,10,11).

4. Contrast and correlation seems to be a good indicator image quality.

Table(2) Results represent Properties for Image 1 and image 2 : Contrast, Correlation, Energy,
homogeneity with sizes (128x128, 256x256, 512x512)

Image | Contrast | Correlation Energy Homogeneity
and size
Imagel 5.1647 0.18 0.0072 0.2364
128x128
Imagel 5.69625 0.017 0.0086 0.2444
256x256
Imagel 7.23597 0.0441 [ 0.01049 0.2712
512x512
Image2 4.309 0 0.0039 0.21
128x128
Image2 5.213 0.1104 0.0046 0.2351
256x256
Image?2 5.698 0.0789 0.0051 0.264
512x512
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Figure (4) Energy properties of imagel Figure (5) Energy properties of image2
with sizes (128x128, 256x256, 512x512) | with sizes (128x128, 256x256, 512x512)
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Figure (6) Contrast properties of imagel | Figure (7) Contrast properties of image2
with sizes (128x128, 256x256, 512x512) | with sizes (128x128, 256x256, 512x512)
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Figure (8) Correlation properties of Figure (9) Correlation properties of
imagel with sizes (128x128, 256x256, image2 with sizes (128x128, 256x256,
512x512) 512x512)
Homogeneity Homogeneity
0.28 03
0.27 0.5
0.26 - 02
0.25 -
0.15 +
= Homogeneity 0.24 - ® Homogeneity
0.23 - 01
0.22 - .05
0.21 T T T 0 T T T
X128 X256 X512 N128 N256 N512

Figure (10) Homogeneity properties of Figure (11) Homogeneity properties of
imagel with sizes (128x128, 256x256, image2 with sizes (128x128, 256x256,
512x512) 512x512)
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Based on the results obtained from the experimental application of proposed algorithm, the following
conclusions were obtained:

e The process of dropping the low-frequency of curvelet coefficients is not affected by the level of
analysis or the number of angles adopted at decomposition.

e The characteristics of Contrast, Correlation, Energy, and Homogeneity clearly show differences
between samples of images.

Future Work

e The properties that obtained in this paper can be used as inputs on a fuzzy system or used in the
genetic algorithm that discrimination certain patterns in order to detect some foreign tissue within
those sections. Or enter it into a tree resolution to classify images.

e Adopt the algorithm as a diagnostic system so that it can be applied to images of different parts
of the body to make satisfactory diagnoses.
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Abstract

Psoriasis detection and diagnosis is one of significant researches and has interest for medical
domain. Image processing plays major role for medical domain to analysis and diagnosis numerous

diseases such as in psoriasis diagnosis. Psoriasis is a chronic sore of the human leather in the form of various
forms thick red specks, capped stratum of peels with silver color resemble chance (Hence the psoriasis denotation)
and accompanies these husks itching, growing the riskiness in ultimate cases particularly cold days through the
winter. Psoriasis happens overwhelmingly in adults with both men and women at nearly the same average. In

numerous cases, there is a family history of psoriasis, and assured genes have been attached to the disease.

In this paper we built a system to diagnosis of psoriasis skin diseases using image processing
techniques where images are loaded from a database on the web specializing in skin diseases and
improved this images to make them enjoy the same conditions and then extract qualities based on skin
color (12) features that were effective for distinguishing these features are inputs to the neural
network first and SVM second which in turn performs the final diagnosis of the classification between
psoriasis and other diseases. The results were effective and respond to the algorithm. The percentage
for the training stage of ANN was 100% and the testing stage was 95%, the percentage for the training

stage of SVM was 100% and the testing stage was 84%.
Keywords: psoriasis; preprocessing; Hair removal; feature extraction; ANN, SVM.

1. Introduction
With progress of medical imaging techniques, the gained information is acquiring very rich to

beyond the human’s proficiency of visual identification and effective utilization for clinical
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appreciation. Computer techniques can construct comparatively straightforward abnormality

identification and disease recognition of the images, however could not exchange the human capability
to examine complicated data. On another side, computer techniques can “view” several specifics in
the images, when human might not be capable of view. A computer translator can quickly and
continuously understand many images, when human might construct conflicting evaluations in an
ineffective method. Therefore, Computer Aided-Detection (CAD) and Computer Aided Diagnosis
(CADx) be more beneficial and are now beneath growth via numerous research sets in the world.
Computer aided illness detection confirmed to be exact useful and numerous systems which utilize to

assist in the detection of numerous illness like psoriasis skin diseases [1] see Figure (1).

(a) (b) () (d)

Figure (1): Samples with psoriasis

Psoriasis is one of the prototypic papulosquamous skin illness distinguish by erythematous papules or
plaques with silvery plates. It is a chronic inflammatory skin illness with growth epidermal proliferation
associated to deregulation of the immune system. Psoriasis is said to influence 2% of the world people.
Psoriasis has a bimodal age of disease inception. The first top is about 20 and the second top is about
60. People with illness onset about 20 years old have powerful genetic predisposition. Psoriasis is a
medical case which happens while skin cells increase in size very rapidly. Damaged signals in the
immune system reason current skin cells to compose in days rather than weeks. The body does not get
rid of unwanted skin cells, thus the cells pile up on the exterior of the skin and lesions compose [2].
People have psoriasis may attention that occasionally the skin is improving and occasionally it gets
worst. Things which can reason the skin to get worst contain: Infections, Stress, variations in weather

which dry the skin and certain drugs [3].



¥
KHAZAR UNIVERSITY

2. The Proposed Algorithm

This section provides an overview of the suggested algorithm for the detection of psoriasis skin

diseases. The proposed system framework appears in Figure (2).

Input Color Image

1l

Remove hair

=

Remove Noises Preprocessing

=

Contrast Enhancement

=

Compute Features Features

(12 Color Features) Extraction

-

Feature Vector

—
~~

Classification

i

SVM ANN

Diagnosis

v v
Psoriasis Other diseases

Figure (2): The major steps of the proposed system.

First phase in the Psoriasis diagnosis algorithm is the enter image. Image in digital form is presented as
input to the algorithm. Second phase is preprocessing that contain remove the noises, contrast the images
and hairs removal from this image) because the noises and hairs in image cause errors in diagnosis. The

noises are eliminated via filtering. Filtering technique executed here is the Gaussian Filter; the hairs are
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eliminated by Dullrazor filtering. Third phase is features extraction. The feature extraction methods

applied here are Standard deviation, Variance, Skeweness and mean as color features. The elected
features are presented as the input to Artificial Neural Network Categorizer (ANN) and Support vector
machine (SVM). The classifiers distinguish the specific datasets into psoriasis and other skin diseases.

2.1 Skin database

The database of skin images is consist of 400 color images of skin images in size 256x512 pixel
that resized to 128 x 128 pixel.. The database contain of set of skin kinds of varying human races,
several regions of the human body and several illumination cases, with 200 types with psoriasis and

200 types from other several skin diseases, the chosen image in the JPEG format. Types of that data

base are shown in Figure (3).
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(Samples of other diseases)

Figure (3): The skin database samples

2.2 Preprocessing

The objective of pre-processing phase is to improve the images and eliminate undesirable effects;
this phase comprises three major methods as the following:
2.2.1 Hair Removal

Because some images in database may that used in this paper contain of hairs (long and short

hairs) which cause erroneous diagnosis, Hair removal is achieved by using Dull Razor filtering of these
images. So it useful to do the hair elimination before proceeding to other phases. Dull Razor filtering
suggested in [4, 5] is medical imaging filter for hair elimination that exchanges hair pixels by
neighboring pixels. It gets better diagnoses results, see Figure (4).
Algorithm (1) represents the major steps of Dull Razor filtering:

"Aigorithm (1) Bull Razor Algorithm |

Input: Image contains hairs.

Output: Image after hair removal.
Stepl: Identify the dark hair places by using morphological closing operation.

Step2: Smooth the exchanged pixels of hair (final result) using median filter.
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(a) Images containing hairs

(b) Images after hair removal

Figure (4): Dull Razor Filtering.
2.2.2. Noises Removal

After elimination the hair from images, there may be little noises existent in the image such

as scratches and Scars in the skin ...etc which compose the noises. Those noises are eliminating

through applying Filtering. Filtering methods adopted here is Gaussian filtering suggested in [6]
that smoothers the skin image, see Figure (5).

e

(a) original image (b) after applying

Guassian filter

Figure (5): Noises removal.

2.2.3. Contrast Enhancement

Here, image clarity is increased, performance is better and image contrast is high. We utilize image
calibration which elimination the undesirable portion of the image which came from several noises. This
has been done to improve the edges and the shape of imag
T
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e, see Figure (6).
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(a) the original image (b) image after Contrast

Figure (6): enhancement of image.

2.3 Feature Extraction
The third phase in this paper is features extraction. At this stage extracts vital features of images
in database which called a features vector that compose an impersonation of the image. The features

extraction method suggested here is color features.

2.3.1 Color Features

One early mark of psoriasis is the appearance of color variations in skin color. The color
descriptors are mostly statistical parameters computed from varying color bands proposed in [7, 8]. In
this paper, color variance of the RGB image has been computed by using HSV bands. The statistical

parameters such as variance, mean, standard deviation and Skeweness of the RGB or HSV color model,

the corresponding computation can be defined as following:

N
1
i :Nz £ oo (1)
=1
1
v ’
5, = NZ Fis = )% | oo (D)
=1
1
1 N 3
y; = Nz T 0 I )
=1

sy 2
o? p) (]1:;] L (4)

Where f;;is the color value of the i-th color constituent of the j-th image pixel and N is the full number
of pixels in the image. y;, o;, v; o?,(i=1,2,3) indicate the mean, standard deviation skewness and variance

of each channel of an image respectively.

Algorithm (2) illustrates the Algorithm of color features steps

Algorithm (2): Color features Algorithm.
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Input: color images of psoriasis and other skin disease after processing.

Output: Twelve features vector.

Step1: Modify the RGB color model into an HSV color model. The column of the output matrix (s)
illustrates Hue, Saturation, and Value respectively.
Step2: Calculate mean for every H, S, and V bands by using the equations (1).
Mmean_H, Mean_S, Mean_V
Step3: Calculate standard derivation for every H, S, and V bands by using the equation (2).
STD_H, STD_S, STD_V
Step4: Calculate skewness for every H, S, and V channel as in the equations (3).
Skewness_H, Skewness_S, Skewness_V
Step5: Calculate variance for every H, S, and V channel by using the equation (4).
Var_H,Var_S\Var V

Step6: The outcome from this algorithm is vector at twelve values.

2.4 Diagnosis

After get features vector and save it, then follows the diagnosis phase which recognition between
psoriasis and other skin dieses, in this paper, two techniques were used to classification between
psoriasis and other skin dieses. The first technique is neural network and the second method is support

vector machine then comparative between the results of these techniques in classification.

2.4.1 Artificial Neural Network

The framework of the neural network: We applied a feed forward back propagation Neural
Network (NN) that suggested in [9, 10] with adaptable learning rate. The NN have three layers(input
layer with twelve input, four hidden layer and two output layer ).The activation function used is the
tan sigmoid function, for both the hidden and the output layer. The input to the neural network is the
features vector that contains twelve color features; the NN has two output (psoriasis and other skin

dieses) as described in Figure (7).
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Figure (7): The Neural network structure

Algorithm (3): NN Algorithm

Input: Features vector (twelve features).

Output: Full accuracy of the NN.

Stepl: Generate feed forward neural network (NN) that have four hidden layers, each layer have
25,50,50,25 neurons respectively, choosing these number of four layers are after experiment,
the input layer of NN is choose based on features vector therefore the input layer neurons are
twelve features, the output layer of NN is chosen based on number of class therefore the output

layer neurons are two classes (psoriasis and other skin dieses).

Step2: Define the main parameters, these parameters are learning rate that equal to( 0.0001), training
time which set to infinity , periods (number of iterations) that equal to 1000, transfer function
is sigmoid transfer function , data segmentation function is (divide rand function ), training
function is back propagation function, activation function for output layer is 'tansig' ,and
performance function is (default = 'mse '),weight and bias is producing at random, this
parameters are select in our work in order to makes the NN gives effective outcomes.

Step3: Training the NN by using train data and target matrix , the target matrix contains two rows
and two columns every row comprise from a vector which have zero values except a 1 in
element (i), where i is the class they are to perform.

Step4: Simulates the NN through taking the initiated network and network input matrix, reversion the
index to the biggest output as a class predict.

Step5: Calculate the network performance by using (perform).

Step6: Calculate the network accuracy by using confusion matrix.

Step7: Simulates the NN through taking the training network and test data, reversion the index to the

biggest output as class predict.
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StAé]')'S‘: Calculate the network performance by using (perform).

Step9: Calculate the network accuracy by using confusion matrix.

2.4.2 Support Vector Machine

SVM classification technique which suggested in [11,12] three steps are done: in first step applied
cross validation (holdout) to divide the database(for psoriasis and other skin daises) to train set and
test set, the greatest sequence to test phase and the rest for training phase, in second step gather
features for two classes, in third step is train the SVM with train set for the psoriasis and other skin
disease and test the SVM with test set for the psoriasis and other skin disease, the Algorithm (4)

describe SVM Classification.

Algorithm (4): SVM Classification Algorithm

Stepl: Train the train data, kind of kernel task which applied is polynomial with order of 2, train data
is matrix illustrate features vectors to the twelve features.

Step2: Distinguish test data by using the information generate by step1.

Step3: Use confusion matrix to calculate full accuracy from SVM, in our work the full accuracy is 100%

in training phase and the full accuracy is 84% in testing phase.

3. Conclusions and Experiment Results

Psoriasis can lead to death so early detection of the disease is very important. The recognition system
by using computer-based methods is more effective than traditional biopsy techniques. The cost and the
time used for diagnosis are lower in this suggested system. The system includes artificial intelligence,
support vector machine (SVM), and digital image processing to detect psoriasis. The NN and SVM-
based workbook has proven to be effective in decision-making and too in pattern identification
applications. The accuracy of the suggested method is 95% when using ANN classifier and 84% when
using SVM that is higher than the conventional techniques.
Table 1 shows the results of twelve vector features of psoriasis, while Table 2 shows vectors of other
skin image features, while Table 3 shows the result of NN and SVM for psoriasis and other skin disease.

Table (1): The features vector to samples of psoriasis images.

Input

Color features
image

Mean_H Mean_S Mean_V Std_H Std_S Std_V
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Skewness | Skewness | Skewness Var_H Var_S Var_V
H s \

Image 1 0.383 0.0525 0.3531 0.1904 0.0435 0.6498 0.609 0.0239 0.0937 0.001 | 0.0002 | 0.0001
Image 2 0.3293 0.1132 0.9385 0.2291 0.0415 0.5331 0.5239 0.0178 0.3331 | 0.0048 | 0.0001 0
Image 3 0.3594 0.0492 0.2138 0.1871 0.0453 0.3138 0.6413 0.0344 -0.5288 | 0.0004 | 0.0002 | 0.0002
Image 4 0.5442 0.0388 -0.322 0.2494 0.0443 0.5935 0.4508 0.022 0.0083 | 0.0004 | 0.0003 | 0.0001
Image 5 0.5949 0.0496 0.7353 0.2633 0.0291 0.1827 0.5282 0.028 -0.953 | 0.0003 | 0.0001 | 0.0001
Image 6 0.5668 0.053 0.3592 0.2012 0.0396 0.4482 0.6253 0.0348 -0.8012 | 0.0004 | 0.0002 | 0.0001
Image 7 0.4925 0.059 | -0.4315 0.2317 0.0337 0.2307 0.5004 0.0203 0.054 0.001 | 0.0001 | 0.0001
Image 8 0.4419 0.0855 | -0.1482 0.2154 0.0346 0.436 0.5487 0.0237 -0.4317 | 0.0023 | 0.0001 | 0.0001
Image 9 0.5427 0.0668 1.4345 0.2274 0.0313 0.146 0.6326 0.0293 -0.0605 | 0.0004 | 0.0001 | 0.0001
Image 10 0.5389 0.0445 | -0.6327 0.2409 0.0379 0.1241 0.4521 0.0273 0.7128 | 0.0007 | 0.0002 | 0.0001

Table (2): The features vector to samples of other skin daises images.

Color features
Input
image Skewness | Skewness | Skewness | Var_H Var_$s Var_V
Mean_H Mean_S Mean_V Std_H Std_S Std_V
H s '
Image 1 0.3322 0.0959 -0.2673 0.1664 0.0537 -0.5752 0.6498 0.0246 -0.6753 0.0029 0.0003 0
Image 2 0.5511 0.0864 0.9335 0.2526 0.0504 0.5193 0.5307 0.027 -0.3334 0.0024 0.0003 0.0001
Image 3 0.6066 0.0232 0.8122 0.3661 0.0335 -0.6454 0.5922 0.0186 -0.653 0.0001 0.0002 0.0001
Image 4 0.3957 0.086 -0.2065 0.2976 0.0728 0.8059 0.6936 0.0569 -0.4128 0.0026 0.0009 0.0004
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Image 5 0.636 0.0478 | -0.2254 | 0.1912 | 0.0282 | 0.0043 0.5876 0.0224 0.0666 | 0.001 | 0.0001 | 0.0001
Image 6 0.2237 0.0624 | 06522 | 03813 | 0.0258 | -0.0371 0.83 0.0562 -0.3782 | 0.0019 | 0.0001 | 0.0004
Image 7 0.5508 0.0506 0.073 | 0.1189 | 00578 | 0.5328 0.7076 0.0237 -0.1233 | 0.0013 | 0.0004 0
Image 8 0.4547 0.0632 | 1.3553 | 0.2265 0.026 | -0.3485 0.5781 0.0308 -0.2827 | 0.001 | 0.0001 | 0.0001
Image 9 0.4864 0.1424 | 05041 | 02826 | 0.0545 0.67 0.6393 0.049 -1.0103 | 0.004 | 0.0003 | 0.0002
Image 10 0.5394 0.0663 1.9985 | 02102 | 0.0297 | 0.4571 0.5862 0.0221 -0.0856 | 0.0017 | 0.0001 | 0.0001
Table (3): The result of NN & SVM Classification for psoriasis and other skin daises.
Classification Accuracy %
Data type . Feature type
Classifier :
Train Data Test Data
ANN 100 95
(psoriasis and Color Features
other skin
daises)
Color Features 100
84
SVM
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Solve Fractional Linear Programming by using Branch and Bound
method

Waleed Khalid Jaber
University of Thi-Qar, Computer Science and Mathematics College, Iraq

waleedkhalidj@utg.edu.iq

Abstract

Many methods can be adopted to solve the Fractional Linear Programming Problems (FLPP). Where
the solution is optimum of the problem and the values of variables are real numbers not integer numbers.
But, when there are conditions in the problem that require the result is to be optimum integer solution,
so the resulted variables values are numerical integer. At this point, we must turn to a method that ends
to the integer solution of the problem. This is briefly the topic of the research where we will employ an
algorithm of the method (Solve (FLP) by using Branch and Bound method) to explore an approach
integer solution of Fractional Programming problems.

Keyword: Applied Mathematics, Operation research

Introduction: [ 1,3,4,6,7,8,9, 11, 12, 15,18,19,20 and 22]

If the objection function is two (LF) ratio, the constraints then are linear, and the variables are positive,
so this matter is called (FLPP).

One of the methods to find out solution to the problems of (FP) in operations research is the method
of approximation of the objection function. However, the method of solving, the method of the stages
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solution and then compensate this solution in the math model. The finding is the same as the previous
one itself. Hence, we stop as the solution is applicable. If, it is not applicable, then we put new item to

the objection function and do this case again until the solution is optimum is obtained.

The problem of (FLP) is shown in the following mathematical model:

Max Z = Zi=ifita
Yie1Dixi+ B

According to restrictions: ..(L1)
Axi <5b
Xi >0
Where :

X :means the "Variables" in the objection function and constraints of the math model.

Ci.D;.a.and B Mean the "real numbers" .
A: means the "Matrix variables coefficients for restrictions of problem".

B: means the "Matrix of Absolute boundary for restrictions of problem™.

1.2 Algorithm of approximates the target function : [20]

1.2.1- To calculate the value of L (X) from the following equation:

L(x):% . (L.2)

Where :
<C’ D> - ZCidi
(D,D) =>"d;



¥
KHAZAR UNIVERSITY

1.2.2- Converting the fractional objection function to a close-line function after offsetting its value in
the following equation:

MaxF=(c; ~L()*d; , X, . (13)

Where F is a new name for the close-up function.

