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Abstract: In this work, we apply Combined Kharrat-Toma transform-Adomian
Decomposition Method (KTT-ADM) with Combined Kharrat-Toma transform-
Variational Iteration Method (KTT -VIM) to solve the system of nonlinear Volterra
integro-differential equations. We have obtained the exact solutions of these equations;
several examples are illustrated to test the power and efficiency of the proposed methods.
Further, the obtained results of the hybrid approach are implemented in Maple software.
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Abstract

In this paper, we define a fuzzy K -proximally Open Mapping. The properties of this
mapping and its relationship with other types of maps were also studied.

Keywords fuzzy set, fuzzy proximally space and fuzzy proximally mapping.
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1. Introduction
The concept of fuzzy set was introduced by Zadeh in his classical paper [1]. In
1974, Chang [2] defined fuzzy topology. In 1979, Katsaras [3] introduced the nation of
fuzzy proximities, on the base of the axioms suggested by Efremovic [4].

2. Preliminaries

In this paper W denote a nonempty set and IW is the collection of all fuzzy set.
f: (W, Sw) > (M,Sy) (or f: W—M) means a mapping ffrom a fuzzy K-proximity
space W to a fuzzy K-proximity space M . For any two fuzzy sets m and m in W,
nvm and mAm defined as followings: For any a€W, (mVm)(x)=
sup {m(a), m(a)}and (n Am)(a) = inf { n(a), m(a)}, respectively. And m < m if for
each a € W, m(a) < m(a). m€ is the complement of a fuzzy set m in W defined by
mn¢ = 1 — m. The constant maps all of W to 0 and 1 denoted by 0 and 1, respectively. A
A fuzzy pointag in W is a fuzzy set defined by ag = 0 for all b € W except one,

called a € W such that ag = 3, where 0 < § < 1, we say ag belong to m denoted by



ag € m, if § < m(a), for any a € W. Evidently, every fuzzy set m can be expressed as
the union of all the fuzzy points which belong to m.

his paper was an attempt to give the most important properties of the fuzzy K-proximally
open mapping.

Definition 2.1 [2]: A subset S of IV is called fuzzy topology on W if the following
statements are complete:

e 01€S;
e |fm,meS, thenmAmES;
o Ifm; €S, then sup;cam; € S, for each i € A.
We say the pair (W, S)is a fuzzy topological space, of its for short.

Definition 2.2 [3]: A relation S on IV is called a fuzzy proximity if the following
statements are complete:

C1l- If nSm then mSm;
C2- (m v m)sSk if and only if nSk or mSk;
C3- If nSm thenm # 0 and m =+ 0;
C4- If nSm, then 3k € IV 3 mSk and (1 — k)Sm;
C5-If m Am =+ 0 then nSm.
We say the pair (W, §)is a fuzzy proximity space.

Definition 2.3 [6]: A relation S on IV is called a fuzzy K-proximity if the following
statements are complete:

S1- agS(m Vv m) if and only if agSm or agSm;

S2- apS0 for all ag;

S3- If ag € mthen agSm;

S4- If agSm then 3k € IV 3 agSk and bgSm for all by € (1 — k).
We say the pair (W, ) is a fuzzy K-proximity space.

Notes:
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1- Clear that the fuzzy proximity on IV implies the fuzzy K-proximity on I'V.

2- The pairs (W, $)and (M, § ) we mean in the next stage of this paper is the fuzzy K-
proximity space.

Definition 2.4 [6]: A fuzzy K-proximity S on IV is called discrete K-proximity, if we
define agSm ifand only if ag Am # 0.

Definition 2.5: Let (W, S) be a fuzzy proximity space. A fuzzy set m € IV is called FS-
closed if agSm — az € m.

Definition 2.6: Let (W, 8) be a fuzzy proximity space, then the family s = {m € I'V: (1 —
m) is FS-closed } is called fuzzy topology induced by S.

Definition 2.7: Let (W, S) be a K- proximity space and m € IW, a S-closure of m (briefly
i ¢ )and S-interior of m ( briefly m°®) are defined as:

S =A{m:n < m,m is FS-closed }
n° =v {m:m < m, (1 — m)is FS-closed }

Theorem 2.7 [7]: Let (W, T") be a fuzzy topological space and S is a binary relation defined
by agSwm if and only if ag € @?, then S is a fuzzy K-proximity on /" and the fuzzy
topology s induced by § is the given topology T.

Definition 2.8 [7]: Letm and m be a fuzzy set in KK-proximity space (W, S ). Then we say
that m and m are in the relation « and writtm <« m if m & (1 — m).

Proposition 2.9: Let (W, Sy) be a fuzzy IK-proximity space. If m <« m, then 3k € "such
that m « k « m.

Proof: Let m <« m, then mSy (1 — m). So, 3k € I'V such that mSyy (1 — k) and kSy, (1 —
m). So, m K kand k « m.

Definition 2.10 [7]: A mapping f: (W, Sw) — (M, Sy) is said to be fuzzy proximally
mapping (FS-continuous) if azSwm implies f(ag)Suf (m).

Equivalently, f:W—M is said to beFs-continuous if bpSym implies
1 (bg)Swf~*(m) or by < m implies f~*(bg) < f~*(m).