Then add the original for restrictions of problem:

AxiSb leO

1.2.3. The solved objection function with the restrictions of problem in the simplified way as a linear
programming (LP) model to reach the optimum sol. Then, we obtain the values Xj,j=1,2, ..., n

1.2.4. Compensating the Xj values of the sol. is optimum in the simplified way to obtain a value
L(x*)=MaxZ

1.2.5- Comparing (Lx) =L (x *), If L (x) = L (x *) stops, the output is the sol. to the problem, or we
have a new objection function(F) depending on L(x*).

In equation (1.3) the simplified method is re-used once more till the sol. is optimum and extracting
the value of L (x **) and comparing it with the value of L (x *). If the equal is stopped; a new
objection function is extracted based on L (x **). The previous steps are done again using the
simplified method until you obtain the sol. is optimum and so on ...

To make this method clearer, we take the following example:

Example (1.1) : [20]

Solve the following math model:



3x1 +2x, +1
Max Z =

x1+x2—|—1

S.T. 5x1 + x, <2
2xy +3x, <3
X1,X, =0 _
c,=(3.2)

=1 ,ﬁj:(l,l) P =1
(c,c) = gnl:cf =3+ 2°=13

(B.B) =2 B =1+1 =2
<C,ﬂ>:§cixﬂi:3xl+2x1=5

L(x)=% _ g _25

(112
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(1.1.1)

Use the simplex method , we have The sol. is optimum of the first stage are:

x1=040, x2=0

Substituting in (1.1.1), we have

apg . (3X04+D
axs="—"o04+1

Let Z=L(x*)

Since L(x) = 2.5, Then L(x) # L(x*)

. (1.1.3)

It has been observed that the new objection function count on the new phase as following:
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Rhgrs
The second stage :
Max F ={c,~L(x*)x B, x, )
=(3—-157 x1)x,+(2—-157 x1)x,
= 1.43 x,+ 0.43 v,
S Max F = 1.43 x, +0.43 y,

S.t. 5.7(,‘1 + X
2x, + 3 x, <3
X1 X> 2

Using the simplex method , we have The sol. is optimum of stage two are

X1=0.2307692 , x2=0.8461539

Substituting in ( 1.1.1) we get :

((3x0.231) +2x0.846 + 1

Max Z = 3231 T 08467 1 1.62963 ..(1.1.4)

Let, Z=L(x**)
Since L(x*)=15
Then L(x*) # L(x**)

It also has been observed that the new objection function count on the second stage above:
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The Third stage :

Max F :<cf—L(x**)X;3; X >
:(3—].62963><])x1+(2—].62963><])x:_
= 137y, + 037y,

S Max F = 1.37 x, +0.37 x,
S.t. 5, F X <2
2%, + 3y, <3
X X 20

Using the simplex method, we have the sol. is optimum of stage two are

Xx1=0.2307692 , x2=0.8461539

Substituting in ( 1.1.1) we get :

(3x0.231) +2x 0.846+1

Max Z =
ax 0.231 + 0.846+ 1

=1.62963 ..(1.1.5)

Let Z=L(x***)

Since L(x**)=1.62963

Then L(x***) = L(x**)

Hence, we stop here and have the best sol. in three stages and four tables are:
X1 =0.2307692 , x2 =0.8461539

Max Z=1.62963 ...(1.1.6)

Then, this solution is optimum
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2.1. Branch and Bound methods:

A Branch and Bound method (B&B method) is also a technicality for solving integer linear
programming ( ILPP ). Therefore, number of reasonable sol. is finite since the resolution variables in (
IPP ) are separate. The sol.'s may be enumerated If there is small number. Generally speaking, there
are many reasonable sol.'s to permit a completion of counting. (B&B method) provides a systematic
counting procedure that considers bounds on the objection function for various subdivision of sol.'s
and eliminates the subdivision of not optimum sol.'s.

Bradley, Hax, and Magnanti (1977, pp. 387-395); Garfnkel & Nemhauser (1972) , Hillier &
Lieberman (1980); Murty (1976); Nemhauser & Wolsey (1988); Ozan (1986).

The gist of (B&B method) is to divide the reasonable region into more subdivisions.

2.2 Branch and Bound Algorithm: [1, 2,3,4,5,8,10,11, 16,14, 16,17 and 21]

The characterization below of this method establishes the most prosperous one applied to date.
The idea of it is quite generic and being applied to more other unattached optimization problems (e.g.
wandering Salesman, job market scheduling).

Accepting that are attempting to tackle the blended whole integer issue. It is called issue Po .
The initial step is to take care of the issue of the ‘continuous' LP which is gotten by overlooking the
integrality limitations. On the off chance that in the ideal solution, at least one of the whole number
factors are changed over to be non-number, subsequently, pick one such factor and use it to isolate the

given issue PO into two 'sub-issues’ P1 and P2 . Assume that the variable chosen is Yyj and it takes the
non-integral value §; in the uninterrupted optimum.

Then P1 and P> defined as follows:

P1 =Po with the added constrainty; < |g;] - (2.2.1)
P2 =Po with the added constraintyi > [g;] e(2.2.2)

Presently any answer for Pg is either an answer of P1 or P2 implying that Po can be
understood by explaining P1 or P>

The individual limits xj are limitations added to Po to make P1 and P2 so it very well may be
taken care of algorithmically as opposed to as express imperatives (see LP with a wide range of
factors).
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Note that, if xj is a parallel variable (2.2.1) and (2.2.2) diminish to including imperatives X; = 0
and x; = 1, individually ,

i.e., at that point the variable is being fixed at one of its possible qualities .

Continuing and illuminating LP (P1) or LP (P2). Accepting P1 was picked. The arrangement
of LP (P1) is assessed similarly as that of (LP) Po. On the off chance that X is as yet not all basic, we
separate P41, just as making P3 and P4 in a comparable soul, etc . . ..

The present procedure can be appeared as the development of a parallel tree of sub-issues
whose terminal hubs, called holding up hubs, compares to issues that should be illuminated and
assessed .

At one of these stages, we face an all-whole number arrangement (IS). It could or couldn't be
an ideal answer for Po. In the event that there are pending hubs on the web; every one of them must be
analyzed as they could achieve a superior May be. Be that as it may, knowing an IS (with ideal worth
Z ) can significantly put down the age of new hubs. To be specific:

P9 PI(J

It has been observed that the newly created sub-problems have restriction other than any of their
predecessors. Hence, the LP relaxations of these problems have worse (not better) optimum values.

The algorithm must be finished since the integer variables are all bounded because as one proceeds for
further steps; the tree the bounds on the variables become close to each other, and finally they become
exact if the LP solutions were never integer before.

It is important to note that the newly created sub-problems shouldn't be solved from scratch, but it must
be started from the solution is optimum of the predecessor problem.

For the most part, there are numerous approaches to isolate the FP, and thus there are quantities of
methods for B&B calculations. We should mull over this B&B calculations method, for issues with just
paired factors. A whole number LP is a LP further compelled by the integrality limitations. In a boost
issue, the estimation of the complaint capacity will consistently be an upper bound on the ideal whole
number programming objective at the straight program ideal. Furthermore, any whole number doable
point is generally a lower bound on the ideal straight program target esteem. The possibility of B&B is
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to utilize these perceptions to methodicallly make allotments of the LP FR, making appraisals of the
number programming issue dependent on these subdivisions. The technique is depicted effectively in
the event that we think about the model (1.1.1) from past segment. First, giving an optimum value Z*

.this gives the upper bound on

Z"<MaxZ =1.63

Since the coefficients in the objection function are integral, Z* must be integral and this implies that
Zr <1.

The solution is optimum of LP for ex.(1.1.1) has

x1 =0.2307692 .x, = 0.8461539 ,MaxZ = 1.62963

All these variables must be integer in the optimum solution, and we can partition the FR trying
to make either integral. It has been realized that, in any (IP) solution, x1 must be either an integer <0 or
an integer > 1. Hence, the first subdivision is into the regions where x; <@ and x1 > 1, also x2 <0, X2
>1

as displayed by Fig. (2.2.1) here:

Ao : It speaks to the relationship of LP, which is their ideal arrangement has been incorporated inside
the Ao , and the upper bound on Z* is appeared to one side of the case. The demonstrated boxes
beneath are correspondence to the new subdivisions; the limitations that subdivide Ao are
incorporated by the lines joining the containers. In this manner, the limitations of Ao are those of
Ao together with the imperative, while the requirements of A1 are those of Ag together with the
requirement X1 and Xz .

The methodology that must be pursued is clear: Simply treat every subdivision as we did the first
issue. Consider Az first .

Graphically, from (Fig. 2.1.1) we see that since X1 isn't whole number, we subdivide Ao further,
into the districts A1 with X1 <0 and Az with and X1 > 1

A is an impracticable issue thus this part of the identification tree never again ought to be taken into
contemplations.
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In regions A1 it has been noticed that the optimum (LP) solution depends on the second constraint
with x; = 0 and x, = 0, which it gives the objective value

Max Z = 1 =1
1
Since x, is not integer, we subdivide AO into the regions B1
with x, < 0and Bz with and x, > 1
In regions By it has been noticed that the optimum (LP) solution depends on the second constraint

with x; = 0.4 and x, = 0, which it gives the objective value

MaxZ = ——— = 157 ..(2.2.3)

And In regions B2 what has been noticed is that the optimum (LP) solution depends on the second
constraint

with x; = 0 and x, = 1, which it gives the objective value

M Z—0+2*1+1—15 2.2.4
ax Z = 11 = 1. ..(2.2.4)

It has been observed that the region B> refers to fact that the region shouldn't be subdivided or,

equivalently, that the tree won't be extended from this box. At this point, subdivisions B2 and L4 must
be taken into considerations. We may select one arbitrarily; however, practically, a number of useful
heuristics are applied to make this choice. To simplify this issue, let us choose the subdivision that has
been recently generated, here Bi.

Since x4 is not integer, B2 must be further subdivided into C1 with
x1 < 0and Cowith and x4 = 1

C. is an impracticable problem and so this branch of the enumeration tree no longer should be
considered.

In regions C1 we see that the optimum (LP) solution depends on the second constraint with
x1 = 0 and x; = 0, it gives the objective value
1

=1
1

Max Z =

is a workable solution to the original problem, z* > 1.5 and we have now the bounds

1 < Z* < 1.5 . Without further analysis, we could end with the IS
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ideal. For accommodation, the lower bound z* > 1.5 simply decided has been attached to one side of
the C1 confine the specification tree.

In spite of the fact that X1 = 0 and X2 = 0, is the best number point in C1, the locales Al and C1 may
contain better FSs, and we should proceed with the system by investigating these districts. In C1, the
main doable point is X1 = 0 and X2 = 0, giving a target esteem Max Z = 1. This is superior to anything
the past number point and in this way the lower bound on z* improves, with the goal that 1 < Z* <I.5.

Further discussion

Basically, there are three that presently can't seem to be considered with respect to the (B&B
method) strategy:

Could the (LP) s relate to the subdivisions that has been fathomed effectively?

What is the ideal approach to subdivide a given district, and which unanalyzed subdivision ought to be
considered straightaway?

Could the upper bound (z = 1.5, in the model) on the ideal worth z* of the whole number program
be improved while taking care of the issue?

The response to the main inquiry is an unfit yes. When moving from a district to one of its subdivisions,
we include one limitation that isn't fulfilled by the ideal direct programming arrangement over the parent
locale.

Also, this was one inspiration for the double simplex calculation, and it is normal to embrace
that calculation here. Alluding to the example issue will delineate the technique. The initial two

subdivisions Az and A2 in that model were created by adding the accompanying requirements to the first
issue: For subdivision

1:x1<0
2:X12>1
Outline:

The fundamental thought of (B&B method) is to subdivide the FP to create limits Z < z* <z on
Z*
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For an expansion issue, the lower bound z is the most elevated estimation of any doable number
point experienced. The upper bound is given by the ideal estimation of the related LP or by the biggest
incentive for the protest work at any "hanging” box. In the wake of thinking about a subdivision, we

should branch to (move to) another subdivision and break down it. Additionally, assuming either the LP
over Aj is impracticable;

the ideal direct programming arrangement over Aj is whole number; or
the estimation of the direct programming arrangement Zj over A fulfilled

zj < z (on the off chance that expanding), at that point Aj shouldn't be subdivided. In these cases, whole
number programming phrasing says that Aj has been comprehended.

Case
(i) is named conception by infeasibility,
(it) Fathoming by entirety.

(iii) Fathoming by limits.
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xy = 0.2307692 . x, = 0.8461539
Max Z = 1.62963

X 21

! }

X1:0.X2:0. X1:O.4.
MaxZ =1

X1 = 0.4.x2 =0.

x;=0. Max Z=1.57 MaxZ = 1.5
MaxZ = 1.57

No Feasible

solulion
N

X1 =0.23.X2 :085
MaxZ =1.22

/ No Reasonable solution

This is Lower
Bound

This is Upper
— Bound

Then the solution is optimal is

X]_:O
XZ=1
MaxZ =15

Fig. (2.2.1)
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Tabu Search Method to Solve Machine Scheduling Problem under
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Abstract

In the problem of scheduling a single machine to minimize multiple objective function (MOF). There
are n jobs to be processed, each of which has fuzzy processing time, integer penalty number of early
jobs, weighted number of late jobs and an integer due date. The objective is to find the approximate
solutions which minimize the sum of penalty number of early jobs and weighted number of tardy jobs
with fuzzy processing time. This problem with normal processing time is strongly NP-hard. Tabu search
method was used to find on approximate solutions, The problem was solved with up to 12100 jobs in a

short time.

Keywords: Scheduling; Single machine; Fuzzy processing time; Tabu Search method; Weighted
number of early jobs; Weighted number of tardy jobs.

1.  Introduction

In this paper, we will study a single machine with its' scheduling for n independent jobs (fuzzy
processing time, due date, weighted of early jobs and weighted of tardy jobs (i.e. the same data calculated
and adopted in [8]). To minimize the sum of two functions, our objective is to get a schedule which is
given an approximate solution for the problem sum weighted number of early jobs and weighted number
of tardy jobs under fuzzy processing time, this problem is strongly NP-hard and denoted by 1/ /
Xi=1 Nne; + Xi=1 Nw,r; (which we described in [8]) by using Tabu Search method.

2. Formulation of the problem [8]
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A‘S;”ihgle machine scheduling models seem to be very important for understanding and modeling
multiple machines models. A set N={1,2,...,n} of n independent jobs has to be scheduled on a single
machine in order to minimize a given criterion. This study concerns the one machine scheduling

problem with multiple objectives function which is denoted by (1/ /X%, NhjEj + NW].T].).

In this problem, preemption is not allowed, no precedence relation among jobs is assumed and

all jobs are available at the time zero, (that is 7;=0 V). Each job j has fuzzy processing time a;, b;, c;,

due date d;, weighted of early job j h; and weighted of tardy job j w;.

The start time of job j is denoted by ¢;, where t;=0 and t; = Z{:ll p; and its completion time by C;,
(C; =t; +pj) if job jcompleted befor it's due date (C; < d;then NEjzl) and job j is said to be
early otherwise (C; = d;, then NEj:O), and job j is said to be tardy job or just in time, for each job j
can be calculate the slack time Si; = | Aj — d; | . In this paper, next jobs are scheduled in increasing

order of their slack time. Consider the processing time in fuzzy environment (a, b, ¢), which is integer
numbers. We calculate the Average High Ranking (AHR) Method to generate a processing time from a

fuzzy processing time.
AHR = [3b+ (c —a)]/ 3 Q)
Where a, b, ¢ is fuzzy processing time.
For a given schedule we can calculate weighted number of early jobs Nng; , as follow:

h; if d; > G

NhjEj: (2)
0 if d; <

w

NWjTj: (3)
0 if C<d

j if G > d;

The objective is to find the schedule & = (7(1), w(2), ..., t(n)) of the jobs that minimize the total

cost R which is formulated in mathematic form as:
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minR = minnes{zs}ﬂ NhjEj + Z}l=1 NWJ'Tj} )

subject to
CTL'(j) = pn(j) ] = 1,2, W, n
Cnti) = Cati=n) + Pri J=23 m > eeeeeeee . (H)
NEn'(j) € {0,1} j=12,..,n
Ny €{0,1} j=12,...,n

(j)
Priy > 0, drjy >0, Wy >0, hpy >0 )

Where & the set of all feasible solutions, m(j) denoted the position of j in the ordering =.

3.  Tabu Search (TS)

By the year of 1986 Fred Glover [1], was willing to overcome local optima arising in the methods of
local search, so he proposed a novel methodology by developing over a number of his earlier research,
and he named it as Tabu Search. Actually, a numerous foundations of this leading TS proposal, and also
a particular foundations of advanced TS elaborations, were a novelty presented by Gendreau in (2003)
[2], comprising of a temporary memory to avoid the reversal of contemporary moves and a longer term
frequency memory to strengthen attractive components. Hence one finds several references in the
literature that addresses algorithm of tabu search, (2002) Beausoleil [3], used the tabu search to solve
the problem of weighted tardiness sequence-dependent setups and compare with Re-start method. (2006)
AL-Anzi, and A. Allahverdi [4], studied the problem of total completion time; the suggested heuristics
is to be comparing with the current heuristics tabu search with simulated annealing this shown to be
more efficient. (2013) Haung, and Yu [5], presented a novel algorithm of tabu search in order to solve a
scheduling problem that possesses a several robust project that is constrained resourcefully. (2016) Selt

[6], proposed two algorithms to solve the NP-hard problem and compare them with tabu search.

Local (neighborhood) searches tackled the problem and found a probable solution by checking its
instant neighbors (i.e., the solutions are alike, apart from very little minor specifics) with the anticipation
of discovering an enhanced solution. Current applications of Tabu Search span areas related to
telecommunication, resource-planning, scheduling, financial enquiry, space development, molecular
engineering, pattern recognition, energy sharing, classification, malleable manufacturing, waste
management, logistics, biomedical examination, environmental safeguarding, mineral investigation, and

plenty of additional applications.
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“Tabu search improves the above mentioned techniques performance by making use of the memory

structures that are designated to the previous solutions or to the groups of instructions provided by Glover
(1989) [7].

It's worth mentioning that when a probable solution was formerly visited contained by a specific short
duration period or when the solution was violating a rule, then it's labeled as "tabu" (prohibited) in such
a way that the algorithm will potentially not take care of that possibility continually.

4.  Proposed TS Algorithm
Tabu search is a local search method used for mathematical optimization, it was invented by Fred
Glover in 1986 [1].

The algorithm requires certain number of parameters for being set, as follow,

Algorithm: [9]

Assumptions,

Sc The schedule of the candidate.
G(S¢) The value of schedule of the candidate.
So The best schedule initiated up until now.
G(Sp) The value of best schedule (aspiration criterion).
K The number of iterations.
Sk The schedule created through K iterations.
G(Sk) The value of schedule assembled by K iterations.

First Step : Initialization

Set K=1

From starting sequence by any heuristic; call it S;
Let Sp=S,,

Then G(Sy) = G(S,)

Second Step :

Select S from neighborhood of Sk
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IF move from Sk to S¢ is not allowed in the Tabu List.

THEN Sk, = Sk, GOTO third Step

IF G(Sc) <G(So) ,

THEN S, =S¢

G(So) = G(Sc)

Delete the oldest Tabu move in the Tabu List.
GOTO Third Step

Third Step :

Set K=K+1
IFK<N
THEN GOTO Second Step

ELSE Stop

Example 1: Using the data in Table (3) and algorithm in [8] for getting the starting sequence to solve

the problem (1/ / Y%, Ny;e; + Yi=1 NWjT.) by employing the Tabu Search method, then apply the

J

procedure for four iterations, in addition making the Tabu list length equal to two.
Solution:

The example can be set to solve as the following sequence

First iteration

Tabu List = @,

S1 = {i2, ju, Ja, ja}

Let, So = S;.

SO, SO = {jZ, jla j31 J4}
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Then, G(S,) = 14, G(S,) = 14.

Find neighborhoods of S; By using adjacent pairwise interchange, as shown in Figure 1 below:

x Npg, + h) Ny, =15 z Npg, + ENerf 14 2 Ny, + hX Ny,r,= 26

Figure 1 Illustrative approach for finding the sequences of S; in example 1 using adjacent pair wise

interchange.

Let S¢ = Current Best Sequence (CBS)

Sc = {2, ja, ju, ja}-

G(Sc) = 14.

Since, G(S¢) = G(Sy),

So = Sc, and, G(S,) = 14.

Then, Tabu Move = (1,3) and Tabu List = {(1,3)}
Let, S, =S¢ ={i2, j3, j1, ja}, G(So) = 14.

Second iteration

Generating all the sequences of S, using interchanging adjacent pairwise as shown in the list below.

SequencesS, Pair to be interchanged New Sequence
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{i2. Ja, J1, Ja} (2,3) {3, j2, ju, ja}
{2, js, Ju, ja} (3.1) {2, ju, js, ja}
{2, Js, ju, Ja} (1,4) {2, J3, ja, J1}

Then, The CBS is = {js, j2, j1, j4}
G(S¢) = 16

Since, G(Sc) > G(Sy),

G(S,) = 14.

Then, Tabu Move = (2,3) and Tabu List = {(1,3), (2,3)}.

LNwg, + LN “’Ffﬂ

Figure 2 Illustrative approach for finding the sequences of S, in example 1 using adjacent pairwise

interchange
Let, Sg - SC = {j31 j21 jl’ j4}l G(SO) = 14

Third iteration

Generating all the sequences of S5 using interchanging adjacent pairwise as shown in Figure 3
Only possible move is (2,1)

Then, The CBS is {js, ju, j2, ja}
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Since, G(Sc) > G(So),
G(S,) = 14.

Then, The new Tabu Move = (2,1) and, the new Tabu List = {(2,3), (2,1)}.

E:IU}UEHI+-§:}FH?T}==:16

ENI:;E, + 2 Nyr=14 ) Npg, + ) Nyr=16 z N, + ENw;Tf 26

Figure 3 Illustrative approach for finding the sequences of S5 in example 1 using adjacent pairwise

interchange (the current best sequence is shown in green).

Let, S, =S¢ = {ja, j1, j2. ja}, G(So) = 14.

Fourth iteration

Generating all the sequences of S, using interchanging adjacent pairwise as shown in Figure 4
Only possible move is (3,1)

Then, The CBS is {ju, ja, j2, ja}

G(S¢) =15,

Since, G(S¢) > G(Sy),

G(Sy) = 14,
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Hmta,'l} Move:(1,2) Move:(2,4)

Figure 4 Illustrative approach for finding the sequences of S, in example 1 using adjacent pairwise

interchange.
Let, Ss = Sc = {J1, J3, J2, ja}. And G (S,) = 14.
At the end of iteration 4, G(S,) = 14,

Best Overall Sequence BOS = {j2, j1, j3, j4}.

5. Computational Results of Local Search Algorithms and
Comparison

5.1 Test Problems

We use the test problems that are introduced in [8] for the local search algorithms.

5.2 Computational Results

In this section, we provide our results that were obtained for the simulated and Tabu Search
algorithms with our proposed function. The test problems are provided in this chapter and chapter three.
It's worth mentioning that we used the MATLAB 7.10.0 (R2010a) software for coding the algorithms
and the processing personal computer was of 4 GB RAM with a CPU of 2.5 GHz speed. In our

computations we proved that the Tabu search algorithm is active for 12100 jobs to a processing time of
30 seconds.
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Table Abbreviations:

n The number of jobs
No. of iterations ~ The number of iterations
No. The number of problems
AV. of Cost The average of cost
AV. of Time The time average for ten Tabu search algorithm examples in seconds.
The solution of this problem with h;, w;
{10,50,100,500,1000,5000,10000,12000,12100} is as revealed by the Table 1 .

by Tabu search algorithm for n €

Table (1) : The implementation of cost average and average of time in Tabu search algorithm for n € {
10,50,100,500,1000,5000,10000,12000,12100}

n AV. of Cost AV. of Time
1 39.1000 0.1540
50 220.7000 0.2121
100 452.3000 0.2484
500 2264.4 0.4850
1000 4455.8 1.0531
5000 22460 10.7370
10000 45015 29.7351
12000 53989 29.4697
12100 54419 29.9722

Now, we find the solution of this problem with h;, w; to Tabu search algorithm for n = 500, s.t (n=

number of jobs) as revealed by the Table 2.

Table (2): The algorithm implementation of Tabu search for n= 500 jobs

n No. Cost Time No. Of Iteration
1 2295 0.8385 10
2 2220 0.4426 10
3 2261 0.4424 10
4 2189 0.4441 10
500 5 2220 0.4658 10
6 2255 0.4407 10
7 2348 0.4251 10
8 2365 0.4649 10
9 2284 0.4440 10




h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

KHAZAR UNIVERSITY

10

AV. of Cost

AV. of Time

2207

5.3 Comparative Effective of Local Search Algorithms

0.4422

10

The best solution for examples is provided in Table 5 next page which displays the results of between

SA and TS algorithms and the amount of time for establishing the best value for a size of problem " n "

where:

Best
SA
TS

No. of Best

Av. Time

The calculated best value.

The value found by simulation annealing.

The value found by Tabu search.

The number of examples that performs the best value.

The time average for ten examples in both algorithms in seconds.

Table (3): Performance of both LS methods with the best solution for ne {10, 50, 100, 500, 1000,

5000,10000,12000}
n 10 >
o >
Number| 1 [ 2 | 3 [ 4 [ 5] 6 [ 7] 8] 9 []10] |55
| &
Best 38 42 39 20 36 46 37 29 36 28 41 ®
SA 55 | 48 | 49 | 41 | 36 | 47 | 51 | 29 | 36 | 54 0.2758
TS 38 | 42 | 39 | 20 | 49 | 46 | 37 | 45 | a7 | 28 | [ |0.1540
n 50
Best 237 | 227 | 205 | 219 | 207 | 195 | 213 | 183 | 194 | 229
SA 238 | 230 | 205 | 219 | 233 | 237 | 213 | 252 | 194 | 231 4 | 2.8994
TS 237 | 227 | 225 | 253 | 207 | 195 | 231 | 183 | 220 | 229 6 | 02121
n 100
Best 469 | 430 | 417 | 432 | 429 | 424 | 436 | 414 | 447 | 457
SA 480 | 430 | 417 | 436 | 498 | 435 | 504 | 419 | 447 | 457 4 | 9.0964
TS 469 | 460 | 430 | 432 | 429 | 424 | 436 | 414 | 504 | 525 6 | 0.2484
n 500
Best | 2295 | 2220 | 2261 | 2189 | 2186 | 2210 | 2348 | 2327 | 2271
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SA 2307 | 2306 | 2270 | 2345 | 2186 | 2210 | 2408 | 2327 | 2271 | 2290 4 29.1419
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TS 2295 | 2220 | 2261 | 2189 | 2220 | 2255 | 2348 | 2365 | 2284 | 2207 6 0.485

n 1000

Best 4514 | 4376 | 4471 | 4370 | 4529 | 4426 | 4437 | 4482 | 4419 | 4460

SA 4531 | 4376 | 4505 | 4542 | 4578 | 4578 | 4492 | 4571 | 4498 | 4496 1 29.1454

TS 4514 | 4450 | 4471 | 4370 | 4529 | 4426 | 4437 | 4482 | 4419 | 4460 9 1.0531

n 5000

Best 22260 | 22282 | 22452 | 22402 | 22101 | 22130 | 22555 | 22680 | 22592 | 22119

SA 22325 | 22311 | 22595 | 22402 | 22101 | 22555 | 22735 | 22680 | 22659 | 22459 3 29.4675

TS 22260 | 22282 | 22452 | 22414 | 22944 | 22130 | 22555 | 22852 | 22592 | 22119 7 10.737

n 10000

Best 44925 | 44945 | 44911 | 44638 | 44852 | 45253 | 44938 | 44926 | 44407 | 44881

SA 45153 | 45401 | 45094 | 44986 | 45228 | 45253 | 44938 | 45313 | 44407 | 44946 3 29.7156

TS 44925 | 44945 | 44911 | 44638 | 44852 | 45602 | 45415 | 44926 | 45056 | 44881 7 29.7351

n 12000

Best 54009 | 54010 | 54286 | 54040 | 53760 | 54194 | 53820 | 53921 | 53930 | 53455

SA 54009 | 54650 | 54453 | 54882 | 53837 | 54194 | 54723 | 54111 | 53930 | 54125 3 30.4109

TS 54059 | 54010 | 54286 | 54040 | 53760 | 54577 | 53820 | 53921 | 53957 | 53455 7 29.4697

5.4 Summary of Experimental Evaluation of Local Search Methods

Since the Table 3 is very condensed we provide a summary for the table as shown in Table 4 below
focusing on the number of times that produces the best value with their summation. This is done to all
the above mentioned number of jobs, showing both simulated annealing and Tabu search side by side

for comparison purposes.

Table (4): The summary of Table 3 results.

10 3 7

50 4 6
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4 6

4 6

1 9

3 7

3 7

3 7
25/80 55/80

In the Table 4 we give the activity of local search algorithms, (i.e. give the maximum number of jobs

"n ") that the local search algorithms can solve the problem (1/ / ¥7_; Npg; + X1 Ny r; ) With 30

seconds.

Table (5): Activity of the local search methods.

12000

12100

By comparing results of both LS methods namely, Simulated annealing and Tabu search and accurate
revision of result tables provided earlier, we confidently deduce that for the functional problem (1/

1351 Np,E; + X0 ijrj) the Tabu search has achieved the optimum results for a problem size

comprising of 12100 jobs through 30 seconds.

0. Conclusion
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Tn this paper, we have developed approximate solutions for the problem of scheduling n independent
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jobs on one machine to minimize the sum of weighted number of early jobs and weighted number of
tardy jobs under the fuzzy processing time. To resolve it we proposed the Average High Ranking method
to obtain a processing time generated from fuzzy processing time, calculate the costs and reach to penalty
cost. we report on the results of extensive computations tests of the method: Tabu Search. The main
conclusion to be drawn from our computation results is that the SA algorithms can solved the problem (1/
I Y= Npe; + =1 Nuw,r; ) to 12000 jobs in 30 seconds
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Compact Linear Operator on Modular Spaces
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Abstract:

This study tackles Compact linear operator on modular space , we have introduced
the definition of Compact linear operator on modular space and also define bounded and

continuous linear operator on modular space and proves some new results related with
them .

M.S.C: 46A80 .

Keywords: modular space, Compact linear operator on modular space , bounded and
continuous linear operator on modular space .

1.Introduction

The theory of modular space was introduction by Nakano [2] in 1950 in the
connection with the theory of order spaces and redefined and generalization by
Musielak and Orlicz [4 ] in 1959 , many other mathematicians have studied modular
space from several point of view , there are is a large set of known application of
modular space in various part of analysis , probability and mathematical statistics .
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In this effort , we introduction the notion Compact linear operator on modular space and
bounded linear operator on modular space and also define continuous linear operator in

modular space .
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2. Main Results
Definition (2. 1)[5]:
Let X be a linear space over afield IF. A function M: X — [0, oo] is called

modular if:
1L.M(x) =0 ©x=0.

2. M(ax) = M(x) fora € Fwith|a| =1, forall «a € F.
3.M(ax + By) < M(x) + M(y) iffa,B =0 (forall x € X.
Example (2.2) [1]:
Let X = R? with (x,y) = |x| + |y| , for any pair (x — y) in X, then X, is
modular space .
Example (2.3) [5]:
As a classical example we mention to the Orlicz modular defined for every

measurable real function f by the formula

M(f) = j BAF O du(o),

where u denotes the Lebesgue’s measure in R and @: R — [0, o) is continuous . we also
assume that @(y) = 0 ifand only if y = 0 and
@(t) > wast - o
Definition (2.4) :
Let X and Y be a modular spaces and T: X — Y a linear operator .The operator T
is said to be bounded if there exist a real number r Such that M(T(x)) < rM(x).

Example (2.5):
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1. The identity operator I: X — X on a modular space X # {0} is bounded.
2. The zero operator 0: X — Y on a modular space X is bounded .

Definition (2.6) :

Let X and Y be a modular spaces. A operator T : X — Y is called compact

linear operator if for every bounded subset B of X that T(B) is compact in Y.
Definition (2.7) :
Let (X, M,) and (Y, M,) be a modular spaces over the same field F, The
operator T: (X, M;) — (Y, M,) is said to be continuous at x, € X if for every

€ € (0,1) and all t > 0 there exist § € (0,1) such that for all x € X:

Mi(x—x9) <6 = MZ(T(x) — T(xo)) <e
Lemma (2.8) :

Let X and Y be a modular spaces , then Every compact linear operator T: X — Y
Is bounded , hence continuous .

Theorem (2.9) :
Let T: X — Y be a linear operator and X, Y are modular spaces .Then
1. T is continuous if and only if T is bounded .
2. If T is continuous at a single point ,it is bounded .

Definition (2.10) [3]:

Let T: X — Y be a linear operator ,then null space of T is the set of all x € X
suchthatTx = 0.

Corollary (2.11) [3]:

Let T be a bounded linear operator .Then :

1. xp, — x implies T, - T.

2. The null spaces NV (T) is closed .
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Definition (2.12) :

Let (X, M) be a modular space. A subset A of X is said to be compact if any

sequence {x,} in A has a subsequence converging to an element of A.
Theorem (1.13) :

Let (X, M) be a modular spaces ,then
1. fx, »>x,y, >y thenx, +y, > x+y.

2. Ifx, - xthenx, - cx,c € F/{0}.

Proof :
l.Letx, »>xandy, -y
M((xp +yn) —(x+y)) =M((xp —2x)+ (n—¥))

< M@ —x) + MOy, —y)
Since M(x,, —x) > 0and M(y,, —y) = 0
Then M((x,, + y,) —(x+y)) > 0asn - oo
Then x, +y, > x+y.
2. Letx, - x
M(cx, —cx) = M(c(x,, — x)) = M(x,, — x)

Since M(x,, —x) - 0 as - o , then M(cx,, —cx) - 0asn — o

Then cx,, - cx .

Theorem (2.14) :

Let X,Y be a modular spacesand T : X — Y is linear operator .Then T is

compact linear operator if and only if it maps every bounded sequence {x,}in

X onto asequence {T(x,,)} in Y which has a convergent subsequence.
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If T is compact linear operator and {x,,} is bounded ,then the closure of {T(x,)}

In Y is compact and from definition (2.6) shows that {T'(x,,)} contains a

convergent subsequence.

Conversely ,suppose that every bounded sequence {x,,} contains a subsequence

{xn,} suchthat {T(x,, )} converges in Y.Considerevery bounded subset A c X and
let {y,,} be any sequence in T(A) .Then y,, = T(x,,) for some x,, € 4, and

{x,} is bounded

since A is bounded . By a ssumption , {T'(x,,)} contains a convergent subsequence.

Hence T'(A) by definition (2.12) because {y,} in T(A ) was arbitrary. By

definition , this shows that T is compact linear operator.

Theorem (2.15):

Let X and Y be a modular spaces and T, : X — Y is compact linear operator

where g = 1,2 .Then T; + T, is compact linear operator and also cT,, is compact

linear operator, where c any scalarc € F — {0}, (Fisfieldand g = 1,2).
Proof

Let {x,,} bounded sequence in modular space X
Since T, : X - Y is compact linear operator where g = 1,2
Then from theorem (2.14) we have {x,} contains a subsequence {x,,} such that

{T1(xy, )} and {T,(x,, )} are converges in Y

then from theorem (2.13) we have {T; (x,, ) + T2 (%, )} is converges in ¥ =

{(Ty + T3)(xp,,)} is converges in Y

Therefore from theorem (2.14 ) we have T; + T, is compact linear operator .
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Also since {T, (xy, )} is convergesinY where g = 1,2.
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Then by theorem (2.13) {cT, (x,,, )} is converges in Y where where ¢ any scalar
c € F — {0}, (Fis field)

Then from theorem (2.14) we have cT, is compact linear operator .
Theorem (2.16) :( Riesz Lemma)

Let C be a closed proper subspace of modular space and Let A a real numbers
such that 0 < A < 1 then there exists a vector x, € X such that M(x;) > 0 and
M(x—xy) =Aforallx e C.

Proof:

Since C be a closed proper subspace of X = C # X
There exist x, € X such that x, € C

Letd = inf {M(x — xy):x € C}

SincexerM=>d>0,sinceO<)L<1=%>d

By the definition of infimum, there exist x; € C suchthatd < M(x — x;) <

>

Letx; = K(xq — x;) where K = M(xqg —x;) 1 >0
Then M(x;) = M(K(xo — xl)) =M(xy—x,) >0
letxeC =k x+x, €C

M(x—xy) = M(x — k(xy — xl))
=kM(k™1x + x;) — x0) = kd
We have

<-S0kd =2

ol
>

Hence M(x — x;) = A
Theorem (2.17) :

Let X be a modular space and assume that A = {x: M(x) = 1} is compact
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Proof:
Suppose that X is not finite dimensional

Choose x; € A and let M, be the subspace spanned by x,

Then M, is proper subspace of X

Since M, is finite dimensional = M, is complete = M, is closed
By Riesz Lemma then there exist x, € A such that M (x, — x;) = %
Let M, be the closed proper subspace of X generated by {x;, x5}
Then 3x; € A such that u(x; — x) > %

It follows that neither the sequence {x,,} nor its any subsequence converges , this
IS contradiction

Then X is finite dimensional.

Lemma (2.18) :

Let T: X — X be a compact linear operator and S: X — X be a bounded linear

operator on a modular spaces X .Then ST are compact linear operator.
Proof:

To prove that ST is compact linear operator

Let (x,,) be any bounded sequence in X

Then (Tx,,) has convergent subsequence (Tx,;) by theorem (2.14 ) and (ST x,)
converges by theorem (2.15)

Then ST is compact (by theorem( 2.15)) .
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Abstract:

The aim of this paper to presented the estimation of some classes for some
inequality dynamical system based on some inequality formulation that will make
important role in solvability of these types of dynamical system.

1. Introduction:
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mathematics, the successfully of mathematical development availability of some kinds
of inequalities and derivatives, differential equations have become a major tool in

analysis of the differential equations that occur in nature and applications fields.

Most of the differential inequalities developed by many literature such as [1], [3],[5]
which is provide explicit known bounds on other equations and we have found wide
sprouted types of inequalities have been mad a chive to develop various branches of
mathematics such as differential equations to application in science and engineering

practice also used the inequality to approximating various functions.

The applications of gronwall inequalities with nonlinear kernels of Lipschitz type to the
problems of boundedness and convergence to zero at infinity of the solutions of

certain volterra integral equations. The all types of stability are also investigated in[ 1].

Our aim to make a new approach to compute the estimators of the solutions of
inequality dynamical system with different methods that not explained before by using

the approach of gronwall and generalization of gronwall inequalities in [1,3,5].

Lemma(1.1),[ 3 ]:

Let a, a, b and h be nonnegative constants and u: [a, a + h] — [0, ) be

continuous if 0 < u(t) < f;[bu(s) +alds,a <t<a+h.
,a<t<a+h 0<u(t) <aheb® Then

Lemam(1.2), [ 3]:

Let a, B are any constants and ¢ be nonnegative constantsand u, f: [a, 8] —

u(t) <c+ f;f(s)u(s)ds, a <t<pf. [0,00) be nonnegative continuous if

t
,a <t < B. u(t) < celaf©)ds Then
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Lemma (1.3 ), [ 7]:

If u(t) and a(t) are real valued continuous functions on [a, b], a(t) is non-

decreasing, and B(t) = 0 is integrable on [a, b] with
a<t<b ul)<at)+ [, B(s)u(s)ds,

t
a<t<b. u(®)<a(t)eaf®ds Then

Lemma (1.4), [6 ]:

Let u satisfies the inequality u'(t) < B(t)u(t), and bounded

u(t) < u(a)el “BG)s Then

Lemma (1.5 ), [ 1]:

Let w(s),u(s) = 0and u(t) < w(t) + ftto v(s)u(s)ds.

u(t) <w(t) + ftto v(s)w(s)efst”(x)dxds Then

Lemma ( 1.6), [4 ]:

If u satisfies the differential inequality

u'(t) = f(u(t),t), and y a solution of y'(t) = f(y(t),t) under the boundary
u(t) = y(). ulty) =y(ty), forallt <t

Lemma(1.7),[7]:
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Let v(t) t, <t < t,+ a, piecewise continuous, u(t) and u’(t) continuous on some
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t
u(t) < u(to)effov(x)dx.interval Afu'(t) < v(t)u(t) where K is a constant then

Remark(1.8),[ 1]

Let u(t) a <t < b, be areal-valued function and suppose that u'(t) < Ku(t)

u(t) < u(@)eX®2 g <t <b. whereK isaconstant then

2.Main results:

The following results are presented in details to compute the estimators of the

solutions of some types for dynamical systems with suitable spaces and conditions.

Theorem(2.1):

Let x(.) € C[a,a + h] and x'(t) < Ax(t) + b, where b € R™*1, A € R™"

are semipositive matrices and x(t) € R™, a a constant and

0<x(t) <x(a)+ f;[Ax(s) + b]ds.

0 < x(t) < hbe". Then
Proof:
Suppose that x(t) = (z — Z(a))TeA(t'“) (1)

such that maxz = maximum z att = t;, thus

0 < (maxz” — z(a))edt1=® < fatl [A (max z(s) — Z(a))TeA(s‘a) + b] ds <

(maxz — z(a))T f;lA eAls-Dds + f;l bds
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T A(ti-a)
= |(maxz — z(a)) (e~ —1)| + b(t; — a).