Definition 2.11 [7]: A fuzzy set m in K-proximity space (W, S) is called S-neighborhood
of a fuzzy point ag (in symbols az < m) if ag S (1-m).
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Definition 2.12 [7]: Let §; and S, be two K-proximity on W , then we define s, > §; if
agSm implies agS,m (we say that S, is finer than S, or S,is coarser than ;).

Fuzzy K-proximities Open Mapping

Definition 3.1: A mapping f from (W, Syy) into (M, Sy) is said to be fuzzy K-proximity
open (FS-open) if bgSyym implies agSwm , where bg = f(ag), m =1 - f(1—m)and
n # 0.

Equivalently, f: W—M is said to be FS-open if agSym implies bgSym orap < 1 —m
implies bg < 1 —m. where bg = f(ag)andm =1 — f(1—m) and m # 0.

Proposition 3.2: Let f: (W, Sw) — (M, Syy) be FS-open and injective mapping, then f is
a fuzzy open with respect to the fuzzy topologies 75, and s, .

Proof: Let bg € f((m)°°) = f(1— (1 —n®)), where bs = f(ag) then b€ l—
f(A—n®)ie by & f(I—m%), thus ap & (1 —m%) and agSy(1 — m). Since f is F5-
open, then £ (ag)Sy 1 — f(m), thatis f (ag) & (1 — f(m)*) and f(ag) € 1 — (1 — f(m)*)
implies f(ag) € (f(m))?, this prove f((m)°®) € (f(m))°°. Hence the mapping f is
fuzzy open.

Proposition 3.3: The composition of FS-open maps is FS-open.
Proof: Clear

Proposition 3.4: Let §; and S, be two K-proximity on W, then the identity mapping
i:(W,8;) > (W,S,) is FS-open ifand only if §; > §,.

Proof: Let azS,m, then azS; m, from definition of fuzzy identity mapping m =1 —
(1= f7" (m)) = m so, agd;m. Hence, §; > S,.

Proposition 3.5: A bijective mapping f: (W, Sy) - (M, Syy) is FS-open if and only if
F7H (M, Sy)—> (W, Sy) is FS-continuous.

Proof: Let bgSym, then azSywm where bg = f(ag) and m = 1 — f(1 — m), since f is
injective then m = f(m) and m = f~*(m), that is f ~*( bg )Sw/f ~* (m).

Conversely, Let bgSym, then Y bg )Swf ~1(m). Since f is bijective, then there exists
ag andm in IV stx, = f71(bg) and m = f~(m). Thus, agSwm, Where by = f(ag)
andm = f(mn) =1 - f(1—m).

Definition 3.6: Let (W, Sp)be a fuzzy proximity space. A proximity Spis called discrete if
we define mSpm if and only if mA m # 0.
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Proposition 3.7: An injective mapping f: (W, Sy) — (M, Sy) is FS-open if Sy is a
discrete K-proximity on 1™ .

Proof. Let bgSym then f(ag) A1—f(1—m) = 0 where bg = f(ag) andm =1 —
f(1—m),but f isinjective then f(m) = 1 — f(1 — m) and ag A m # 0, thus agSm. Hence
f is FS-open.

Definition 3.8: A mapping f from (W, Sy) into (M, Sy) is said to be fuzzy K-proximity
closed (FS-closed) if bpSym implies agSwm, where bg = f(ag), m = f(m) and m #
0.

Equivalently, f: W—M is said to be FS-closed if agSym implies bgSym orag < 1 —
n implies bg < 1 —m where bg = f(ag), m = f(m) and m # 0.

Proposition 3.9: An injective mapping f: (W, Sw) — (M, Sy) is FS-closed if and only
if itis Sy is a fuzzy K-proximity on 1™,

Proof: Let bpSym, then azSywm where bg = f(ag) and m = 1 — f(1 —m), since f is
injective then m = f(m), that is FS-closed.

Theorem 3.10: Let f be a injective mapping from a fuzzy  K-proximity
space (W, Sy) into Y, the coarsest fuzzy K-proximity Sy which be assigned to M in order
that f be fuzzy K-proximally open is defined by bsSym if and only if there exists m* €
IW'stagSy(1—m*)and f(m*) € 1 —m, where bg = f(ag), m = f(m).

Proof: First, we must prove that Sy is a fuzzy K-proximity on M.

K1- Let bgSy(m, V m3), then there exists m* € I s.t. agSy (1 — n*) and f(n*) € 1 —
m, vV m,), where bg = f(ag), m; Vm, =1 - f(1—m) from which bsSym, and
bgSym,. follow. If bpSymy, and bgSym,. then there exists m*;, m*, € IV st
apSw(l—m*y) , apSw(l—mn*;) and f(m*;) € 1—my, f(m*;) € 1—my,, then
bgSw(1 — (m*; vV m*y)) and f(m*; Vm*,) € 1 — (my V my), that is bpSy (my V my).

K2- b8y 0 is clear for all bg.

K3- If bpSym , then there exists m* € I s.t. agSy (1 —n*) and f(m*) € 1 — m. Thus
ag ¢ (1 —m") and then bg ¢ 1 — f(m") also bg € 1 — m, this prove that by & m.