Then

(maxz —z(a))e4t1=a) < (maxz — Z(a))eA(tl‘a) — (maxz — Z(a)) + b(t; —a),
therefore

(maxz — z(a)) < b(t; — a) < bh, hence

From( 1), we get

x(t) = (max z — z(a))e" < bheA" Therefore

x(t) < bhe4™,

Theorem (2.2 ):

Let x(t) € C[[a, b],R$) and x'(t) < A(t)x(t), x(a)=0

where A(t) is semipositive continuous matrices

Ss€J=[ab] x(t)< x(a)eféA(s)dS, Then

Proof:

x(t) < z(t)

Define z(a) = x(a),

(2) tej

z'(6) = A(D)x(t) < A(t)z(D),

and

t
multiply (2 ) by e " Ja4®)4s \ye get

Z/(t)e—fatA(s)ds —A(t)z(t)e_fatA(s)ds _ %[Z(t)e(_f;A(s)ds)] <0

we obtain from ( 2 )
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% [z(t)e(_ f:A(S)dS)] <0

Integrating of (3) from atot, we get
t
, since (@) = x(a) , we get z(t)e Ja 4% _ z(q) < 0
t
, which implies that z(t)e‘faA(s)dS —x(a) <0

t t

2(t) < x(a)elaAB)% hence z(t)e A < x(a)
LA(s)d

So, since x(t) < z(t) < x(a)elaA)ds

t
Then x(t) < x(a)ela4®)ds,

Theorem ( 2.3 ):

Let x(t) € C([a,b],RY) and f and G € C([a, b],RY)

x'(t) < GAW)x(t), t,t €] =]a,b]

x(a) = f(t) € C([a, b], Ry)

el 4@ 45 (1) < f () + G(@) [} A($)f (5) Then
Proof;

Define a function z(t) by z(t) = [ A(s)x(s)ds. Thus

, x(t) < f(O)+6@) [, A(s)x(s)dsz(a) = 0

Therefore

(4) x(t) < f(t) + G(D)z(t)

So,z'(t) = A(t)x(t) < A@®)f(t) + A(t)G(1)z(t) (5)
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- f;A(a)G(a)da

Multiply inequality equation (5) by e , we have that

t t
%[z(t)e‘fa‘q(a)a(a)da] < A(t)f(t)e_faA(”)G(”)d” (6) sett=sin

inequality equation (6), and integrated with respect to s from a to t, we obtain,
Z(t)e_f;A(a)G(a)dG < ffA(s)f(s)e—fZA(J)G(G)dadS
— Ja

=z(t) < ef;A(O')G(O')dG J‘C:A(S)f(s)e—f;A(U)G(o-)do-dS

t
o J2 A(0)G(0)da +els A0 JEA()f(s)e™ laA@E@o g
from ( 4), we get

x() < f(0) + G(2) | A(s)f (s)es A@@o g

Theorem ( 2.4 ):

Let x(t) € C([a,b],R) and A(t — s) be a continuous semi positive matrix on

A: a<s<t<h.

x'(t) < A(t — s)x(t),

x(a) =c
x(t) < x(a) + fatA(t — s)x(s)ds Then
Proof

Fix T suchthat a < T < b,then a<t<T, thus
x(t) <c+ f;A(T — 5)x(s)ds

Now, let
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z(&')' =c , z() =c+ fatA(T — s)x(s)ds

, fora<t<T x(t) <z(t)

Z'(t) = A(T — s)x(t)
(7) <A(T —s)z(t), fora<t<T

set t =5 in(1), and integrating with respectto s fromatot, we get
(8) 2(T) < ¢ eha AT=9)ds

since T is arbitrary then from (8 ) and x(t) < z(t)

x(T)<z(T)<c ela AT=5)ds

t
a<t<T x(t) <celadlt=9)4s  Hance,

3.Conclusion:

The estimators of some types of dynamical systems have been specified in some
technical of inequality mathematical for integral and differential inequality that

needed in studied the boundedness and stability of the trajectory of dynamical system.
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Neutrosophic crisp open sets of the pattern Ro. in Neutrosophic crisp Bi-topological spaces

Dr.Riad Khidr Al-Hamido <riad-hamido1983@hotmail.com

Al-Furat University, Faculty of science , Department of mathematics, Dair AlZur, Syria.

Abstract:

In this paper we introduced new types of neutrosophic crisp open and closed sets of the pattern Ra in
neutrosophic crisp BI-Topological spaces, and we studied the basic properties of these new types of sets,
as the we have created the relationship between them and neutrosophic crisp open and closed sets from
one saide and we have created the relationship between them and neutrosophic crisp alpha open and
closed sets in these neutrosophic crisp bi-topological spaces from other saide.

Key Word:

neutrosophic crisp Bl-Topological space, Neutrosophic crisp open sets of the pattern Ro., Neutrosophic
crisp closed sets of the pattern Ra..
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Abstract

This research paper presents the conceptions of generalized right n- derivation in near ring as well as generalized
right derivation. This further indicates that a prime near rings sustaining various differential identities on

generalized right n- derivations are termed as commutative rings.
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1. Introduction
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near-ring is defined to be a set N along with two other binary operations (.) & (+)”. Such as (i) is a not

necessary abelian group (N, +), (ii) a semi group which is (N, .) and (iii) this group is for all a, b, ¢ ¢ N, thus a.
(b+¢) = a.b + b.c “. According to this research paper, N will be 0 symmetric near-ring for instance, “(N satisfy
the property 0.x =0 for every xe N)”. The elements’ product such as x & y in N will be x.y which is specified by
xy”. The centre of multiplicative of N will be represented by Z which is Z ={x € N | xy = yxforally € N}.Thus,
for each X, y € N, the symbol [x, y] = Xy — yX & (X, ¥) = X + y — Xx-y symbolizes the commutator & additive
commutator for x & y correspondingly. N is referred as prime near-ring in case of xNy = {0} infersasy = 0 or x
=0. “A nonempty/ full subset U of N is named as semigroup left ideal and resp. semigroup right ideal in case of
NU c U (resp. UN € U) , but if U represents both semigroup right and left ideal then it will be termed as

semigroup ideal.” Regarding terminologies of near-rings, Pilz is referred [1].

The additive mapping " d :N —N" is known as a derivation in case of “d(xy) = d(x)y + xd(y)", (or equally"d(xy)
= xd(y) + d(x)y for every X, y, eN” as distinguished in [2].

"The derivation concepts’ generalization has been done through various means according to different authors".

“Thus, Ashraf M & Siddeeque M A well-defined the ideas of (c,t)-n- derivation, generalized n-derivation in near
ring and n-derivation in [4], [5] and [3] correspondingly. Also various properties of such derivations were also
examined. “Similarly, Abdul Rehman H.M & Enaam F.A already presented the notions of right n-derivations as

well as right derivations in near-ring [6].

In our current study, “the basic concepts of generalized right &generalized right n-derivations in near-rings have
been defined. Further, we explored the near-rings’ multiplication and addition’s commutativity to fulfill the

identities while comprising the generalized right n-derivation on prime near rings”.

Definition 1.1 Let N be a near-ring, d :N —N be right derivation of N , an additive mapping g:N —N is
said to be generalized right derivation of N associated with d if g(xy) = d(x)y + g(y)x , forall X,yeN .

Definition 1.2 If d is right n-derivation of a prime near-ring N . An n-additive(i.e.; additive in each argument)

mapping

g:N X N X...x N —N is said to be generalized right n-derivation of N associated with d if the relations
n—times

0(X1 X1, X2, e, Xn) = A(Xq , X, o, Xp)Xg + §(X1 5 Xg, oor) X )Xg
(x4 ,XZXZ', v, Xp)=0d(Xq , X, ...,Xn)xz'+g(x1 ,XZ', &) &
P 0(Xq , Xy, ...,xnxn'):d(xl , X2, ...,xn)xn'+g(x1 , X2, ...,xn')xn

hold for allxl,xl', Xz,xz', vy X Xn'E N .



¥
KHAZAR UNIVERSITY

Exé?hple 1.3. Let S be a 2-torsion free zero-symmetric left near-ring .

Let us define

0 x y

N = {(0 0 0>,x,y,0 € S} is zero symmetric near-ring with regard to matrix addition and matrix
0 0 O

multiplication .

Now we define d,f:N—N by

0 x y 0 0
oo 0 0)=(c 0 o
0 0 O 0 0 O
0 x vy 0 0
(5961
0 0 O 0 0

Define d; : N x N x...x N —N such that

n—times

0 x4 v1 0 x5 vy, 0 x5 V¥n 0 x4x3..%X, O
d{fo o oJ,l0 0 O0]),...{0 0 o]|=(0 0 0
0 0 O 0 0 O 0 0 O 0 0 0

01 :NXNX...x N—N such that

n—times

0 x; yq 0 x; ¥y 0 X, Yn 0 y1y2--¥n O
gst{o0 0o oO}J,{0 0 O0}),...,10 O O ={0 0 0
0O 0 O 0 0 O 0O 0 O 0 0 0

It can be easily seen that g is a nonzero generalized right derivation associated with right derivation d of near-

e

(e}
(e)

o
o ox

ring N and g: is a nonzero generalized right n-derivation associated with right n-derivation di of near-ring N .

2. Preliminary results

We begin with the following lemmas which are essential for developing the proofs of our main results .

Lemma 2.1[7] Let N be a near-ring . If there exists a non-zero element z of Z such thatz+z € Z , then (N,
+) is abelian .

Lemma 2.2 [8] Let N be a prime near-ring . If ze Z\{0} and x is an element of N such that xz € Z or zx € Z,
then xe Z .



Lemma 2.3 [8] Let N be a prime near-ring and Z containsa nonzero semigroup left ideal or nonzero semigroup

left ideal , then N is a commutative ring .
Lemma 2.4.[9] Let N be a prime near-ring , d a nonzero n-derivation of N and x €N .
@) If d(N,N, ..., N)x={0},thenx=0.
(i) If xd(N, N, ..., N)={0} ,thenx=0.

Lemma 2.5. Let N be a prime near-ring , g is a nonzero right generalized n-derivation associated with right n—
derivation d of N, andaeN. If g(N, N, ..., N)a={0} ,thena=0.

Proof . Given that g(N, N, ..., N)a= {0} ,i.e;
g(X1, X2, ..., Xn)a=0 ,forall X1, X2, ..., XneN @

Putting axi in place of x; in relation (1) , we get

0= g(axy, Xz, . . ., Xn)a
= (d(a, X2, . . ., Xn) X1 + g(X1, X2, . . ., Xn) @)
= d(a, xz, . . ., Xn) X1a
Sowe get d(a, Xz, ..., Xn) Na ={0}forall X, ..., XneN .Primeness of N implies that
eithera=0o0r d(a, Xz, ..., X)) =0 forall X ..., XneN .
If d(a, X2,...,%)=0 forall Xs, ..., XseN 2
Since g(x(@ay), Xz, . . ., Xn) = g((xa)y, Xz, .. ., Xn) forall x,y, Xz, ..., Xa €N , we get
d(x, Xz, . . ., Xn)ay + g(ay, Xz, . . ., Xn)X=d(xa, Xz, . . ., Xn)y + 9(y, Xz, . . ., Xp)Xa , i.e.;

d(x, Xz, . . ., Xn)ay + (d(a, Xz, . . ., Xn)Y + 9y, X2, . . ., Xn)@) X =
(d(x, X2, . . ., Xn)a + d(a, X2, . . ., X))X)Y + g(y, X2, . . ., Xn)Xa

Using relations (1) and (2) in previous relation we get g(y, Xz, . . ., Xn)Na={0} forall y, Xz, ..., Xn €N . Since

g#0, primeness of N implies thata=0 .
So we can considered the following Lemma as a result of Lemma 2.5

Lemma 2.6[6 : Lemma 2.5]. Let N be a prime near-ring , d is a nonzero right n-derivation of N and a N . If
d(N, N, ..., N)a={0} ,thena=0.
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As a result of Lemma 2.5 we can prove the following Lemma

Lemma 2.7 Let N be a prime near-ring , g is a nonzero generalized rightderivation of N associated with right
derivation d of N.and aeN . If g(N)a={0} ,thena=0.

3.Main Results

Theorem 3.1 Let N be a prime near-ring and g is a nonzero generalized rightn-derivation associated with right

n-derivationd of N . If g(N,N,...,N) € Z, then N is a commutative ring .

Proof. Since g(N,N,..,.N) € Z and g is a nonzero rightgeneralized n-derivation, then there exist a nonzero

elements Xi, Xz, ..., Xn € N, such that g(xi, X2, . . ., Xn)€ Z\{0} . We have

(X1t X1,X2, . . ,Xn) = g(X1,X2, . . ., Xn) + (X1, X2, . . ., Xn)E Z . By Lemma 2.1 we obtain that (N, +) is an abelain

group .

By hypothesis we get

g(yny2, - . .yn)y = yg(ynyz, . . ..yn) forally,ys, yz, .. ..yn€ N. ®)
Now replacing y1 by yiy; where y; '€ N in (.3) we have"

A1y, - - Yn)yr + 901 Y2 - - Yn)y2)y

=y(dysYz . - Yn)yr + 901 Y2, - - Yn)Ya) -

forally,y1,y1\y2, ..., Ya€N . 4)
By definition of d we get for all y1,y1'y2, ..., Y€ N

diy1 y1'yz, . . yn)=d(ys Yo, . . . Ya)ys + d(y1 ' Yz, - - Yn)Ya (5)

and

diy1ysyz, . . .yn)=dys Yz, . . yn)yr+ diynyz, . . .yn)y: (6)

Since( N, +) is an abelaian group , from (5) and (6) we conclude that
d(y1y1\y2, . . ., Yn)= d(y1'ys,y2, . . ., yn) forally,yi'ys, ... .Ya€EN .
S0 we get
d([y:, y11.y2, . . ..yn)= Ofor all y1,y1'y2, .. .,.yn€E N . 7

Replacing y1' by y1y1'in (7) we get
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= d(ly: yays1ye - y0)
= d(yilys, yiTya, . . .yn)
=dlyn yz, . yn)lyr, yoil+ d(lyn yi'l, ya, - - Yn)ya
=d(yn Y2, - - -, Yn)lys, Y2l that means
dlys, Y2, . . o, YY1 Yi'=d(Y1, Y2, . . ., Ya)ya' ya forall yi,y1',y2, .. ynE N .
Replacing y1'by y1'z, where z€ N, in last equation and using it again, we get

d(ysy2, . . .¥Yn)N[y1, z]= {0} for all y1,y1'y2, .. ..¥n, ZE N . Primeness of N implies that for each y:€ N either
d(ys, Y2, ..., yn)=0forallys, ..., ya€ Noryi€ Z . Ifd(ysy2, . ..yn)= 0, then equation (4) takes the form g(y, y2,
. »Yn)NLy, y1] = {0} . Since g # 0, primeness of N implies that y:€ Z . Hence we find that N = Z, and N is a

commutative ring .

Corollary 3.2[6,Theorem 3.1] Let N be a prime near-ring and d is a nonzero right n-derivation of N . If

d(N,N,...,N) € Z, then N is a commutative ring .

Corollary 3.3 Let N be a prime near-ring and g is a nonzero right generalizedderivation associated right

derivation d of N . If g(N) € Z, then N is a commutative ring .

Theorem 3.4 Let N be a prime near-ring and g1 and g be any two nonzero generalized right n-derivations
associated with right derivations di and d; respectively”. If [gi(N,N, .. .,N), g2(N,N, .. .,N)] ={0} . then (N,+)

is an abelian group .

Proof. Assume that [gi(N,N, .. .,N), g2(N,N, .. .,N)] = {0} . If both z and z + z commute element wise with

g2(N, N, ..., N) , then for all x¢,x2, . . .,xne N we have

202(X1,X2, -+ - Xn) = 02(X1,X2, . . ., Xn)Z 8)

and

(Z + 2)ga(X1,X2, . . . Xn) = G2(X1,X2, . . . Xn)(Z + 2) )

Substituting X1 + X1" instead of x;1 in (9) we get
(z +2)g2(X1+ X1', X2, . . . Xn) = Q2(X1 + X1',X2, . . .,Xn)(Z + Z) for all X1,X1',X2,...,xn€ N .
From (8) and (9) the previous equation can be reduced to

292(X1 + X1'- X1- X1',X2, . . ,Xn) = 0 for all x1,X1',X2,...,xee N ., i.€.;
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202((X1, X1"), X2, . . ., Xn) = 0 for all X1, X1', X2, . . ., Xn € N .

Putting z =g1(y1, Y2,
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..., Yn) We get

g1(Y1, Y2, - - - Yn)@2((X1, X1'), X2,

.. Xn) =0 for all xq, X1', X2,

e Xn, Y1, Y2, ., YneN .
By Lemma 2.5 we conclude that
92((X1, X1, X2, . . ., Xn) = 0 for all X1, X1', X2, . . ., Xn € N (10)
Since we know that for each w e N

W(X1, X1') = W(X1 + X1'- X1- X1')
= WXz + WX1'- WX1- WX1'

= (WX1, WX1")

Which is again an additive commutator , putting w(X1, X1") instead of (X1, X1") in (10) we get
g2(W(X1, X1"), X2,

o Xn) =0 forall w, X1, X1', X2,

., XeN .ie;
da(w, Xz,

o Xn) (X1, X1') + g2( (X1, X1Y), Xz,

. Xn)W =0 , using (10) in previous equation yields da(w, X2,
Xn)(X1, X1) =0 . Using Lemma 2.6 we conclude that (X1, X1") = 0. Hence (N, +) is an abelain group .

Corollary 3.5 [6,Theorem 3.3] Let N be a prime near-ring and di and d, be any two nonzero right n-derivations .
If [di(N,N, .. .,N), d2(N,N, .. .,N)] = {0} then (N,+) is an abelian group".

Corollary 3.6 Let N be a prime near-ring and g1 and g be any two nonzero generalized right derivations
associated with right derivations di, dz respectively. 1f [gi(N),g2(N)] = {0} then (N,+) is an abelian group .

Theorem 3.7 Let N be a prime near-ring and g1 and g be any two nonzero right generalized n-derivations
2Xn)01(Y1Y2, - .

associated with right n-derivation d; and d; respectively . If gi(X1,Xz,

- oXn)02(Y1Y2, - - oYn) + O2(X, X,
.yn) =0 forall X1,X,...,Xn,Y1,Y2,...,yn€ N . Then (N,+) is an abelian group .
Proof. By our hypothesis we have ,

O1(X1,X2, . . Xn)Q2(Y1,Y2, -+ Yn) + Qa(X1,X2, . . o Xn)G1(Y1,Y2, - . .,¥n) =0

for all x; X2,..,Xn, Y1,¥Y2,...,¥n€ N .

1)
Substituting y1 + y1' instead of y; in (11) we get

O1(X1,X2, . . Xn)2(Y1+ Y1'\Y2, . . Yn) +

Q2(X1,X2, « . . Xn)01(Y1+ Y1'Y2, .. ,yn) =0
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or all X1,Xz,....XnY1.Y1'Y2,....yn€ N .

Therefore

gu(Xe. Xz, . . . Xn)G2(YnY2, - - . ¥n) + O1(X1.X2, . . . Xn)G2(Y1'Y2, - . .. Yn) +

02(X1,X2, « . Xn)91(Y1,Y2, - - Yn) + Q2(X1,X2, . . ., Xn)d1(Y1',Y2, . . .,¥n) =0

for all x1,X2,...,Xn, Y1,Y1,Y2,...,yn€ N .

using (11) again in preceding equation we get

gu(Xe Xz, . . Xn)G2(YnY2, - - . ¥n) + O1(X1. Xz, . . . Xn)G2(Y1'Y2, - . .. Yn) +
g1(X1,X2, « .« . Xn)2(-Y1,Y2, - . Yn) + 91(X1,X2, . . ., Xn)Q2(-Y1\Y2, . . .,.¥n) =0

for all X1,Xo,...,Xn,Y1,Y1,Y2,...,yn€ N .

Which means that

91(X1, X2, - . -, Xn) Q2((Y1, Y1),Y2, - . ,yn) = 0 for all X1,Xo,...,.xn,Y1,¥1,Y2,...,yn€ N . By Lemma 2.5 we obtain
92((y1,y1),y2, . . ..yn) =0 for all y1,y1'yo,...,yne N .

Now putting w(y,y1') instead of (y1,y1"), where weN in previous equation we get ga(wW(y1,Y1),Y2, - . .,.¥n) = 0 for
all y1,y1'Ya,....,yne N . So we have da(w, ya, . . ., Yn)(y1, y2) =0, using Lemma 2.6; we conclude that (N, +) is
abelain .