K4- If bpSym, then there exists m* € IV s.t. apSy (1 —m*) and f(n*) € 1 —m. Since
Sy satisfies condition (K4), then there exists m € I s.t. apSym and ag* Sy (1 — m*) for
all ag® €1 —m. Assume f(m) = p then bpSym , since ag*Syw(1—m*) and m* €
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fH(f(m*)) € 1 = f7*(m), then (1 — m )Syyf ~* (m) which implies (1 — f(m ))3ym i.e.
bg" Sym for all bg" € (1 — p).

Now, to show that f: (W, Sw) > (M, Sy) is fuzzy K-proximally open. Suppose that
apSwn i.e. ag < 1 —m by proposition (2.9) then there exists m* € IW s.t ag K m* < 1 —
m. Thus, azSwn* and m*Sym thatism* € 1 —m, if m = f(m) then f(m*) € 1 — m, by
assumption bsSym and this prove that f is FS-open.

It remains to show that Sy coarsest fuzzy K-proximity. Let Sy, be any fuzzy K-proximally
on Ms.t f: (W, Sw) — (M, Sy) is fuzzy K-proximally open mapping. If bﬁng, then
there exists m* € IW
st ag” Sw(1—m*") and f(m*) € 1 — m. Since f is FS-open then bB§M(1 - f(m"))
butm € 1 — f(m"), then bﬁéZMm, hence Sy < Sy.

Conclusions and future studies

The result of this paper initiated was the definition of the fuzzy K-proximity open mapping
and relationship with fuzzy K-proximity continuous. In addition, new fuzzy a K-proximity
relation was defined on the basis of this mapping. In the future it is possible to link this
mapping to the fuzzy K-proximity compact.
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Abstract

Decoding techniques are essential in coding theory due to the critical need for error
correction in noisy channels. These techniques have extensive applications in fields such
as data storage, digital broadcasting, deep space communication, and consumer
electronics. As a result, substantial research has been devoted to advancing error
correction methods

In this paper, we employ optimization strategies to decode a code C, where C is a linear
code in V,(q). This is done by designing a linear programming using the parity check
matrix of the code. This program provides the error vector of the received word in order
to get the original code word.

Keywords. Coding Theory, Parity Check Matrix, linear programs.

1. Introduction

Decoding techniques enable the detection and correction of errors that occur during the
transmission of data over noisy channels. This ensures the reliability and accuracy of the
received information. Error correction is fundamental to maintaining data integrity and
reliability in a wide range of applications, from everyday consumer electronics to advance
scientific and communication systems.

Decoding techniques enable the detection and correction of errors that occur during the
transmission of data over noisy channels. This ensures the reliability and accuracy of the
received information.

Applications of Error Correction: Data Storage, Digital Broadcasting, Deep Space
Communication, Consumer Electronics.

Usually, the parity check matrices of most codes are sparse and very large, making them
challenging to decode. In this paper, we design a a linear programming to decode any linear
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code. Linear programming is well-studied in optimization. Furthermore, there is a wide
range of software available to supply solutions for sparse and large-scale optimization
problems. One can use any of these to solve our linear program.

2. Literature Review
The issue of error correction is very popular, prompting many researchers to address the decoding
of codes. They are striving to develop faster techniques capable of decoding these codes.

The decoding method used in (Cooke. 1999) is not highly efficient but is quite simple to apply, as
it uses the encoding (generator) matrix and majority logic to determine whether a row was used in
constructing the received word. (Santi et al. 2018) and (Kamenev. 2021) provide iterative decoding
algorithms. The maximum likelihood decoder is used to correct errors in surface codes, which are
considered to be one of the leading candidates for ensuring the fault tolerance of a quantum
computer, as noted by (Delfosse et al. 2020). (Fathollahi. 2021) proposes an approach consisting
of multiple sparse recursive projection aggregations, generated by performing only a selection of
projections in each decoder. Ching et al. (2022) use the quantum approximate optimization
algorithm to solve the syndrome decoding problem.

3. Decoding:

Let C be an [n, k, d] code, it is a linear code of length n on the subspace V,,(gq) and it has
dimension k and minimum distance d, where q is the number of the channel alphabet.

Definition 1.3: The generator matrix G of an [n, k, d] code C is a k X n matrix. Its k rows
forms a basis of C “the rows of G generate C”. Hence,

C={aG : aeV(q}
See (Guruswami et al. 2022).

Definition 2.3: The parity check matrix H of an [n, k, d] code C is an (n — k) X n matrix, which
is satisfied

VceC = Hc =0.

See (Guruswami et al. 2022).

Definition 3.3: The syndrome s of the received word r in V;,(q) is defined by s = Hr™. See (Henk
et al. 1993).

1.3 The Syndrome Decoding:

A method used to detect and correct errors based on the syndrome, which is calculated
from the received data and the parity-check matrix of the code. Let s be the syndrome of
the received word r. Then



s=HrT = H(c+e)T = Hc" + HeT = 0 + HeT = HeT,

where the received word r is equal to the sum of the transmitted codeword ccc

(from the code C) and an error vector e, caused by the noisy channel. All vectors of the
form r+c with ¢ in C form the solution space of this system of linear equations. The set
{r+c: ceC} isacosetof CinV,(q).Ourgoal is to find a vector e of minimal weight
in this coset. This minimal weight vector is known as the coset leader. Once e is found, the
codeword ¢ = r-e, serves as a good maximum-likelihood estimate of the transmitted
codeword, as no other codeword has a higher probability of being the transmitted one.
Thus, r-e is indeed a codeword. See (Henk et al. 1993).

4. Use Optimization in Encoding:

In this paper, we design a 0-1 linear programming problem to compute the coset leader in
order to determine the error e.

1.4. 0-1 linear programming problem:

Let e; = 1 when there is an error of the index i of the received word, and equals zero
elsewhere. The objective function is designed to make the minimal weight in this coset as
small as possible to compute coset leader.

The program:
Min f=Xie
Subjectto H eT =s
e; € {0,1}, where i=1, ..., n
The operations of these program is done in Z/qZ.
The objective function f equals the number of the errors in the received word.
Example:

Let the binary [6, 3, 3] code C with parity check matrix

H=]0 1 0 1 0 1

100011]
001110

Let the received word be r = (1,0,1,0,0,1)
First we compute the syndrome s = Hr™ = (0,1,1)

The following linear program to calculate the error e is:
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Min f =e +e,+e3+e,+ es+eg
Subjectto e+ es+e5 =0

e,+ e, tes=1

est+ e, tes=1

e; € {0,1}, where i=1, ..., n

The solution to this linear programis e; = e, = e; = es = e, = 0and e, = 1, the
number of the errors in the received word f=1.

So the error e = (0,0, 0,1, 0, 0), then codeword willbe c =r —e =(1,0,1,1,0,1).

5. Results and Discussion:

This paper designs a linear programming problem to encode any linear code. This method
uses the syndrome code. Hence, we use the parity check matrix to identify the coset
leader, which is used to get the error vector and correct the errors in the received word
caused by the noisy channel. There are various software programs available to solve the
optimization problem. Users can use one of these to solve our designed linear program
and obtain its solution.
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The Completed Generalized Beltrami-Michell Formulation (CGBMF) for the
Thermodynamical Stress Plane State of the Hooke Body
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Abstruct
The subject of the paper is the thermodynamical stress plane state of small strains for the
thermoelastic, homogeneous and isotropic body, with neglected structure, and subjected
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to temperature field, proposed by Hooke, and shortly called (H). First, we introduce the
integrated force method (IFM) [1-4] for deriving the completed Beltrami-Michell
formulation (CBMF) for the static first stress plane state of small strains of the (H) body.
In paper, first using the variational functional of the generalized thermodynamical
integrated force method (GTDIFM),we discuss the following: 1) The completed
generalized Beltrami-Michell Formulation (CGBMF) for the thermo-dynamical stress
plane state of small strains for (H) body. Finally, we end the paper, by proposing new
open problems for future works.
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Odd Numbers and Perfect Numbers
Ibrahem Al-horany
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Abstract

In this paper, we have studied the possibility of odd integers being forms of
8k + 1,4k - 1 where K 1 are perfect numbers. in addition to highlighting a special

relationship with odd prime numbers and proving it based on the concept of perfect numbers.
We also defined Ho-numbers as special numbers and proved that these numbers can not be a
perfect numbers.

Key Words;

Perfect number, Odd number, index function, Ore-number, Ho-number.

1. Introduction

In his book principles, the Greek mathematician Euclid provided an accurate definition of the
perfect natural number. Then he proved that if the natural number 2P - 1 is prime, it generates

a perfect natural number of the form 2° (2 - 1).

Later, the Swiss Leonhat Euler proved that all perfect even natural numbers must be of the
previous form. The question of the possibility of the existence of an odd perfect natural
number has remained open until the present time, and has been the subject of study by many
mathematicians after Euler. They specified the conditions that must be met if it exists, without
arriving at a decisive answer.

2. Research aim

The research aims to study some special forms of natural numbers and the possibility of them
being perfect numbers, in addition to highlighting a special relationship with odd prime
numbers and proving it based on the concept of perfect numbers.

3. Preliminaries



Definition 1. [2] A perfect number N is a positive integer that is equal to the sum of its proper
divisors, meaning s(n) = 2n where s(n)the sum of all positive divisors of a positive

integer N .

Definition 2. [2,3] the multiplicative function h(n) = mis called the index of N . A
n

number N is perfect if and only if h(n) = 2. The number is called deficient if h(n) < 2,
and abundant if h(n) > 2.

Theorem 1. [2] If n = p2ip22 L pk is the prime factorization of n > 1, then
1 M2 k

a;+1 a,+1 a,+1
(). s() = P 1R o1 L P - 1,and
p1' 1 pz' 1 pk' 1

(@ii). t(n) = (a,+ DL (a, + 1)

Where s(n)= § d,t(n)=§ landa, 1 ¥ ;i=12K k.
d‘n d‘n

Theorem 2. [2] If n = pflp;’12 L pfk is the prime factorization of n > 1, and h(n) the
index of n > 1,then

| 16 & 9
h(n):§1+—+L+ aiLE1+i+|_+%§
Py [ Py [

Theorem 3. [2] (Euclid-Euler theorem). An even natural numberN is perfect if and only if
n=2"Y2"- 1), where 2° - 1 is prime.

Definition 3. [3,4] An Ore-number (or harmonic divisor number) is a positive integer N
whose divisors have a harmonic mean that is an integer. namely,

nt(n) .
H(n)= I¢7.
s(n)
. _tn) . .
If the number N is perfect number, then H(n) = —=1 ¢ ™.