Corollary 3.8[6, Theorem 3.5] Let N be a prime near-ring and d; and d, be any two nonzero right n-derivations .

If d1(X1,X2, . .,Xn)dz(yl,yz, . .,yn) + dz(Xl,Xz, . .,xn)dl(yl,yz, .. .,yn) =0 forall X1,X2,...,Xn,Y1,Y2,...,¥n€ N . Then
(N,+) is an abelian group .

Corollary 3.9 Let N be a prime near-ring and g: and gd, be any two nonzero generalized right derivations
associated with right derivation di and d; respectively . If g1(x)g2(y) + 92(X)gi1(y) =0 forall X,y e N . Then (N,+)
is an abelian group .

Theorem 3.10 Let N be a prime near-ring , let g1 be a nonzero generalized right n-derivation associated with

right n-derivattion d; and g2 be a nonzero generalized n-derivation associated with n-derivation d .

Q) If gi(X1,X2, . . o Xn)02(Y1, Y2, -+ Yn) + Q2(X1,X2, . . . Xn)01(Y1,Y2, . . ,¥n) =0 forall Xi,Xo,...,Xn,Y1,Y2,...,¥n€
N . Then (N,+) is an abelian group .

(i) If go(X1,X2, « « Xn)01(Y1,Y2, - - Yn) + Q1(X1,X2, . . . Xn)Q2(Y1,Y2, - - ., ¥n) = 0 for all X1,Xz,...,Xn,Y1,Y2,...,n€
N . Then (N,+) is an abelian group .
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Proof. (i) By our hypothesis we have ,

g1(X1,X2, -« Xn)Q2(Y1,Y2,s - - o Yn) T Q2(X1,X2, - . Xn)J1(Y1,Y2, - - -, Yn) =0
for all X1,%o,...,Xn,Y1,Y2,...,yne N . (12)

Substituting y1 + y1', where yi'e N, for y1 in (12) we get

9u(X1.X2, . . Xn)Ga(y1+ Yi'y2, . . .Yn) *
92(X. X2, - . Xn)Ga(y1+ Y1'y2, .. . yn) =0

for all X1 ,X2,...,Xn,Y1,Y1,Y2,...,yn€ N .

So we have

g1(X1,X2, . . - Xn)92(Y1.Y2, - . -Yn) + 01(X1,X2, . . . Xn)Q2(Y1'\Y2, - - - Yn) + G2(X1,X2, . . ., Xn)1(YL,Y2, - . - Yn) + Q2(X1, X2, .
CaXn)01(Y1,Y2, . . yn) =0 for all X1,Xa,...,Xn,Y1,Y1',Y2,...,yn€ N .

Using (12) in previous equation implies

g1(X1,X2, . . Xn)Q2(Y1,Y2, - - o Yn) + 01(X1,X2, . . ., Xn)Q2(Y1,Y2, - - - Yn) + Q1(X1,X2, - . o Xn)2(-Y1,Y2, - . - Yn) + Q1(X1, Xz, .
o Xn)@2(-Y1', Y2, - . L Yn) = 0 for all X1,Xa,...,.Xn,Y1, Y1',Y2,...,yn€ N .

Which means that

g1(X1, X2, - .+, Xn)Q2((Y1,¥1),Y2, - . .,.¥n) = 0 for all X1,Xo,...,Xn,Y1,Y1',Y2,...,yn€ N .

Now using Lemma 2.5 we conclude that

g2((y1, y1).y2, - . ,yn) = 0 for all y1,y1',y2,...,yne N . (13)

Now putting w(ya, y1") instead of (yi, y1'), where we N in (13) we get g2(w(y1, Y1).¥2, . . ..ya) = 0 for all
W,Y1,¥1,Y2,...,yn€ N , SO we have da(w, Y2, . . ., ¥n)(Y1, Y1) =0 , using Lemma 2.4(i); we conclude that (y1, y1') =
0 for all y;,y1'e N . Thus (N, +) is an abelain group .

(i) If N satisfies

92(X1.X2, - . .. Xn) QalynY2, . . ..Yn) +
01(X1,X2, - . . Xn) Q2(Y1,Y2, - . ,¥n) =0

for all X1,Xa,...,Xn,Y1,Y2,...,yn€ N , then again using the same arguments as in (i) we get the required result .

Corollary 3.11[6, Theorem 3.7] Let N be a prime near-ring, let d; be a nonzero right n-derivation and d be a
nonzero n-derivation .
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If di(X1,X2, . . Xn)d2(Y1, Y2, . - o Yn) + d2(X1,X2, . . Xn)d1(Y1,Y2, . . ., ¥n) = 0 for all X1,Xo,...,Xn,Y1,Y2,...,Yn€
N . Then (N,+) is an abelian group .
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(i) If da(X1,X2, . . . Xn)d1(YnY2, . . . Yn) + di(X1,X2, . . ., Xn) d2(Y1,Y2, .

. yn) = 0 for all X1,Xo,...,Xn,Y1,Y2,. . .,Yn€
N . Then (N,+) is an abelian group .

Corollary 3.12 Let N be a prime near-ring, let g1 be a nonzero right generalized derivation associated with right
derivation d; of N, and g, be a nonzero generalized derivation associated with derivation d, of N .

(1) If g1(X)d2(y) + g2(x)di(y) = 0 for all X,y e N . Then (N,+) is an abelian group .
(i) If g2(X)d1(y) + gu(x)d2(y) = 0 for all x,y € N. Then (N,+) is an abelian group .

Theorem 3.13 Let N be a prime near-ring, let g be a nonzero generalized right n-derivation associated with
nonzero right n-derivation d of N ,If g([x , y].x2,

.. .Xn) = 0 for all x,y,Xa,...,xne N . Then N is a commutative
ring .

Proof. By hypothesis, we have

g([x, yl.X2, . . ..xn) = 0 for all X,y,Xa,....,xne N .

(14)
Replace y by xy in (14) to get

g([x, Xy],Xz, . . .,xn) = 0 for all X,y,Xa,...,xn€ N .

Which implies that g(X[X, y].X2, . . .,Xa) = 0 for all X,y,Xa,...,xne N .

Therefore

d(x,X2, . . X)X, Y] + 9([X, Y] X2, . . ..Xn)x =0 for all X,y,Xz,...,xne N .

Using (14) in previous equation we get

d(x,x2, . . . Xn)[X, y] = 0 for all X,y,Xa,...,xne N , or equivalently
d(x, X2, . . ., Xn)Xy = d(X, X2, . . ., Xn)yX

forall x,y, Xa,...,xne N . (15)

Replacing y by yz in (15) and using it again, we get
d(x,Xz, . . . Xn)Y[X, 2] =0 for all X,y,z,X2,...,.xne N .

Hence we get

d(X,X2, . . .. Xn)N[X, z] = {0} for all x,z,x2,...,xne N (16)



s yields that s s
for each fixed xe N
either d(X,X2, . . .,xn) = 0 for all x,...,xpe N Or xe Z . an
If d(x, X2, . . ., Xn) = 0 for all x2,...,xse N and for each fixed xe N . We getd = 0, leading to a contradiction as d

is anonzero right n-derivation of N . Therefore there exist X1,X2,...,.Xn€ N, all being nonzero such that d(X1,X2, -+, Xn)
# 0 such thatxe Z .

Since xi€ Z, we conclude that [xi1y,z] = Xi1[y, z], where y,ze N, by hypothesis we get
g(xay, 2], X2, . . ., Xn) =0
This implies that
0 =g(x1[y, z].x2, . . ., Xn)
=d(Xe,X2, . - Xo)[Y, 2] + O([y, z]. X2, - . . Xn)Xa
=d(X1,X2, . . Xn)[y, 2] forally,z,xa,....xne N .
Which implies that
d(x1, X2, . . ., Xn)yz = d(X1, X2, . . ., Xn)zy for all y,z,xo,...,xne N .
Replacing z by zt, where te N, in previous equation, and using it again, we get
d(x1, X2, . . ., Xn)Z[y, t] =0 for all y,t,z,x2,....xne N , i.€.;

d(X1,X2, . . .. Xn)N[y, t] = {0} for all y,t,xo,...,xne N , since d(X1,X2,---,Xn) # O, primeness of N implies that N =
Z.

By Lemma 2.3, we conclude that N is a commutative ring .

Corollary 3.14 [6,Theorem 3.11] Let N be a prime near-ring, let d be a nonzero right n-derivation d ,If d([x,
yl.X2, . . ., Xn) = 0 for all X,y,Xo,...,xse N , then N is a commutative ring .

Corollary 3.15 Let N be a prime near-ring . Let g be a nonzero generalized right derivations associated with
nonzero right derivation d of N , If g[x,y]=0forall x,y e N . Then N is a commutative ring .

Theorem 3.16 Let N be a 2-torsion free prime near-ring . Then N admits no nonzero generalized right n-

derivation g associated with nonzero right derivation d such that g(xoy, Xz, . . ., Xn) = 0 for all x, y, X2,....xne N .

Proof. Assume that
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Replace y by xy in (18) to get
g(xoxy,Xz, . . .,Xn) = 0 for all X,y,Xa,....xhe N .
Which implies that g(x(xoy),Xz, . . .,Xn) = 0 for all X,y,Xa,...,xne N .
d(x,x2, . . . Xn)(X0y) + g(X0y,Xz, . . ., Xn)X = 0 for all X,y,Xo,...,xne N .
Using (18) in previous equation we get
d(x, X2, . . ., Xn)(xay) = 0 for all X, y, Xa,...,xne N , oOr equivalently ,
d(X,X2, . . Xn)yX = - d(X,X2, . . .,Xn)XY
for all X,y,Xa,...,xne N . (29)

Replacing y by yz, where ze N, in (19) we get
d(x,X2, . . . Xn)yzX =-d(X,X2, . . .,.Xn)XyZ

=d(X,X2, . . ., Xn)XY( - 2)

=d(X, Xz, . . ., Xn)Y(- X)( - 2) forall x,y,z,Xz,....xne N .
In last equation using the fact
- d(X,X2, . . . Xn)yZX = d(X,X2, . . ., Xn)YZ(- X) for all X,y,z,X2,...,xae N , implies
d(x, Xz, . . ., Xn)yZ(- X) - d(X, X2, . . ., Xn)Y(- X)z=0
for all X,y,z,X2,...,xn€ N, which implies that
d(x,x2, . . . Xn)Y[ - X, z] = 0 for all x,y,z,Xz2,....xne N .
Replacing x by —x in previous equation we get
d(-x,Xz, . . . Xn)Y[X, ] = 0 for all X,y,z,Xz,...,xne N .
Hence we get
d(-x,x2, . . .. Xn)N[X, z] = {0} for all x,z,X2,...,xne N . (20)
This yields that

For each fixed xe N either d(- x, Xz, . . ., Xn) =0 for all Xa,...,xne N OF Xe Z .
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ince d( X, X2, .. ., Xn) =-d(- X, X2, ..., Xn) =0, sowe get :

for each fixed xe N either d( X, X, . . ., Xn) =0 for all X,....xsie Norxe Z .

If d(X, X2, . . ., Xn) = 0 for all xa,...,xne N and for each fixed x e N, we getd = 0, leading to a contradiction as

d is a nonzero right n-derivation of N . Therefore there exist Xi1,X2,....Xxne N, all being nonzero such that

d(X1,X2,-++,Xn) # 0 andxie Z . Since X1€ Z, we conclude that (X1yoz) = xa(yo z), where y,ze N .
By hypothesis we get

g(x1yoz,Xz, . . .,.Xn) = 0 for all X1,y,z,X2,...,xne N .

Therefore

0 = g(x1(y0z),X2, . . .,Xn)

= d(X1,X2, . . ,Xn)(Y0Z) + g(YOZ,Xo, . . ., Xn)X1

=d(x1,X2, . . ..Xn)(yoz) forally, z, xa,...,xne N .

Which implies that

d(X1,X2, . . ., Xn)YZ = - d(X1,X2, . . .,Xn)ZY forall y,z,x,,...,xne N . Replacing z by zt, where te N, in previous equation
and using it again, we get d(xi, Xz, . . ., Xn)Z[y, t] = 0 for all X1,Xz,...,xn,Y,Z,te N . i.e.; d(X1, X2, . . ., Xn)N[y, t] =
{0} for all x1,X2,...,Xn,Y,Z,te N . Since d(X1,X2,-+,Xn) # 0, primeness of N implies that N = Z. So we conclude that
N is a commutative ring in view of Lemma 2.3 . In this case, return to hypothesis we find that 2d(xy,xo,...,xn) =
0 for all x,y,X2,...,xne N .

Since N is 2-torsion free we get d(xy,Xa,...,xn) = 0 for all X,y,Xa,...,xne N , hence we get

d(X,X2,....Xn)y *+ d(Y,X2,....xn)x = 0 for all x,y,xo,...,xne N , replacing x by zx, where ze N, in previous equation
yields

d(zX,X2,....Xn)Y + d(Y,X2,...,Xn)zX = 0 for all X,y,z,X,...,xne N .
Which implies that

d(y,x2,....Xn)zx = 0 for all Xx,y,z,Xs,...Xn€ N .

Which means that

d(y,x2,....xn)Nx = {0} for all X,y,Xz,....xn € N . Since N is prime and d # 0, we conclude that x = 0 for all xe
N , acontradiction .



Theorem 3.17 Let N be a prime near-ring , let g be generalized n-derivation associated with right n-deriva{(i"c;;zﬁ“?m;ERSITY
dof N . If [g(X,Xz, . . ..Xn), Y]e Z for all X,y,Xa,...,xne N . Then N is a commutative ring .
Proof. Assume that

[9(X, X2, .. ., Xn) , Y]e Z for all X,y,Xa,....xne N . (21)

Hence[[g(X, X2, . . ., Xn), ¥], t] = 0 for all x,y,t, Xa,....xne N . (22)
Replacing y by g(x,xz, . . .,.Xa)y in (22) we get

[a(x,X2, . . X)) [9(X,X2, . . ., Xn), Y], 1] =0

for all x,y,t,x2,....xne N . (23)

In view of (21), equation (23) assures that

[a(X,X2, . . . Xn), Y] N[g(X,X2, . . .,Xn), t] = {0}

for all x,y,t,x2,....xne N . (24)

Primeness of N implies that

[9(x, X2, . . ., Xn) , Y] =0 forall X, y, Xo,....xne N .

Hence g(N,N,...,N) € Z and application of Theorem 3.1 assures that N is a commutative ring .

Corollary 3.18 [6, Theorem 3.15] Let N be a prime near-ring , let d be right n-derivation . If [d(X,Xz, . . .,Xn),

yle Z for all X,y,Xa,...,xne N . Then N is a commutative ring .

Corollary 3.19 Let N be a prime near-ring, let g be a right generalized derivation associated with right derivation

dof N . If[g(X), y]le Z for all X, ye N . Then Nis a commutative rings .

Theorem 3.20 Let N be a prime near-ring , let g benonzero generalized right n-derivation associated with right

n-derivationd of N . If g(X,Xz, . . .,Xn)oye Z for all X,y,Xo,...,xne N . Then N is a commutative ring .
Proof. Assume that
g(X,X2, . . . Xn)oye Z forall X,y,Xa,...,xne N . (25)

(@) If Z=0,then equation (25) reduces to

YKz, - o Xe) = - (KK, - X)) = GOz, - X))

for all x,y,xz,...,xne N . (26)
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ubstituting zy for y in (26) and using it again , we obtain
zyg(X,X2, . . Xn) = - (9(X, X2, . . ., Xn)ZY )
=g(x, X2, . . -, Xn)Z(-Y)
= 29(-X, X2, .

.o Xn)(-y) for all X,y,z,Xa,...,xe N .

Using the fact - zyg(x, X, . . ., Xn) = 2yg(- X, X2, . .

., Xn) in previous equation, implies that
zyg(- X,X2, . . ., Xn) = 2g(-X,X2, . . .,Xn))y Tor all X,y,z,Xa,....xne N .

Which implies that

Z(Yg(-X,X2, . . ., Xn) - 9(-X,X2, . . ., Xn)y) =0
for all x,y,z,Xa,...,xn€ N . (27)
Taking -x instead of x in (27), we get

ZN(yg(X, X2, . . ., Xn) - (X, X2,

- Xn)y) = {0}
forall x,y, z,x2,....xne N . (28)

Primeness of N implies that

g(N,N,...,N)< Z and application of Theorem 3.1 assures that N is a commutative ring .

(b) Suppose that Z # 0 , then there exists 0 # ze Z , by hypothesis we have g(x,x2,
X,X2,...,Xn€ N .

.. ,Xn)oz € Z for all

Thus we get g(X,X2, . . .,Xn)Z + Zg(X,X2, . . ..Xn)€ Z for all X,Xa,....xne N . Since ze Z, we get
z2(9(X, X2, . . ., Xn) + O(X, X2, . . ., Xn))e Z for all X,X2,....xne N .

By Lemma 2.2 we conclude that

g(X,X2, . . . Xn) + (X, X2, . . ., Xn)€ Z for all X,Xo,...,xne N

(29)
By (25), we get

g(X+ X,X2, . . ., Xn)Y + YO(X + X,X2, . . .,Xn)e Z for all X,Xa,...,xse N . (30)

Using equation (29) in (30) we conclude that

Y(Q(X+ X,X2, . . ., Xn) + (X + X,X2, . . .,Xn))e Z for all X,y,z,X2,...,xne N .(31)
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erefore , forall X,y,t,X2,...,xne N, we get

ty(Q(X+ X, X2, . . . Xn) + O(X + X,X2, . . ., Xn)) = Y(Q(X+ X,X2, . . ., Xn) + O(X + X, X2, . . .. Xn))t = (Q(X+ X,X2, . . .,Xn) + Q(X

+ X,X2, . . Xn))YL .

Which implies that

(g(X+ X, X2, . . ., Xn) + O(X + X,X2, . . ., Xn))N[t, y] = {OHor all X, y, t, X2,...,xae N . (32)
Primeness of N implies that

either g(x+ X, X2, . . ., Xn) + g(X + X, X2, . . ., Xn) = 0 and thus g = 0 , a contradiction , or N = Z , hence

g(N,N,...,N)E Z and application of Theorem 3.1 assures that N is a commutative ring

Corollary 3.21 [6, Theorem 3.17] Let N be a prime near-ring , let d be nonzero right n-derivation . If d(x,x2, .

. ,Xn)oye Z for all X,y,Xz,...,xne N . Then N is a commutative ring .

Corollary 3.22 Let N be a prime near-ring , let gbe generalized right derivation associated right derivation d of

N . Ifg(x)oye Z forall x,ye N . Then Nisacommutative ring .
The following example demonstrates that N to be prime is essential in the hypothesis of our results

Example 3.23 Let S be a 2-torsion free zero-symmetric left near-ring . Let us define

0 x vy
N= ;(0 0 O),x, y,0 € S} is zero symmetric left near-ring with regard to matrix addition and matrix
0 0 0

multiplication .

Define di, g1, d2, g2 : N X N X...Xx N —N such that

n—times



h International Scientific Conference Of Iraqi Al-Khwarizmi Association In Baku 1-2 August 201

X; Yy, 0 x vy, 0 x, vy, 0 0 yy,.v,
o oJ){o o O/J,--»{0 0 O =10 0 0
0 0 0 0 O 0 0 O 0 0 0

It can be easily seen that g1 ,g2 are nonzero right generalized n-derivations associated with right n-derivation dx,

¥
KHAZAR UNIVERSITY

d> respectively of near-ring N which is not prime . We also have

0 x vy
(i) Let AeN, A =(0 0 0) such that x, y # 0, we can see that gi(N,N,...,N)A=0 . However A #0 and
0 0 0

(i) gi(N,N,...N)SZ .
(ii)) [g:(N,N, ... N),ga(N,N,... N)]={0},

(IV) gl(Al,Az, . .,An)gz(Bl ,Bz, .. .,Bn) + gz(Al,Az, .. .,An)gl(Bl,Bz, Ce Bn) =0 forall Al,Az,...,An, Bl,Bz,...,BnE
N .

(V) Algl(Bl,Bz, .. .,Bn) = gl(Al,Az, . .,An)Bl for all A1,A2,...,An,Bl ,Bz,...,BnG N .
(vi) gi([A,B],A, ..., A)=0forall ABA,,..., Ac N .
(vii) g1(AoB,A,, ... Ay =0forall ABA:,...,Ane N .