2



Theorem 4. [2,3] the number n = pX g' where p, q distinct prime numbers and K, I T ¥, is

not a perfect number.

Theorem 5. [2,3] for any perfect number, even or odd, the number of all positive integer
divisors is even.

Theorem 6. [1,2] (Euler) If N is an odd perfect number, then
n =g 2L p?k ;q° Ymod4)
where the 0, P, K, P, are distinct odd primes.

Theorem 7. [5] (Touchard) An odd perfect number N is of the form N = 12m + 1 or
n=36m+9.

Theorem 8. [3] No perfect number N can be of the form 6k —1.

4. discussion and main results
Theorem 9. there is no odd number from the form n = 4k - 1can be a perfect number.

Proof. We denote that n © - 1 or 3(mod 4), also we have

2n° 2or - 2(mod4).

= n, so we have

Ql|-|-|o:

ah
assume that d divisor to N, namely d EE

a6
dé—=° - 1lor 3 (mod4
: (mou

ISEERIe

in the first case either d ° - 1(mod 4) and % ° 1(mod 4) or by contract. thus,

d+ %° 0(mod 4) , then we have

=° 0(mod 4)

(=

X
s()- 4

d‘n

o>
S



then the number N is not a perfect number because s(n) = 2n © 2or - 2(mod 4) . inthe

6 o]
second case when d E%g" 3(mod 4) we have d ° 1(mod 4) and grdlg" 3(mod 4) or
[ g

by contract. thus, n + g ° 0(mod 4), and also we have in this case S(n) © 0(mod 4)
then the number N is not a perfect in this case.

Remark 1. We know that the numbers from the forms 3k - 1,6k - 1can not be a perfect

numbers [1,5], and the numbers of form 4k - 1. But we can not say that all numbers of the
formn = ak - 1 where@ > 2,k * Lisnota perfect numbers, because if we assume a = 7
, then we will have 7.71- 1= 496 and this number is a perfect number.

Also, the odd numbers of the form n = 4k + 1,it is possible to be a perfect numbers [2]. In
special case, we present in the following theorem, the satisfy condition to be the numbers of
the form n = 8k + 1, perfect numbers.

Theorem 10. suppose that the odd number N have the form N = 8k + 1 where k* 1.
Moreover, assume that t (n) is even positive integer. then it is possible for the number N to

be perfect if t (n) < Oor 4(mod 8).

Proof. We denote that n © 1 or - 7 (mod 8), alsowe have 2n ° 2 or - 6(mod 8).

& o
assume that d divisorto N ,i.e., d gd—§= n , so we have
[%]
5
dgl? lor - 7 (mod38)
dg

Taking into account all possible possibilities for divisors d , % we find

d+ %" Oor 2or 4or 6(mod 8)

Therefore,



X nQ
+ —=° 0Oor 2or 4or 6(mod 8)
d‘n dﬁ

s(n)=§

Thisistrueif t (n) takes one of two forms t (n) = 2 (4q + 1) ort(n) = 2(4q + 3) where

g * 0. This means that it is possible for the number N to be perfect in this case. But in the
case of t (n) = 4qwhere §° 1, we have

=° 0or 4(mod 8)

o |5
SRS

. &
s(n)=a gd +

d‘n
Hence, we find that the number N is not a perfect number in the case of t (n) = 4q .

Corollary 1. Assume that p* 3,a* 5b3 7 and n = pab isan odd integer Then the

number N is not a perfect number where p < a < b prime numbers.

Proof. Let us assume, for the sake of argument, that the number N is perfect, so we have

2 Qo
Q|
1
N

‘n
we have the divisors of the number N are {L p,a,b, pa, pb,ab, pab}, therefore

1+£+1+l+i+i+i+i=2

p a b pa pb ab“ pab
&ab+pb+pat+ta+b+p+19 2p-1

pab p

b

S]]

P pab+pb+pat+ta+b+p+1l=(2p- Dab
P  2pab- pab- pb- pa- p=a+b+1+ab
_a+b+1+ab
~ab-a-b-1

But the number p is written in the form



_ @+1)f+1)

{2+ )b+ 1)- 1k 2a+b)

@+ 1)+ 1)+ 2a+h)- 2@a+b)+1- 1
) )6+ 1 2

B ga+ Db+ 1)- 1- 2a+ b)ji+ 1+ 2(a + b)
B ga+ Db+ 1)- 1- 2@+ b)% 1

if we assume that x = ga +1)o+1)- 1- 2@+ b)g and B = 2(a + b), we have

_x+1 B
+

x-1 x-1

Xx+1

itis clear that 1 I ¢, the previous relationship tells us that the numbe p could be an

non integer number, which we see clearly for @ = 50 = 7, so we get the value
p = 2.1818181818 and this contradicts the assumption that the number p is always a
prime number. We also note that P < 3 because

=a+b+l+ab
ab- a- b-1
_at b+ 1+ab+ (ab- a- b- 1)- (@ab- a- b- 1)
ab- a- b-1
2+ 2a b
= +

+
ab- @+b+1) ab- (@a+b+1

Andsince ab- a- b- 1> 2+ 2a andab- a- b- 1> 2o fora® Sandb® 7 it

follows that,
_ 2+ 2a 20
p=1+ +
ab- @+b+1) ab- (@a+b+1
<1+ 2+2a+@=1+1+1= 3

2+ 2a



This contradicts the assumption that P * 3 is an odd prime number, and hence the number
N is not a perfect number.

Theorem 11. Assume that n = p p,p, L P, isan odd integer number where D 3 3isa

prime number and p, p,,L , p, distinct odd prime numbers greater than p . then the
number N is a perfect odd number if p satisfies the relationship,

X
p= o O +9=—-=0n
20p,- O+ D) P o

i=1 i=1

Proof. since N = p p,p, L P, and p,, p,, L , p, distinct odd prime numbers greater than p
, then the divisors of the number N is

{Lp.pypyK PP, L PP PP, L P
if we assume for the sake of argument that the number N is perfect, then the sum of these
divisors mustbe 2p p,p, L p, ,ie,
1+p+p+p,+L +pp,+L +ppp,+L
+p,p,L p.+ppp,L P =2ppp,L P

then we find

(1+p,+L +p +pp,+L +pp,L p,)
+p(1+ p1+|— + pk+ p1p2+|— + p1p3|— pk_ plsz pk)= 0

- (1+ p1+L + pk+ p1p2+L + plsz pk)
(1+ p1+|— + pk+ p1p2+|— + p1p3L pk- plsz pk)

P p=

since,



X
O(p| + 1): (p1+ 1)(p2+ 1)'— (pk + 1)
i=1
=(l+p+L +p +pp,+L+pp,Lop +pp,Lop)

k
And O p; = p,p,L P, , then we have
i=1

I3 I3
O@Mm+D-20p =, +(p,+ YL (p, + - 2p,p,L p,
i=1

i=1
=(1+p+L +pp,Lp-2pp,Lp)
= (1+ p1+L - plpgl— pk)

Hence,
J3 J3
-(_)(p.+1) (_)(p +1)
PE T K &
C_)(p+1) 2Olo O (_)p+1)
Or

k

=0,

1+p1

3 3 3
200p,=1+pO®m,+y) P O
i=1 i=1 i=1

Result 1. We know from theorem 6 that any odd perfect number N have the form
n= q“a“pf"’11 L p:ak and since N in theorem 11 have the form n = p p,p, L p, where

p* 3 isaprime number and p,, P, L , p, distinct odd prime numbers greater than p , then
the number N is not a perfect odd number. Therefore, we conclude that any odd prime number
pj cannot be written in the form

k
O(p+1)
'

b= &
O Op+1)
| |



Or

When k ® ¥ .

We know from theorem 4 that if the number N has the form n = p*q'where p,q

distinct prime numbers then the number N cannot be a perfect number. Also, the number
i

n=0 p "where P, * 17distinct prime numbers and "a, I ¥ cannot be a perfect
i=1

number because

s(n) ae17_M

é = 1.948131757< 2
n 16@

but what is the large number we can take it from the distinct prime numbers p; greater or
equal to fixed prime number p , such that N is not a perfect number. for this, we present the
following definition and theorem.

Definition 4. we define the function x(p) : P —— [:L +oo[ as following

X(p) = M

If we assume that P; are distinct prime numbers and p = min{p,}, then we called the
I

9 R

number n = () P Ho-number. Where k < [x(p)—|, "a; I ¥ andP the setof all prime
i=1

numbers, (x(p)—‘ the ceiling function ofx(p) .



Theorem 12. Ho-numbers is not a perfect numbers.

Proof. we have,

S 0 = [o]
ngl+i+|_+i3_§1+i+|_+i;
n Py PG Py Pk 5
£—11L—11
1- = 1- —
P, Py
.k x(p)
X 0 X (0]
gt L _FPEEPE
L1 1 Ep-15 Ep- 15
1444842 444483
k once

Result 2. If we assume that p, is the smallest prime number within the standard form of the
number N, which is written in the form n = g*™**p?* L p® ; q° 1(mod 4). Then,
the number N can be a perfect odd number if the number of prime numbers P, plus g

greater than or equal to ’_x(pl)-l .

Remark 2.

Let the odd number N , as Ho-number, then

k
(i). if we denote to Ho-number by Ho(p, k):l_[pf’i , then for any prime number
i=1

p =min{p,} orany k < ’_x(p)-‘ , we have an infinitely many odd deficient numbers.
1

(ii). it cannot be certain that the number N is not an Ore-number whatever it is N . This is

consistent with Ore’s conjecture, which states that a number that has an integer harmonic

mean of its divisors must be an even number.

. . nt(n). ., .

(iii). If we assume that the number N is an Ore-number, i.e., H(n) = T I ¢7 . then,it
s(n

t(n)

will be H(n) > > according to the definition of the Ho-number.
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Abstract:

In this paper we discuss the kinetic elements of the material neutrosophic plane material point,
according to the neutrosophic logic, this is parallel to improve this logic to other science
domains. Finally, we end paper by suggesting some problems for discussing.