However (N , +) is not abelain group .
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ABSTRACT. In the present paper, we introduce and investigate an interesting subclass B%'? (1) of the function class £ of
bi-univalent functions defined in the open unit disk U, which are associated with the Ruscheweya operator, satisfying
subordinate conditions, furthermore we find estimate on the Taylor — Maclaurin coefficients |a,| and |as| for functions in
this subclass.
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1- INTRODUCTION

Let A denote the class of functions of the form

f@)=z+ ) a.z¥ (1
kZZ 5

which are analytic in the open unit disk U = {z:z € C and |z| < 1}. Further, by S we shall denote the class of all functions
in A which are univalent in U.
It is well know that every function f € S has an inverse f~1, defined by

@) =2 (e,

and

AW =w, (Iwl <n(; () =3),

where :

gw) = f1w) =w — a,w? + (2a2 — az)w? — (5a3 — 5a,a; + a)w*+... . (2)
A function f € A is said to be bi - univalent in U if both f(z) and f~1(z) are univalent in U. Let X denote the class of bi —
univalent functions in U given by (1) (see [8]).
For a brief history and interesting examples of function in the class X (see [3,8]) and the references there in.
The study of the coefficient problems involving bi - univalent functions was revived recently by Brannan and Taha [1],
Srivastava et al. [8], Xu et al. [9], Jothibasu [4], Bulut [2] and Magesh et al. [5]. Various subclasses of the bi - univalent
function class = were introduced and non - sharp estimates on the first two Taylor —Maclaurin coefficients |a,| and |as|.
But the coefficient problem for each of the following Tayler Maclaurin coefficients |a,|(n € N\{1,2}; N = {1,2,3,...}) is
still an open problem.
The object of the present paper is to introduce new subclass of the function class X associated with Ruscheweyh Derivative

operator, where Ruscheweyh [7] observed that

n-1 n
D™f(2) = w , 3)

forn € Ny = {0,1,2 ... }. This symbol D™f(z),n € N, is called the n" order Ruscheweya operator of f(z).
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gnot that D°£(2) = £(2), D' () = zf'(z) and

D*f(z) =z+ ) o k)a,zk, 4
RZZ .

where
o(n k) = (n +:_ 1)’

and find estimates on the coefficients |a,| and |as| for functions in these subclass of the function class £ employing the
techniques used by Bulut [2] and Magesh et. al. [5].
An analytic function f is subordinate to an analytic function g written as f(z) < g(z) (z € U), if there is an analytic
function W defined on U with W (0) = 0 and |W(z)| <1, z € U suchthat f(z) = g(W(z)). In particular, if g is
univalent in U then we have the following equivalence :

f(2) <g(2) < f(0) = g(0) and f(U) < g(U).
DEFENTION 1. Let f € A and the functions p, q: U — C be so constrained that min {R(p(2),R(q(2)} > 0, (z € U) and
p(0) = q(0) = 1. We say that f € BL(2) if the following conditions are satisfied :

2(D"f(2))

%, : . (0<A<1;zel), 5
e @ + 22(0 @) P2 (0=i<lzel) ®)
and
w(D"g(w)) |
9 € X A= DDrgw) + D gw)y i), O=<i<Lwel) ®

where the function g is the extension of £~ to U is defined by (2).And
p(2) =1+ pz+p,z%+..
qw) = 1+ q@w + guw?+...
Remark 1. There are many choices of the functions p and g which would provid interesting know and new subclasses of

the analytic function class A. For example, if we set

p(z) = (%)a and q(w) = (1_W)a , 0<a<l, zwel),

1 1+w

in the class BY'? (1) then we have B”7S;(a, 2). Also f € B9S;(a, ) if the following conditions are satisfied :

z(D”f(z))’ an
%, - — (0 <1,0<A<1; ), 7

Jexarg ((1 —DDf(z) + Az(D"f(2) )’ <7 Ocastosi<hizen O

and
w(D*g(w))' an _ _

arg ((1 =D gw) +/1W(Dng(w))') < > 0<a<1,0<A<L,wel), (8)
where g is the extension of £~ to U.
Similarly, if we set

p(2) =1+(11+2ﬁ)z and q(w) =w 0<p<1; zwel),

in the class By'? (1) then we get B”S5 (B, 2). Further, we say that f € B”53(B, 2) if the following conditions are

satisfied :

fex R( 2(D"f(2))’

! = ;01 ; ,
(1—/1)an(2)+,12(an(2))>>ﬁ 0<p<L,0<A<1L;z€V) 9)
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R( w(D"g(w)) ,) >B(0<B<L0<A<L;we), (10)

1 -1Drgw) + Aw(D"g(w))

where g is the extension of f~1 to U.

We note that :

i) For 2=0,B5(0) = Bf"? was introduce and studied by Bulut [2].

i) Forn = 0, the class B2'?(1) = G29(A) was introduced and studied by Magesh et al. [5].

iii) The class BP9S5(a, A) = Sy (a,A) and BP4S5(B,1) = S5(B, 1) were introduced and studied by Murugusundaramoothy
etal. [6].

iv) The class BP4S;(a,0) = Sy (a) and BP4S;5(B,0) = S5(B) are strongly bi - starlike functions of order « and bi -
starlike functions of order S respectively, were introduced and studied by Braman and Taha [1].

We begin by finding the estimates on the coefficients |a,| and |as| for functions in the class BL? (2).

2- A SET OF GENERAL COEFFICIENT ESTIMATES
THEOREM 1. Let f(2) be of the form (1). If f € BE(4), then

NI 012 + g’ (0)]2 lp”(0)] + 1q"(0)]
la;| < min , , (11)
2+ 1)1 -2) " J4n+ DA -D(1-An+1))
and
las| < min o' @)+’ @ | [p" )]+ ©)] |p"©)] +a" ) [p"" (@] +|q" (0] (12)
3= 2m+D2(1-D2 | 4m+DMA2) (A=) 4+ D(+2)(A-2) 4+ (1-2)(1-A(n+1) |
PROOF. Since f(z) € BL(1) . From (5) and (6), we have
z(D"f(2))' _
-0 @ + iy P EED =
and
w(D"g(w))’'
n n ! = q(W)l (W E U)r 14’)
A= DD"g(w) + WD g (W) (
where
p(2) =1+ pz+p,z%+..
qw) =1+ qgw + qguw?+...
satisfy the conditions of Definition 1.
Now, upon equaliting the coefficients in (13) and (14), we get
(n+1DA-Da; =p; (15)
m+1Dn+2)1—Da; — (n+1)%2(1 - 13)a,? = p, (16)
-+ DA -NDa; =q; (17)
n+1Dn+2)A-DQRay2—az)— (n+ 121 — 12)a,? = q,. (18)
From (15) and (17), we get
Pr=-"q , (19)

and
P2+ g2 =2n+1)%(1 — )?a,? (20)
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Adding (16) to (18), we obtain
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2(n+ DA -D(1 - An+ 1)a,? =p, + q,. (21)
Therefore, we find from the equations (20) and (21) that
2 p®+q,°
%2 T o+ D2 = )2 (22)
and
2 P2+ q;
= , 23
= 2+ DA -D(1-An+ 1) 23
respectively. Since p(z) € p(U) and g(w) € q(U), we have
"(01% + 19’ (0)]?
|a2|23|p( )%+ 1q'(0)] ’ (24)
2(n+1)2(1 — 2)?
and
n 0 + " 0
I, < lp"” (0)| + q" (0)] ' (25)
4n+1DA-D(1-2An+1))
respectively. So we get the desired estimate on the coefficient on |a,| as asserted in (11).
Next, in order to find the bound on |as|, by subtracing (18) from (16), we get
2+ DM+ 2)A —Daz; —2n+1Dn+2)A—-Da2=p, —q, . (26)
Upon substituting the value of a,? from (22) and (23) into (26), we have
P’ +aqi° P2 — q2
a3 = ) (27)
2n+1)2(1 =212 2n+1D)(n+2)(1-21)
and
- +
s P2— 4> P2 T4 (28)

T2t D+ DA - 2+ DA-DA -+ D)
respectively. Since p(z) € p(U) and q(w) € q(U). We readily get
lp’'(0)I2 +1q'(0)I>  Ip"(0)| + 1q"(0)]

a3l < s D2 =7 T amF D+ DA 29
and
laa] < 4(Izo”(O)I +1q"(0)| lp" (0] + 1q" (0)] ’ (30)
n+Dn+2)1-2) 4n+1DA-D(1-A(n+1)
respectively. So we get the desired estimate on the coefficient on |a;| as asserted in (12).
This complete the proof of Theorem 1.
We choose
P2 = () and qw) = (52)°, O<as<Lzwel),
in Theorem 1, we have the following corollary
COROLLARY 1. Let f(z) be of the form (1) and in the class B”?S5(a, 1).
Then
] < min{ 2a 2a }
- n+DA-D" 2+ DA -DA-A(n+ 1)’

and
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| 4a? 2a?
az| < min s .
3 (n+1)21 -2 (m+1DA-DA-An+1)
If we choose
_ 1+(1-2p)z _1-(1-2p)w
p(z) = — -, —and qgw) = — — 0sB<lLzwel),

in Theorem 1, we readily have the following Corollary
COROLLARY 2. Let f(2) be of the form (1) and in the class B”?S5(8,1). Then

2(1-p) 21— B

la,| < min . )
(n+1)(1 =) \/Z(n + DA -D(1-An+ D)
and
P R Gl Ol 2(1-p)
3= (n+1)21 -2 (n+ DA -DA-An+ 1))

Remark 2. The estimates on the Coefficients |a,| and |a;| of Corollaries 1 and 2 are improvement of the estimates
obtained in [5]. Taking A = 0 in Corollaries 1 and 2, the estimates of the Coefficients |a,| and |a;| are improvement of the

estimates in [2].Similarly, various other interesting corollaries and consequences of our main result can be derived by
choosing different p and q.
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Method of creating a digital watermark for official documents

1Samer Saud Dakhel , 'Zainab saad Rubaidi , 'Rasha Muhseen Hadi

College of Agriculture /Al-Muthanna University

Abstract

In this paper we have proposed a method for creating the watermark for official
documents. For example, which are placed when authentication the documents, as well
as use for secure communication. We have described the procedure for the exchange of
information between two parties. The watermark is configured in a way that does not
allow an unauthorized person to detect the existence of the watermark and extract the
embedded information, and the watermark showed its ability to work of the proposed

method.

Keywords: authenticity of electronic documents, steganography, stegosystem,

stegocontainer, digital watermark .

Introduction

The question of determining the authenticity of documents, is now rising increasingly.
This is due to the increase in the volume of document circulation between organizations,
as well as the development of document exchange technologies. In this regard, there are
many different methods of protecting documents from forgery.

For example, the following methods can be used to protect paper documents:

- technological - the use of watermarks, a protective thread / fiber, a certain composition
of colorants, etc .;

- graphic - protective mesh, irregular raster, corrosion, combination of fonts, etc .;

- chemical - the appearance of a color reaction when the document interacts with another

substance, for example, water;
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properties, etc .;

- combined - all possible combinations of methods described above.

To protect electronic documents, it is possible to use:

- cryptographic method - use of electronic digital signature.

- steganographic methods [1,2] - embedding text in an electronic document (image) or

embedding a digital watermark, as well as introducing special noise.

Typically, the use of methods to protect against falsification of physical documents is a
costly procedure, because this requires the availability of specialized equipment and a
certain skill in the implementation of these methods of protection.

To determine the authenticity of an electronic document signed by an electronic digital
signature, it is necessary to resort to the services of a third party (services of certification
centers), which in turn can be expensive and time-consuming, in addition, the user can

not trust a third party.

Currently, most electronic documents are distributed in such formats as pdf, bmp, jpg and
tif, i.e. in the form of an image, but using any compression algorithms. In view of the
foregoing, it is possible to propose a universal way of determining the authenticity of both
physical and electronic documents by introducing watermarks (for electronic documents)
in them. Moreover, watermarks being introduced can be used both for proving the
authenticity of a document and for embedding certain information in them, for example,

for a banknote, you can build a series and number.

Currently, many methods of embedding information into an image are offered. For
example, such spatial methods as:
- LSB (Last Significant Bit) method.
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- random interval method.
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- method of pseudo-random permutation (choice).
- The method of block hiding.

The above methods are the closest to the proposed method.

The essence of the LSB method is to replace the least significant bits in the image bytes
(container) responsible for color coding by the bits of the hidden message. The main
advantages of this method are:

1) the fact that the human eye in most cases is not able to notice changes in the least
significant bits;

2) the simplicity of the method itself;

3) the ability to hide relatively large amounts of information in relatively small images.
The main drawback of the LSB method is its high sensitivity to container distortion.
To reduce this sensitivity, noise immunity coding is often used. In addition, the LSB
method has low steganographic resistance to attacks of passive and active violators.
Unlike the LSB method, in which each bit of a hidden message is written to consecutive
low-order bits, the random interval method allows random distribution of bits of this
message across the container, resulting in a random distance between the two built-in bits
of the hidden message. But there is a disadvantage of this method - the bits of the hidden
message in the container are placed in the same sequence as in the most concealed
message. Therefore, in order to avoid this drawback, one resorts to the method of pseudo-
random permutation (choice), the essence of which is that by using the pseudo-random
number generator a sequence of indices ji, jz, ..., J« Is formed and the k bit of the message
in pixel with the index ji .
The essence of the method of block hiding is as follows: the original image is divided into

AP (1<i<] )

( Im ) non-intersecting blocks of arbitrary configuration, for each of

b(A) = DfLSB(Cj)
which the parity bit Jeh; . In each block, one secret bit ( Mi ) is hidden.
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If the parity bit is b(ai) =M,

b(AI)=M

inverted, resulting in ', The selection of the block can occur pseudo-

randomly using a stegano key.

In fact, this method has the same resistance to distortion as the methods described above,
but in comparison with them it has a number of advantages:

Firstly, it is possible to modify the value of such a pixel in the block, the change of which
will lead to a minimum change in the statistics of the container; secondly, the impact of
the consequences of embedding secret data in the container can be reduced by increasing
the block size.

It should be noted that methods of random interval, pseudo-random permutation (choice)

and block concealment are a kind of complication of the LSB method.

The most ideologically close to the method proposed by the authors are, for example, the
Patch Work method [3] and its modification PatchTrack [4].

The essence of the PatchWork method is as follows: firstly, in a pseudo-random manner,
two pixels of the image are selected in accordance with the key. Then

the brightness value of one of them increases by a certain amount (from 1 to 5), the other
- decreases by the same amount. This operation is repeated many times (about 10,000

times), then the sum of the values of all the differences is:
S, = Z({ﬂj +c)—(b, —c))=2cn+ Z(ﬁf b))
=1 i=1

Where a;i, bi are the brightness values of the two selected pixelsinstep i, c isthe
increment value by which the brightness changes at each step of the algorithm.
The mathematical expectation of the sum of the differences in the brightness values

i(ai —-b)

of the pixels in the unfilled container ! Is close to zero for a sufficiently large
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value of n. Thus, in the presence of the Digital watermark, the value of S, is much
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greater than zero [3].

The main advantage of the PatchWork method is sufficient resistance to the
operations of compression, truncation and changing the contrast of the image. The
drawbacks of the method include its instability to affine transformations (rotation, shift,
scaling), as well as its small bandwidth (20,000 pixels are required to transmit 1 bit of a
hidden message). The main distinguishing feature of PatchTrack from PatchWork is the
principle of forming a pseudo-random sequence, according to which pixels of the image
are selected. A pseudo-random sequence is formed in such a way that the obtained values
can be recovered after a series of geometric attacks [4].

Also, the proposed method is ideologically comparable with the technology of
marking (yellow dots) with color laser printers on each page they print. Typically, the
printer implements a code that contains information about its serial number, as well as
the date and time the document was printed. In 2005, specialists from the Electronic
Frontier Foundation deciphered the code that was printed by the Xerox DocuColor family

of printers.

The principle of embedding a watermark

As a general rule, the implementation of the Digital Watermark is carried out to the area
of the original image without using cumbersome calculations and due to certain
transformations of image brightness and color components of the image (r,g, b).
It should be noted that one of the important steps in constructing a stegosystem is to
determine the optimal size of the Digital Watermark, which can be embedded in the
source document (stegokonteiner) without compromising the system's reliability. In cases
where it is not possible to determine the optimal size of the embedded Digital Watermark
and there is a suspicion that the stegosystem will be less reliable, it is possible to resort to

introducing "side noise", for example, additional points in the document.
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1) Consider a rectangular region in the Cartesian coordinate system ( X, Y ), divided
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into MN squares (Fig. 1). Further, this rectangular region will be called a document
(stegokonteyner).

2) We arbitrarily select (K) the squares, then we will call these squares "shaded".
Selected squares should be the only ones in the column.

VY

W -7
E @

Iz Z:

j”ﬂ’- I

Fig.1. The rectangular region divided into MN squares
3) We calculate the sum of the distances R from the centers of these squares to any
of the coordinate axes, for example, to the X axis :
5 Vi = R

e
Lje= , Where =z is the set that indexes the selected squares, the pair  (ij)

I

are the natural indices of the squares in the total numbering, and y;; are the coordinates
of the centers of the squares along the Y axis. For example, for “shaded" (marked in black)

squares in Fig. 1, sum of distances :

R= D Vs =Vt Vot Yty

ije=

4) We will implement the introduction of "some noise” by creating additional
displaced "shaded" squares.
When squares are displaced, it is necessary to take into account the condition that
the original and obtained biased squares should be unique in the column.

With the help of pseudorandom value sensors, we form two sets of integers.
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[=(r.k=1..mes(Z)) . . 2n=0
The set g Is formed in such a way that = and r¢ are selected

without any restrictions on the value, but with the following conditions:

- If If(xij+r)>N, then I.z-J = (x; +f}}l—_-"\-"-|:l%"

- If (xj+r)<O0, then x =(q+7n)-N-
| £ |

- If 0<= (Xij + rk) <=N, then .\'.;J.’ ={.1'[-|= +7.)

Where x;; : the coordinates of the centers of the "Shaded" squares along the X axis, x":

coordinates of the centers of the "shaded" centers displaced along the X axis.

The ry are formed in way that the coordinates of the centers of the displaced "shaded"
squares x'ij along the X axis obtained according to the above conditions must correspond
to the following condition:

x Sxp =Xy, Xiv — coordinates of the first and last centers of squares of the first row,

obtained by dividing the rectangular area into MH squares.

The set 7 =(rf=Lmes(Z) s formed as follows 25 =0 . Then the center of the
"shaded" squares along the Y axis is converted to Sk :n v, =¥, +s,Vhere y% are the
coordinates of the centers of the displaced "shaded" squares along the Y axis.

The S in the set (¥ =k =1.mes(Z)) ) are formed in way that the obtained coordinates
of the centers of the displaced "shaded" squares y'j along the Y axis must correspond to
the following condition: min y, £y, < min(M - y,)

Thus, the centers of the displaced "shaded™ squares remain within a certain limited area
(the shaded area in Figure 1).

As shown, for the newly obtained set of squares, the following condition will also be
fulfilled: ~ 2% =X
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Sﬁbpose that the document is marked with an independent number W, and we will
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interpret this number as the clock of the operation of a certain generator specifying the
set of indices E and R. The correspondence between the number W and the sets of
"shaded" squares can serve as a criterion for the authenticity of the document, in other
words, act as a procedure for verifying the watermark. It should be noted that when
performing the authentication procedure, the inspector knows in advance the coordinates
of the "shaded" squares.

The obtained sets can be subjected to random tests, iteratively select |, J so that the tests
are successful. But what happens if the square obtained during the movement coincides
with some originally “shaded" square?

In this case, as a criterion for displaced squares, we should choose a proximity to the value
R/ mes ().

Embedding information in the digital watermark

An optimal container can be any document that has external identification features.
For example, Issuing a certain scientific journal T38N1 (that is, volume 38 (T38) number
1 (N1))and the page of the electronic journal in the format *.bmp containing some texts.
The binary representation of this number is 1010100 110011111000 1001110 110001, a
dimension is 32 bits. As an example, we embed the Digital Watermark containing this
unigue number into the specified page.

First, in accordance with the method described above, the Digital watermark is
introduced into the original container. Then, from pixels with coordinates xi or x’;
arbitrarily selected 32 pixels, but the choice is made with the following conditions:

1- if the "1" must be written in the Digital watermark, then the coordinates  or
Vi >Z reyy ::-g ely, must be arbitrarily chosen coordinates xij or x%j, - middle of the

2 1
% stegocontainer (document).
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“2- if you want to write "0" in the Digital watermark, then the coordinates or

L y L N : ,
vy <7, reyy <—ely, must be arbitrarily chosen coordinates xj; or x' .

For the subsequent restoration of information, the user must store not only the coordinates
of the pixels carrying this information, but also their sequence.