1.Introduction

Many theoretical and practical science are improved from the classical to neutrosophic logic;
for example: the statistics; the probability; biology and other. In 2023 the neutrosophic logic
was extend to include the geometrical sense [3,5,6,7]; that allow to study the geometrical point
and to generalize the geometrical point to the material one [14]. In [14]; the position, velocity
and acceleration vectors of the material point were discussed for the plane motion of the
material point in the neutrosophic plane

2. Materials and Methods (proposed work with more details)

The aim and importance of paper:

The aim of this paper is to generalize the kinetic elements of the material point in its plane
movement from the classical to the neutrosophic logic; this include the momentum vector; the
kinetic energy; and the vector of momentum moment; all in the neutrosophic logic science.
The results of the paper can may have importance in the future.
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We will use method that is a generalization of the method used in [14], which depends on the
geometric ideas of neutrosophic straight line, plane, space,and the isometric transform [10],
in addition to the mechanical idea of the position vector, the velocity vector, the acceleration
vector, and mass and time in the neutrosophic logic, all in the plane motion of the material
point [14].

3. Discussing Results

For the requirements of this paper, in the following we shortly introduce some necessary
results published in this domain [14].

3.1. The Neutrosopic Real Numbers [1] :

The neutrosopic number is define by:(W=a + b I) , where a, b are classical real number and
I is undefiant element, and:
0l =0, I"=1 Forexample:w=1+2landw=3=3+01.

3.2. The Deviation of Tow Neutrosopic Numbers [1] :
If W, =a; + byl and W, = a, + b,1, then we have:

wi aq + bll aq a2b1 - a1b2
w2 a, + bzl a, a, (az + bz)
3.3.The Neutrosopic Field [2] :
Let K is a classical field. The corresponding neutrosopic field is:
K()=<KUl >
3.4. The neutrosophic real number field [2,4]:
The neutrosopic real number field R([) is defined by:
R(I)={a+bl;a,b € R} .
We say that [8] a+b<c+dl if and only if
a<c,a+b<c+d
3.5 .The neutrosophic real plane R?(I) [6,7] :
R*()={ (a+bl,c+dl): a,b,c,d €ER}
3.6.The isometry transform from R? to R X R [10]:

T: RZ(I) - RXR; T(a+bl,c+dl)=[(ac)(a+bc+d)]

3.7.The neutrosophic function for X = x; + x, [11]:
Takes the form:

FX) = f(x1+x20) = f(x1) +I[f(x1 + x2) — f(x1)]

3.8.The neutrosophic position vector [14]:
Let M(X =xt1x, Y=y, + Iyz) is a neutrosophic geometrical point. The position
vector in definition has the form: OM = XT + Yf, where: fandfare neutrosophic unit

vectors, which have the forms: r=r1+| iy, J= Ji+17;, in which i i, and j,J, are




a classical unit vectors.

3.9. Theorem [14]:
The Neutrosophic position vector is equivalent to the tow classical position vectors:
OM; =X i +¥; Jy » OMy = (% +%,) (b +1,)+ (Y3 +Y,) (i + Ip) -
3.10. The definition of Neutrosophic vector [14]:

The neutrosophic vector is defined as U = U, + U,1 ,whereU,, U, are a classical
vectors.

3.11.The derivation of the vector U in definition is [14]:
U=U,+1[U,+U,)-Ul]

3.12. The neutrosophic material point [14]:
The Neutrosophic material point in definition is an geometrical neutrosophic point
M(X =x, +1x; Y =y; + Iy,) supplied with a neutrosophic mass M=m, + I' m, and time
t=t +It,.

3.13.Theorem [14]:
The material neutrosophic point M(X =x;+1x Y=y, + Iyz) is equivalent to the tow

classical material points: M, (X, ;) with mass m, and time t;, M,(X, +X,,Y, +Y,) with the

mass m, + m, and time t; + ¢,.
Now, we will discuss the results of this paper consisting in the Kinetic elements of the material
point in its plane motion, from the view of the neutrosophic logic.

3.14. The kinetic elements of the material point in its plane motion, from the view of the
neutrosophic logic.

3.14.a. The Neutrosophic momentum vector of the material point in definition has the
form:

P=mV
Now, suppose that: P = Py +IP, = Pyl + Pyj

where P4, P, are the classical momentum’s vectors and:

Py =P 1P

R =R, +IP,



Then, we have the following conclusion.

Conclusionl:
The Neutrosophic momentum vector Pis equivalent the two classical momentum vectors:
Py =m,V; for My(x1,¥1),

and P, = (my +mz)(Vy + V) for My(x; +x2, 1 + ¥2)

Proof:
We have
BP=mV = (my +Im)(V, + IV,)
= m171) + I[mzvf +(my + mz)vz)] '
Finally: P=P +IP, = miV, + I[mz_V: + (my + mz)Vz’],

Now, according to the isometric transform:
T:R%2(I) - R2 x R?
we have:
T(P) =T {myV; + I[myVy + (my +mp)V |} =
= [m171>' (my +my) (V; + V;)]

Hence, we arrive to the fact that the neutrosophic momentum vector P is equivalent to the
tow classical momentum vectors:

E) = m1v1) for M (x1,y1)
Fz) =(m + mz)(]_/’l + '72) for My (x1 + x2,y1 +¥2)
3.14.b. The Neutrosophic kinetic energy of the Neutrosophic material point:
Let M(X =x,+Ix, Y=y + Iyz) a neutrosophic material point of neutrosophic mass

M=m, + | M, and neutrosophic timet =1, + 1, and of neutrosophic velocity vector

V =V, + 1V, [2].Then the neutrosophic kinetic energy of this of this neutrosophic point in
definition:

T:T1+IT2:%mV2



where V2=V .V ,and T, , T, are classical kinetic energies.