In Fig. 2 is a stagokonteiner with a Digital Watermark embedded in it, which in turn
carries information about the identification number T38N1. For more illustration, Fig. 2

includes pixels with embedded information.

| 1T | P

o mplelel

EO a1

L IR

’ }‘HE!;‘:# of |

¥ a8 -1 !;‘ )
Epl] gl
| BRI IE

Fig. 2. Digital watermark containing information

It should be noted that the pixels used to transmit information are no different from
the pixels of digital watermark, because the choice of "shaded" pixels required for
information transfer is carried out among the entire set of "shaded" pixels of Digital
watermark.

The main criterion is the location of the selected "shaded" pixel relative to the
middle of the image. For the selected pixels, only the X-axis coordinates are remembered.

Also, to insert additional information into the container it is possible to use the third

coordinate Z if you place the stack container, for example, as follows in (Fig. 3).
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As parameters for the Z coordinate, for example, the brightness of the pixels of the
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Digital Watermark with the information embedded in them can be calculated using the
formula: 1=0,299.R + 0,587 . G + 0,114 . B, where : | — the brightness value of the

pixel. R, G, B - red, green and blue channels of this pixel respectively.

Z)

Fig. 3. Embedding additional information with the help of an additional Z coordinate

Description of the embedding system of Digital watermark in the proposed method,
Evaluation of the detection capability of Digital watermark

Often in practice, there is no task of introducing an absolutely stable Digital watermark.
Sometimes it is enough to develop such a system of embedding a digital watermark, in
which an attacker can not completely destroy or replace digital labels. The main purpose
of embedding the Digital Watermark in the method proposed is to protect the document
from forgery, as well as the transfer of information embedded in it, for example, for the
subsequent identification of this document.

Typically, the following types of embedding systems are distinguished: keyless systems,
public key systems, systems with a private key, and mixed systems.

The method proposed provides for a system of embedding a digital watermark with a
private key. According to the Kerkhoffs principle [5], with respect to the embedding
systems of the Digital Watermark, their durability is based on some secret information,
without knowledge of which it is impossible to extract information embedded in it from

the container. when assessing the reliability of the embedding system of Digital
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Wé‘térmark, it should be assumed that the attacker has complete information about the
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structure and algorithms of this system. the Digital watermark in the method proposed,

arbitrarily selected "shaded".

Practical application of the proposed method

The method proposed can be used to identify pre-registered products, including the
integration in the Digital watermark of the individual numbers of each manufactured
product and the subsequent labeling of each product in the manufacturing process. More
precisely, the process can be described as follows: in the manufacture and packaging of
products, an individual number is assigned to each product. Then, according to the
method described above, a Digital Watermark is formed with an individual number
embedded in it . For example, a digital watermark can be embedded in the product
barcode. When selling, the seller reads the bar code itself and the Digital Watermark
embedded in it and the data on the sold goods are transferred to a special database.

The buyer discovers the individual number assigned to this product after opening the
package. Then, for example, using the mobile device camera, it reads out the Digital
Watermark and the information embedded in it, then reconciles the numbers on the
package and the number obtained after the recognition of the Digital Watermark. If they
coincide, then it is possible with confidence to declare the authenticity of the product.
Conclusion

In this article, a universal way of forming a watermark for official documents was
proposed, in addition, an embedded watermark is capable of carrying in itself any
information, for example, a certain document number or text.

A preliminary analysis of the complexity of the recognition of the digital watermark and
the embedded information contained in it is made.

To demonstrate the proposed method, a program was developed that implements the

actions described above.
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ABSTRACT

This paper will use the numerical methods to solve the stochastic heat equation driven by (Brownian
motion, Brownian bridge, and Reflected Brownian motion). The numerical schema depends on the
impersonation of the equation solution and includes a stochastic portion of the noise and a partial
differential equation. We will apply our methods using daily temperatures in Iraq for the year 2018.




1. Introduction

In this paper, we want to take a quick look at the numerical solution of stochastic partial differential equations. Working on the
numerical solution of stochastic partial differential equations faces many difficulties. On the one hand, we should think of the
known problem of numerical solution of inevitable differential equations. On the other hand, we face the challenge of solving the
random term.
The SPDEs used as a model in differenced applications. Motivated the mathematics field in particularly through the need to study
characterize stochastic the phenomena in normal sciences such as biology, alchemy, physics, and used in statistics and finance
science.[2]
Consider the SPDE with the white noise [10]

M= 2 (a—”) toB(0), 0 €0, x [01] ..(1)

at dx \0x
Where T > 0, and B(x, t) is white noise. The initial condition is getted through continuous function u,: [0,1] = R and we consider

Dirichlet boundary conditions.
u(O, x) = uO(x) X S [0!1]

u(t,0) =u(t,1) =0,t € [0,T]

The real-value stochastic domain solution to equation (1) denoted by {u(t, x), (t,x) € [0,T] x [0,t]}. 6 > 0 is constant. We
suppose that {B(t, x), (t,x) € [0,T] x [0,1]} is a Brownian motion.

Numerical experiments indicating that there is a convergence between the approximate difference in the solution of (1). The aim
of the present sheet is to investigate the best possible outcome.

2. Stochastic Integral With Brownian Motion
Definition 1 Brownian motion[1] [2] is a stochastic process {Bt: t > 0}, satisfying

l. B, =0,

Il. B, has independent increments.

Il. B,is continuous in t.

V. Foranys =t, <t < <t,_1 <t, =ttheincrements AB; = B, — B;,0 < s < t are normal distribution with 4 = 0
ando=t—s,B,—B,~N(0,t—s)

V.
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brownian motion in one dimension

dis

5
|

-10

o

100 200 300 400

time

Fig.1 Brownian motion
Definition 2 Brownian Bridge.[3][6]
The process X, = B, — tB; is called the Brownian bridge where X, € (0,1) [see 3,p 59]
i.e.,
X, =B,—tB,—tB; +tB,
=1 —-t)(B; — By) — t(B; — By)

Because of the increments B, — B, and B; — B, are independent and normally distribution with B, — B,~N(0, t), Then B, —
B,~N(0,1—1t)

And the expected and variance are follows [1]
E[X,]=(1—t)E(B, —By) —tE(B,—B,) =0
Var[X.] = (1 — t)?var[(Bt — B0)] + t?var[(B; — B,)]
=1-0)%)+t*(1-1t)
=t(1-t)

This can too be stated by saying that the Brownian bridge attached at 0 and 1 is a Gaussian process with drift 0 and variation t(1 —
t),i.e, X,~N(0,t(1 - t)).
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Brownian Bridge

15

BB
10

0.8

0.0 0.2 0.4 086 0.8 1.0

Fig.2 Brownian bridge

Definition 3(The Ité process) [2] [7]1[10]

A stochastic process X,,0 <t < T is called an Itd process with respect to {B;, P, F;}, where F, is adapted to B, relative to

f(s),9(s) if

t t
X, = X, +f f(s)ds + f g(s)dB, ,0<t<T..(2)
0 0
Definition 4.[2][7][8]

denote by L2(Q X [s, t]) the space of all adapted stochastic process f, such that

EUt f2dt

AndletAt = {s =ty < t; <+ <ty < t, = t}andAB; = B,; — B,;_, . we define the Itd integral of B. when B € H?(Q X [s, t])
with respect to Brownian motion

<o fors<t ..(3)

t n
1= faB=) B @
s i=1
Whenever the limit in probability exists.

3. Stochastic Partial Differential Equations Solutions Types. [1][4][5]

The SPDE of following

dX, = [AX, + F(X)]dt + 9dB(s) ... (5)

Have several notions from, solution as we will see below

Definition (5): G(A)- valued expected process X, ,t € [0, T] is named a strong analytical solution of the eq.(3)

t

X, = f [AX, + F(X)]ds + f 0dB(ys - (6)
0

0
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_ 1 on a ou n Jdu . . . .
Where A = 3 ij=1 a_x,-(aif a_xl) + i bia_xi’ F is Laplace location and B, ;) Brownian motion.

In special, the integration has to be well-define, [3]

Definition (6): F-valued expected process X, ,t € [0, T] is named a weak analytical solution of the eq.(3) if

<Xt,6>=j;

For eachd € G(A’), the integral has to be well-define [4]

t t

[(X,, A'8) + (F(X,), 8)]ds + f (6,0dB,) ...(7)

Definition (7): F-valued expected process X, ,t € [0, T] is named a mild analytical solution of the eq.(3) if

t t
X, = j [eACF(xX,)]ds + j eAt=)gqB, .. (8)
0 0

the integral has to be well-defined, [ 13]
4. Numerical Solution of Stochastic Heat Equation. [2][5]
The stochastic heat equation given by a space-time white noise

du 0 (Ou
§=a(a)+03(”) ,0<x<b,t>0..(8)

Subject to the initial and boundary condition.
u(0,t) =ulb,t)=g) ,t>0
u0,0)=fx) 0<x<b

Where B/, is two-dimensional white noise, by using Taylor Theorem we can find sa follows :

Uijer = Wy + 7 wipry — 20 + g ] + kB

k
Wheni=1,23,..,n—1landj=123,..,m—1andr = nz

5. Application of the Temperatures. [2]

In this part, we used temperatures on "SPDEs", some Brownian motion types with additional noise.
We first discussed the "SPDEs" for a reference on the quality of the work already submitted. We look at the local white noise with
stochastic heat equation in the field [0,1] during the period [0, T] when T = 1.

Let the "SPDE"
dX, = [AAXt + F(Xt)]dt + adB(x‘t) ..(9)

for Xo(x) = 0and X,(0) = X,(1) = 0 forx € (0,1),t € [0,T).

F(X,) =0,0 = \/E, q = jh, where the B, ,, here is the white noise.
195
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Then the SPDE

dX, = [AAX ]dt + 0dB(, ... (10)
has singular mild solution X:[0,T] X Q - Hp
example (Example to illustrate the applied side of a paper).

we attempt to discover the numeral solution for SPDE with additional noise, by taking the temperature for 2018.

%(x, t) = (0*u/ox*) + oB(x,t), (x,t) € [0,T] x [0,1] ..(11.)
With
u(0,x) = uy(x),x € [0,1]
u(t,0) =u(t,1) =0,t € [0,T]
B(x,t) is white noise and 0 = +/q .

By employing the equation (2). We find

=145
m15
w155
m135
u 16
m15
m155
m15
m 14
m125
m13
m155
m12
m145
=13
m13
=13
m15
m 14
u 11

Fig.3 solution of SPDE with Brownian motion
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m135
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m15
w155
m15
m14
125
Fig.3 solution of SPDE with Brownian bridge
Table(1)mean square errors
MSE
Number City
Brownian motion Brownian Bridg
1 Qadisiyah 4.024871066 35.15392897
2 Basrah 4.372799879 30.62404944
3 Erbil 4.574865516 31.24863633

6. Conclusions

Applying a technique for solve the stochasti partial differential equations. And find numerical solutions using heat equation with
the added Brownian motion, it was noted that this technique has benefits in general applications, and we find that the random
factors have an effect on the temperature of the area under study, through the results shown in the application example.

The main problem we encountered during the application of numerical solutions to random differential equations is the process
of noise generation, such as (Brownian motion or Brownian bridge). Typically, noise values should be distributed with an average
of zero and a variation of dt, for example, N (0, dt). To achieving this value should be minimal and minimal change to get the most
benefits over the specified period, and these problems affect the shape and distribution of noise and show their effect on the final
solutions.
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Abstract:

This research includes a study of the optical and electrical properties for material “Poly Acryl Amide”
(PAAM) as a solution before and after irradiating it by three different doses of gamma rays. The material
powder is divided into four equal samples. The first sample was used for the study of the properties before
irradiation, while the other three samples are irradiated with (2000, 4000, 6000) rad of gamma rays doses
respectively. Afterward, the four samples of the material were dissolved in the distilled water and prepared
concentrations about (1-6%) for each sample. Therefore, the total number of the concentrations became (24)
concentration.

The results show that the values of all these optical and electrical properties increase linearly with the
increasing of the solution concentration before and after irradiation and also increase with the increasing of
radiation dose after irradiation, which related it to the crosslinking yields in the polymer chains, except the
critical angle which shows exactly opposite behavior of these properties.

Keywords: gamma rays, PAAM, optical properties, electrical properties.
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Absorption Coefficient aop x10° (L/mole.cm)

Non Irr. With Irr. With Irr. With
radiated 2000 rad. 4000 rad. 6000 rad.
0.173 0.154 0.146 0.140
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a primary study on using nonlinear analysis methods to measure signal complextiy
values of leg by processing laser speckle contrast images
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Summary

Purpose: The physiological signals are considered as a sensitive measure for describing human state. The evaluation of
such signals can be accomplished by monitoring peripheral blood flow in the skin. Laser speckle contrast imaging (LSCI)
is a powerful optical imaging tool that provides two-dimensional information on microvascular blood flow. By applying
entropy-based complexity measure to LSCI time series, we present herein a primary study measure signal complexity
values obtained from leg into two age healthy groups.

Methods: Leg skin microvascular blood flow was studied with LSCI in 8 healthy subjects. The subjects were subdivided
into two age groups; younger (20-30 years old, n=4) and older (50-68 years old, n=4). To compute complexity values
of microvascular blood flow, we applied entropy-based complexity algorithm to LSCI time series obtained from laser
speckle contrast images of leg.

Results: The application of entropy-based complexity algorithm to LSCI time series presented higher entropy values
obtained from young group than the ones obtained from aged group. However, there was no significant difference
between these two age groups (p=0.649).

Conclusion: The impact of aging on microcirculation could be estimated by applying entropy-based complexity

algorithms to LSCI time series of leg. However, there was no significant difference on complexity values between aged
and younger groups. Further studies with more subjects are needed to confirm the results presented in this paper.

Key words:

1) Laser speckle contrast imaging 2) Image processing 3) Microvascular blood flow 4) Entropy based
compexity measures
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Gainil Adlpdall LEVY il Al ladiuls (pixel) dais Jondl vaail (Euclidian Distance) aauy) dlual) aladiul Yo o Cus
Hash Least Zueal J8Y) 3uiled) Jlaiu) 3 aladiuls RGB clise 8 gpacaill oy Wil (AT ) A (g (Jlsdial) @yl
AN o)) L L L paal) ULl (a3 () 2 Bladl ) 5y 50al) 285 2 Baaly L ((HLSB2-3-3) Significant Bit technique)
Jsasll 2 3l (Peak Signal Noise Ratio(PSNR) clagaall ) 5L3Y) dii ad A (e 43elS i) 2aphall oda aladiuly

AV Gl adies Al GEhhall ae 43l lgdle

Protecting Data in Cloud using Steganography based on Cuckoo Search Algorithm

Abstract
In this research, a corporation’s confidential data is protected in the cloud using a proposed method of hiding
information based on one of the metaheuristic algorithms its Cuckoo Search (CS) algorithm, which is inspired
by Cuckoo's breeding behavior. The proposed method is based on a Cuckoo Search algorithm to search for
the optimal hiding locations in the cover image for the purpose of embedding the secret information in it. In
the proposed method, first, the Euclidian Distance is used to determine the best pixel and use the Lévy random
flight to achieve random movement from pixel to pixel. Second, the data are embedded in the RGB
components using the Hash Least Significant Bit technique (HLSB 3-3-2). Finally, the image (after hiding) is
uploaded to the cloud after the secret data has been embedded in it. Steganography using this method proved
its efficiency through Peak Signal Noise Ratio (PSNR) values which is obtained in comparison with the
methods based on other algorithms.
Keywords:
Cloud Computing, Data Storage, Security, Steganography, Cuckoo Search.
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.[3](Steganography)

Ly Aladl 3 4 g3al) cilibd) ol sally JlsY) 8 bl gLl 3ol bl plidY danh 2158 & cadll 13 b
Sy elaal) 5ypall 8 (Llidll) adlsall Jomdl alad (RS Sl sl (e 5anls aa3 ) Gl il Gy dae) lsd Caerdiad
2-3-3 L) V) Gailedl Jlanu) di aladiul RGB @lie aca 3L Jull clang & sl oy - lesd dupud) Al
Al DA il ¢ paal) OsSall e 3yliaall AN a8 ALl e S SN Gl Gracad iy Raskall o2 3 .HLSB
IS (A ) elid) (e i Jing 1345 . )1 sl (e i 2 gl (8 plial) lilly puiad¥) 05Kl (e 3yla) DA oha) S
(<2 24) Gal) Lkl 5ypeall (e S

& Aaniindl @A il Gy Ayl 3 Bl i L Aalud) Jlee) 2 )3l g 1 I sl e Gl Bl alas 5
) clalitind 6 5yl a0y daad) danhall o8y iy w8 aaE 5 syl Ll L As kel Aalall 4 55 ol Aa gkl dasykall

dalad) Jley) .2

ks 2 ) Telsu o sleall olid) il and oy eyl 038 b Aolandl 8 Ukl el Aind) Jlee¥1 (e apael el
oY) el ilasles cled] A sl 2581 ([1] 8 ASSY Sl lad) slaely @ids ) ) Blasd) 8 UL ol
Al o3a (<15 Alas A3l 3550 (Y bl e 3 gl die il JalSS Gyt el 3 gaill Cpaniay L Aaliial ] oLl bl
Bsea J3I Aulual) Cililall cUaY il Osiliall &8 (2] iy Bpia B (b AiaY) Slangll (e 353a0 230 xa Jala O (K
eDanll Lt Al 5 geall 038 (5Sas s las bl L)L 830 Sl Ausbual) i) £lis) iy (Ainplall 038 3 L Aslall Aoladl e
Aulial) Gl e guealeall 4 mpad) j2 Joasl dilis ) oo 2l dlasid

$lid) aladiuls 1pals cda el Ll 8 L lasbeall elad] pladialy land) SUY) & Y1 gkl 3 [3] b G sialdl - 58
o2 Jhaxts oY) ujetl Ul elaall 5ysem 1553l Cum . )il ol ol Dlaall cilasladll @llle £l cuila ) e sledl)
Ao )l aladiuly LSB 2-3-3 4 cpny [4] B Gsiald) A6 L 0¥ gk ) ol Bl o3a L laelis] syl ALl 3y sl
a3 40520 o 285 PSNR (o lgale Jpmn) 3 3l ) cpelil 285 Aeaall il e @) e Jseanll (GA) Al
& ) capelaly L jpeall Jals lagleall 2lidY salall il Gl aladiols Gasal JBY) cull il skt Gaald) A6 ([5] s
i 62.87 5 57.34 o pdi ysudall (lyd Al plasind vic PSNR ai o ledle Jsaaal

Jals legleall aaY bl Cop Baa)ylsis Aehull Bpdim Gua)lsd aladinly LSB 2-3-3 4 Gauaty Cualdl A8 ([6] 3
a5 Juwns 78.08 5 77.44 ¢y adi debal) 5 Laylsa plasind xie PSNR ad of e Jpeanl) o all gilial) cojelal . ysall
plaaiuly LSB 2-3-3 i st o a8 ([7] b Wl L daws 79.57 5 77.21 ¢ s Jadadl) oy Baj lsa aladid 2ie PSNR
45.67 5 42.66 on o8 \ple Jpanl) &5 Al PSNR s o) gl cujelsl 85 (LSB bits 3 sliay) ailse slagy Zadlell Q1
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(CS) sl il cany Agaj s .3

il Gams (8 apnsal) (ggilal) ikl bl o Gaay Al oda aaiad s &b Adandy 8ye J5Y ey lsal) o34 a8l
O e AdlE Al o CS @l jilla i Laa) led o)) 2SS LEVY ool Als) s G panl it Clll g (Gl
Cus 36 US AT sl il cans Faa)lsd (8 Jlsdal) sl o) ((PSO) hu) daaiylsis (GA) Al daah lsall dgilia Al
Sl il ins e lsd (A L Csllaal) ilebaall sae . AiSae 35S 59hd (gl c3Uanall dadll Cann 4 oS3l i 35kadl Jsha o
O oS eelld ) ALY L cppntl) DS (sl A8 e oSl Bpagae ST 058 o dainall (g Jllis (PSO 5 GA (e B
el Caay oy SIS daaall Ayl A CS GBSl il Can Bl pasg oS JEb (sl (e degaas (e IS S
9] Ju il e CS Ayl @A) dulbal)
Lilpdie o)lndl &3 (e b 4 Caliyg diye IS G Banls A Glss jilh (S auy @
) Jlall 1 el Al sasall <y ilieY) Juadl Jan @
Pa € 0,1] dad Jlainl pe Ciniaall sahall (o il Aaul gy g gan sall () GLESS) Sy 5 Aalial) Aduaal) (3lacY) sae cuin e
Gl (e A aelgal) 038 () 13kl Ll aas (e eling e tid) e ) S Aand) o) Adad) Hplall (S cAllall o3 b
J10] (1) ISl & mcase s LS Gaa))la€ CS 1 daully) gl

Begin
Objective function f(x), x = (x1, X2, ..., xd)T;
Generate initial population of n host
nestsxi (i=1, 2, ..., n).
While (t < MaxGeneration) or (stop criterion)
Get a cuckoo randomly by Lévy flights;
Evaluate its quality/fitness Fi;
Choose a nest among n (say, j) randomly.
If (Fi>F),
Replace j by the new solution;
End
A fraction (Pa) of worse nests are abandoned
and new ones are built;
Keep the best solutions (or nests with quality solutions);
Rank the solutions and find the current best.
End while
Postprocess results and visualization.
End

Ssisl il i dug sk :(1) Jsal
(1) mtuuua}‘;u\ danu“m( )d.acb\] R @n} (elpte )uASLevygdu;,‘;;

Xt)= X0+ o @ Lévy(h) (1)
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'7<i-fhplicit Hybrid Conjugate Gradient Method For Unconstrained Optimization Problems.
Khalil K. Abbo! Edrees M. Nori? Yoksal A. Laylani®* Hisham M.Khudhur*

Abstract

In the relevant paper to the conjugate gradient methods, we suggest a new implicit hybrid conjugate gradient
method, which is based on Fletcher-Reveere and Hestenes-Stiefel methods. The descent property and global
convergence with Wolfe line search are proved. The numerical results show that the proposed algorithm is

efficient.

1- Introduction
We deal with the following unconstrained optimization problems;

minf (x) x eR" 1)
Where f :R" — R is continuously differentiable function, bounded from below. Starting from an initial
guess, a nonlinear conjugate gradient (CG)algorithm generates a sequence of points {xk } according to the

following recurrence formula[R. Fletcher,1987] ,[ J. Nocedal, S. J. Wright,1999]

X, =X, +ad, 2)
Where d, eR" search direction and ¢, €R is a step length, usually obtained by the Wolfe [P. Wolfe, 1969]
and [ P. Wolfe,1969], the standard Wofle condition (SWC)
f(x, +ed)-f (x,)<pa0,d, ®3)
e d, 200,d, )
With 0< p <o <1, or by strong Wolfe condition(STWC)
f(x, +ad)-f (X, )<pa9,d, (5)
o g >0]d, ©)
and the direction computed as
dey==0,.4+ASc, d,=—0,. (7
Here f, is scalar known as the conjugate gradient parameter, g, = Vf (X, )and s, =x,,, —X, . Different

conjugate gradient algorithms corresponding to different choices for the parameter S, see [Andrei, 208],

[Y.H. Dai, Y.Yuan, 1996], [Y. H. Dai,, L. Z. Liao,2001], [Y. H. Dai, Y. Yuan,1999], [W. W. Hager, H.
Zhang,2006], [W.W. Hager and H. Zhang,2006] and [Y. Liu and C. Storey,1991]. Therefore, a crucial
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element in any conjugate gradient algorithm is the formula definition of £, . The well known formulas for S,
are as follows;

R _Gealia e _& Hs _&
BT T R T
FR denotes Fletcher and Reeves [R. Fletcher and C. Reeves, 1964 ], HS denotes Hestenes and Steifel [M. R.
Hestenes, E. L. Stiefel, 1952], and PR denotes Polak and Ribiere [E. Polak, G. Ribiére, 1969]. Note that

these formulas for S, are equivalent if the objective function is a strictly convex quadratic function and ¢, is

the exact one-dimensional minimizer[W. W. Hager, H. Zhang, 2003].
The structure of the paper is as follows. Section 2 introduce our suggested method(IHCG say), and proves
that it generates descent directions. In section 3 its convergence analysis is shown. In section 4 some numerical
experiments are presented.

2- Implicit Hybrid Conjugate Gradient Method

The numerical performance of the Fletcher-Reeves (3" ) method is somewhat erratic, it is sometimes as

efficient as the Polack-Ribier and Hestenes-Stiefel methods, but it is much slower [J. C. Gilbert, J. Nocedal,
1992]. In this section we try to overcome to the disadvantages of the Fletcher-Reeves method by introducing
implicit hybrid CG algorithm as follows:
Consider the following search direction defined by

Aess = =0 G+ A-6) LTS, (8)
To find the value of 6, , we use the pure conjugacy condition, with simple algebra we obtain

B R (9)
T g

Note that if 4™ <0, then 8, > 1which implies that 1—6, <0, to avoid this situation we take ™" that is
 =max{ 4", 0} (10)

Therefor 0 < 6, <1, and equation (9) becomes

FR (11)

k

k™ kHS+ +ﬁkFR
We call the method defined by equations (8) and (11) (IHCG) method.

On some studies of the conjugate gradient methods, the sufficient descent condition

d;—+1gk+1 S_C”gk+l||2 (12)

Plays an important role [Jinkui L. and Shacheng W, 2011]. Unfortunately, this condition is hard
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3- Descent Property and Global Convergence analysis

Next we will show that our CG method (8) satisfies the descent property and global converges.

Assumption(1)

Assume f is bound below in the level set S = {x eR": f(x)< f(xo)}; In some neighborhood N of

S, f is continuously differentiable and its gradient is Lipshitz continuos, there exist L >0 such that:

la)-a(y)|<Lfx-y| vxyeN.

(13)
or equivalently
yise 2 uls |’ and ps | <yrs. <L|s.| - (14)
From (13) we get
Vi Vi SLyys, (15)

On the other hand, under Assumption(1) , It is clear that there exist positive constant B such

HMKB,VXEQ

(16)
y<lgx)|<y vx eQ

17)
Suppose that Assumption (1) holds and if the line search satisfies the Wolfe condition.

It follows from [Polak E., and Ribiere, G., 1969]that

S-I[yk :SI (gk+1_gk)2(5_1)slgk (18)

Lemma(l)

Suppose that Assumption(1) and equation (16) hold .consider any conjugate gradient method in from

(2)and(7) ,where d « is adescent direction and &y is obtained by the strong Wolfe (SW) .If

1
Z— = OO
Sdal

Then we have

(19)
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More details can be found in [Tomizuka, H and Yabe, H, 2004], [Dai, Y and Lio, L, 2001]
Theorem(1)

Let {Xk } and {dk } be generated by the equation (2), (3) and &y satisfies Wolfe line search conditions
(SWLSC) (5) and (6) , then d,'g, <Ohold forall K >1.

2
Proof . The conclusion can be proved by induction . When k =1 , We have dfgl 2 —”91” <0

Suppose that d,'g, < O hold for all k. From (8) we have

Ay =6 9 +(1- ek)ﬂkFRsk

FR
_ K
k= s =
P

HS+

k =max{ 5°, 0}

FR
_ k
k™ HHS+ FR
B

Oy,

1M k+1

_Qk g-|k-+19k+l + (1_ gk ) kFR g-|k-+1sk

1
gl+ldk+l = _(Hk - (1_0k )ﬁglﬂsk jglﬂgkﬂ

k Yk
— 1 T
Letc=| 6, _(1_9k)ﬁgk+lsk

k Jk

1
gl+ldk+l < _(ek - (1_€k )gT—gIﬂSk jglﬂgkﬂ

k Jk
Theorem(2)

Suppose that assumption(1) holds, and consider the new algorithm (New), where ¢, is computed by
the Wolfe line search conditions (5) and (6) then:
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ProBf:-

2
Hdk+1H2 = H_ek 9 +(A-6, ):BkFRSk H
ol <i8lMgial” +1@- 67 s [
A

Jo. I

Letu =[,|+|0-6, \HSkH

Jou

Hdk+1H —“9‘7 +‘1 6) ‘

0, <7

1 1 leoo

o F Tt

,!m(inf g, fl)=0

4- Numerical results and comparisons

In this section, we compare the performance of new formal  developed a New method of conjugate
gradient method to conjugate gradient method (KHY). we have selected (75) large scale unconstrained

optimization problem, for each test problems taken from [Andrei N., 2008]. For each test function we have
considered numerical experiments with the number of variables N =100 ,..., 1000. These new version is

compared with well-known conjugate gradient algorithms (HS and FR). All these algorithms are implemented
with standard Wolfe line search conditions (5) and (6) with. In all these cases, the stopping criteria is the

|l9,|=10"°. All codes are written in doble precision FORTRAN Language with F77 default compiler settings.

The test functions usually start point standard initially summary numerical results recorded in the figures
(1),(2). The performance profile by [Dolan. E. D and Mor’e. J. J, 2002] is used to display the performance of
the developed a New method of conjugate gradient algorithm with (HS and FR) algorithms. Define p =750

as the whole set of N test problems and S = 3 the set of the interested solvers. Let |p's be the number of

objective function evaluations required by solver S for problem P . Define the performance ratio as
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r, =-=

(21)

=]
w
—

p
Where |- =min{l _ :s €S} Itis obvious that I, >1 forall p,S . If a solver fails to solve a problem,

the ratio I, ¢ is assigned to be a large number M . The performance profile for each solver S is defined as

the following cumulative distribution function for performance ratio I, .,

size{peP:r

n,

o <7}

p,(7)= (22)

Obviously, P (2) represents the percentage of problems for which solver S is the best. See [Dolan. E. D and

Mor’e. J. J, 2002] for more details about the performance profile. The performance profile can also be used to
analyze the number of iterations, the number of gradient evaluations and the cpu time. Besides, to get a clear

observation, we give the horizontal coordinate a log-scale in the following figures.

Fig.1: Performance profiles with respect to the number of iterations

pe———E L L LU L)
———
________
o

Average of iterations
for 700 test problems
KHY : 1458486
HS: 179.3286
FR: 297.0714

Fig2: Function evaluations performance profiles for the methods

—====
P -

e
0.8y Awverage function evaluation
for 700 test problems are
06} KHY: 1335.7
e HS : 1446.2
04t FR: 2211.2
02r
U 1 1 1 1 1
0 2 4 6 8 10
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FOR LIFE DISTRIBUTIONS
By
Gorgees Shaheed Mohammad

AL —-Qadisiya University ,College of Education ,Department of mathematics,

Abstract

Test statistic is derived for testing exponentially against exponential better (worse) than used in convex
EBUC (EWUC). Selected critical values are tabulated for sample size n =5(1)25(5)50. The Power calculations
of the test are simulated for some commonly used distributions in reliability. The pitman asymptotic relative
efficiency based on other classes are studied. An example of 40 patients of blood cancer disease demonstrates

the practical application of the proposed test in medical sciences.

Key Words and Phrases: Asymptotic normality, asymptotic efficiency critical values, life distribution

classes, convex ordering, EBUC, EWUC, power of the test, product limit estimator, goodness of fit test.

1 .Introduction

Concept of aging describes how a population of units or systems improves or deteriorates with age.
Many classes of life distributions are categorized and defined in the literature according to their aging
properties. The notion of stochastic aging is important in any reliability analysis. Many statistics have been
developed for testing exponentially against various aging alternatives. In developing test for various classes
of life distributions, almost without exception the exponential distribution is used as a boundary member of

an aging class S a usual format for testing is

Ho: F is exponential; Versus (vs),
Hi: F€S but F is not exponential.

Testing exponentiality against the classes of life distributions has received a good deal of attention. For
testing against new better than used (NBU), we refer to Hollander and Proschan (1972), and Ahmed (1994)
among others. For new better than used in expectation (NBUE), we refer to Koul (1978), and Ahmed et al.
(1999) among others. For harmonic new better than used in expectation (HNBUE), we refer to Klefsjo (1982),
and Hendi et al. (1998), among others.
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distribution function F(x) (X>0) and let F(x) =1-F(x).
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The residual life Xt at age (t > 0) is the random variable with distribution function Ft(x), and survival
function F(x).

It is well known that F belongs to increasing (decreasing) failure rate IFR (DFR) class if Xt is

decreasing (increasing) in t > 0 on stochastic sense, F belongs to NBU (NWU) class if Xt is smaller (larger)
than X for any t > 0 in convex ordering (see Cao and Wang (1991).

Definition 1.2: Let X and Y be two random variables with distribution functions F and G, respectively.

We say that X is less variable than Y (or X is smaller in convex functions h (.). we write X <co Y. Clearly X
<co Y

Iff x[F (u) du <x[G (u) du for all x >0, [see Stoyan] (1983)]

Using the above two definitions one may redefine old classes or introduces new ones. Of the newly

defined classes, we say that a random variable X is " Exponential better than used in convex ordering"” (EBUC)
if xt <Y forallt>0. Thus X is EBUC iff

x[Ft (u) du <x[G (u)du, x,t>0,

Where X is the life length of a unit of age t compared with another unit of life length y which is
exponential with the same mean of X. when x =0 in (1.2), We get

ofFt (wWydu<u ,x,t>0,

Which is NBUE condition.

The implications among EBUC, NBUB and HNBUB classes of life distributions are:

EBUC ——> NBUE — > HNBUE

Similarly, we get the implications among dual classes EWUC, NWUE and HNWUE, respectively, by
reversing the inequalities and direction of monotonicity.

Definition 1.3: A life distribution (cdf), F and its survival function (sf),

F=1-F with finite mean (u)du are said to be exponential better (worse) than used in convex if The
exponential distribution (with mean p ) is the only distribution where equality is attained in (1.2) to (1.4).
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H1, we use the following measure of departure from Ho

However, in contrast to goodness of fit problems, where the test statistic is based on a measure of
departure from Ho that depends on both Ho and Hi, most test in life testing setting, including those referenced
above, did not use the null distribution in devising the test statistics. Which resulted in test statistics that are

often difficult to work with and require programming to evaluate.

Recently Ahmed et al.(2001) used a new methodology for testing Ho against the alternatives that a life
distribution is increasing failure rate (IFR), NBU or new better that used in convex ordering (NBUC) and
(NBUE) or (NBUEH) and for testing against the decreasing mean residual life time distribution (DMRL),we
refer to EL-Bassiouny and Alwasel (2003). Here we consider the problem of testing exponentiality versus the

exponential better (worse) than used in convex EBUC (EWUC).

In section 2, we present a test statistic based on the goodness of fit approach. In addition, we use Monte
Carlo method to compute the critical point for sample size n=5(1)25(5)50, the power of the test is also
simulated for some commonly used distributions in reliability and the efficiencies of the test statics is

calculated based on common alternatives. An application in medical science is given in section 3.
2. Testing Against the EBUC Class

In this section a test statistic based on the goodness of fit approach for testing exponentiality or Ho
against H1 or EBUC (EWUC) class (not exponentiality) since F is EBUC (EWUC). We use the parameter as

a measure of departure from Ho from (1.5).

In a similar fashion, if we denote by Fo, the exponential distribution we can take in place (2.1) the

following measure of departure.

The measure given in (2.2) can be used for testing the hypothesis that Ho: F is exponential against H:
F is EBUC and not exponential. Since this measure is scale invariant then without loss of generality we take

u =1 and thus Fo (x) = 1- €. in order to derive an expression for we need the following lemma.

Based on a random sample X1, Xn from a distribution F.  we wish to test Ho against Hi. Thus, we

may be testing an its estimate.

Proof: It is straightforward, by noting that is just an average, thus using the central limit theorem the result

follows. For the variance
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To perform the above test: Reject Ho, if the calculated f(%)é value exceeds the upper a-percentile

of the standard normal variate.
To compare this procedure to others in the literature we use the concept of pitman asymptotic efficacy defined.

Carrying out the efficacy calculation for the above three alternatives, namely Weilbull, linear failure rate, and
Makeham we get 0.466, 0.378, 0.116, respectively.

It is also easy to see that our proposed test is consistent and unbiased. For samples size n=5(1)25(5)50 and
using 1000 replications, the percentiles of the statistic , and its power for samples of sizes n=10,20 and 30 at

significant level 95% upper percentile are given in the following Tables 1 and 2, respectively.

Table 1: Critical values of S

N 1% 5% 10% 90% 95% 99%
5 -0.715 -0,430 -0,263 0,161 0.175 0.191
6 -0.681 -0,364 -0,221 0,154 0.165 0.187
7 -0.709 -0,356 -0,227 0,152 0.164 0.188
8 -0.539 -0,310 -0,207 0,144 0.156 0.177
9 -0.558 -0,304 -0,238 0,140 0.154 0.175
10 -0.565 -0,278 -0,212 0,138 0.154 0.169
11 -0.503 -0,280 -0,185 0,134 0.146 0.168
12 -0.426 -0,243 -0,167 0,133 0.145 0.165
13 -0.369 -0,209 -0,153 0,127 0.144 0.160
14 -0.380 -0,228 -0,156 0,125 0.137 0.163
15 -0.387 -0,223 -0,150 0,125 0.139 0.159
16 -0.309 -0,197 -0,132 0,122 0.134 0.151
17 -0.383 -0,235 -0,154 0,117 0.130 0.156
18 -0.314 -0,214 -0,158 0,117 0.129 0.152
19 -0.363 -0,209 -0,154 0,112 0.124 0.147
20 -0.366 -0,211 -0,135 0,111 0.126 0.150
21 -0.298 -0,195 -0,139 0,109 0.125 0.152
22 -0.342 -0,195 -0,139 0,105 0.122 0.145
23 -0.287 -0,173 -0,129 0,101 0.117 0.140
24 -0.347 -0,199 -0,134 0,102 0.116 0.136
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25 -0.283 -0,183 -0,117 0,100 0.112 0.138
30 -0.280 -0,166 -0,111 0,095 0.111 0.131
35 -0.248 -0,146 -0,108 0,086 0.103 0.124
40 -0.202 -0,129 -0,091 0.087 0.102 0.125
45 -0.191 -0,131 -0,094 0.078 0.092 0.115
50 -0.182 -0,116 -0,084 0.076 0.091 0.116

Table 2: Power estimates of S

Distribtion Parameter Sample Size n
10 20 30

F1 2 0.878 0.999 1.000
Linear Failure rale 3 0.970 1.000 1.000
4 0.977 1.000 1.000
F2 2 0.738 0.963 0.996
Makeham 3 0.969 1.000 1.000
4 0.988 1.000 1.000
Fs 2 0.643 0.947 0.996
Weibull 3 0.992 1.000 1.000
4

1.000 1.000 1.000

Thus We have Shown that, based on Monte Carlo methods, the test statistic S has not only simplicity

advantages over earlier ones but also better asymptotic relative efficiency.
3- Application

In this section we calculate the S test statistic for the data represents 40 patients suffering from blood
cancer from one ministry of Health Hospitals in Saudi Arabia see Abouammoh et al (1994)> The ordered

life times (in days) are

115, 181, 225, 418, 441, 461, 516, 739, 743, 789, 807, 865, 924, 983, 1024, 1062, 1063, 1165, 1191, 1222,
1222, 1251, 1277, 1290, 1357, 1369, 1408, 1455, 1478, 1578, 1599, 1605, 1696, 1735, 1799, 1815, 1852.
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It was found that the test statistics for the set of data by using equation (2.5) is S = - 1135, it is clear
from the computed value of the test statistics that we reject Hi1 which states that the set of data don't have

EBUC property under significant level a=0.05.
References:

1. Abouammoh, A. M. (1994). "Partial orderings and testing for renewal failure rate classes of life
distributions". Dirasat, 21B, 175 — 187.

2. Ahmad, I. A. (1994). " A class of statistics useful in testing increasing failure rate average and new
better than used life distributions, J. Statist Plann. Inder, 41, 141 — 149,

3. Ahmad, I. A. Hendi, M. I, and Al — Nachawati, H. (1999). "Testing new better than used classes of life
distributions derived from convex ordering using Kernel methods". J. Nonparametr, Statist, 11, 393 —
411.

4. Ahmad, I.A, Alwasel, I.A. and Mugdadi, A.R. (2001)" A goodness of fit approach to major life testing
problems”. Int, J, Reliab. Appl. 2, 81 — 97.

5. Cao, I. H. and Wang, Y. D. (1991). "The NBUC and NWUC classes of life distributions”. J. Appl.
Probab, 29, 473 — 479.

6. El-Bassiony, A. H. and Alwasel, I. A (2003). " A goodness of fit approach to testing mean residual
times", Aool. Math and Compu 134, 301 — 307.

7. Hendi, M, I, Al — Nachawati, H, Montassar, M. and Alwasel, I. A. (1998) " An exact test for HNBUE
class of life distributions". J. Statist. Comput. Simul, 60, 261 — 275.

8. Hollander, M. and Proschan, F (1972). Testing whether new better than used”. Ann. . Math Statist, 43,
1136 — 1146.

9. Kilefsjo, B. (1982). "The HNBUE and HNBUE and HNWUE class of life distributions”. Naval Res.
Logist. Quanrterly, 21, 331 — 344.

10. Koul, H.L (1978). "Testing for new is better than used in expectation” Comm. Statist. Theor. Meth, 7,
685 — 701.

11. Stoyan, D (1983). Comparisons Methods for Queues and Their Stochastic Models, Wiley, New York.

244