Conclusion 2:

The neutrosophic kinetic energy T is equivalent to two classical Kinetic energies:

The first: T, =%m1\7§for the classical material point M;(x;,y;) of mass m; and classical

velocity ¥; and time ¢, ; the second: T, :%(m1+m2) (V, +V,)? for the classical material

point My (x; + x,,y1 +y,) of mass (m; + m;) and time (t; +t,) and classical velocity
(Vy + V).

Proof:
we have:

T:T1+IT2:%m\72:%(m1+lmz)(\71+l\72)2:
=%(ml+lm2) [VZ+1 (V2 +2V,.V,)]=
:%[ M2 4 1 m, (V2 +2 Vo V) + 1 m, V2 4+ 1 m, (V2 42V V) ]
=%{ m, V2 + 1[m, V2 +(m,+m,) (V2 +2V,.V,)]}

Hence, according to the isometric transform:
T:R(I) >R XR

defined as:
1 - - - -
TM=TG LMW + 1M,V +(my+m,) (V7 +2 V.. V5)1 1) =
1 5 1 . I
=[ 5 mVi* 5 (my+m,) (V7 +V5 2V, V) |
1 5 1 PR
=[ 3 m, V", 5 (m+my) (v, +,)° ]
we arrive to the proof:
1 -
T =5 m, V§



1 .
T, =5 (my+m,) (V; +V,)?

For the requirements of the following subsection, we need to generalized the following idea
from classical to neutrosophic logic.

3.14.b.1.The vectorial product in neutrosophic sense:

Let U=U,+1U,=AT+BJ+CK, W=W,+IW,=XT+YJ+ZK two neutrosophic
vectors from %3(1), where U, U, ,W, W, are vectors from %% , and A=a,+1a,,
B=b,+1b, C=c,+1c,, X =x,+1%x,, Y=y, +1y,,Z=2,+12,from R(I),
I'=i,+I7,,J=],+1], K=K, +1K,are orthonormal neutrosophic cartesian base of
%3(1) . Then the neutrosophic vector product of the vectors U ,W in definition:

J
UAW =P+1Q = U, AW, +1 (U, AW, +U, AW, +U, AW,)=|A B
X Y

N O X

Conclusion 3:
The neutrosophic vector product U A W is equivalent to two classical vector products:
hod ok
U, AW, =|a, b, c,|, inclassical space R>with classical base (iy, j;.k;),
X Y1 4
L, T+, Kok,
U, +U,) A (W, +W,) =[a, +a, b, +b, ¢, +c,|, in classical space R3with classical
Xp+X, Y +Y, Z,+17,
base (i, +1,, Jy + 1, . Ky +K,) .
Proof.
Evaluating the above determinate, we have:
UAW=P+1Q=[(b,+1b,)(z,+12,)—(c,+1¢,) (y, +1y,)] (i, +1i,)+
+[c,+1c,) (% +1x,)—(a,+1a,) (z,+12,)] (G, +1],)+

+[(a,+12,) (Y, +1y,) = (b, +1b,) (%, +1%,)] (K +1K,)



or

UAW =(bz,—C, y,) i+ (C% —a,2,) T, +(a,y; —by x;) K, +
+1{(b,z, —¢, ;) T+ (€ —a,2,) T, + @,y —by %) K, +
+[(0,z, +b,z, +b,2,) = (C; Y, +Cp Yy +Cy V) (13 +1,) +
+[(C X, +Cy X +C, X,) = (8,2, +@, 2, +8, 2,)] (J1+ 1,) +
+ (@Y, +8,Y;+@, Y,) — (b X, +by X +b, X,)] (K +K,) 3,
Now, according to the isometric transform:
T:R3(I) > R®*xR®
after several calculus operations, we have:
TUAW)={(b,z,—¢, y;) i;+(c,x, —a, 2,) I, +(a,y; —by %) ki,
[(b,+b,) (2, +2,) ~(c, +€) (v, +Y,) 1 (i +1,) +
[(c,+c,) (X, +X,)—(a, +a,)(z, +2,)1(J,+ 1,) +
[(a +a,) (yy +y.) = (0, +b) (x, + %) 1 (K, +k,) 3,

or

[ P B AP PO P PR PR
TUAW)=(la, b, ¢, |a,+a, b+b, ¢ +¢,|),

Xy Y1 Zy| [(Xgt+Xy, Y t+Y, Z,+1Z,

s0, we arrive to the proof that the neutrosophic vector product U A W is equivalent to two
classical vector products:

Wk
U AW, =|a, b, c,|, inclassical space %> with classical base (iy, j;.k,),

X Y1 4y



i+, Ji+1, K +k,

U, +U,) A (W, +W,) =a, +a, b, +b, c,+C,|, in classical space R>with classical
X FXy Yo+, Z,+2,
base (i, +1, , J; + 1, K, +K,).

3.14.c. The neutrosophic momentum moment vector of the neutrosophic material point in
its neutrosophic plane motion:

Let M (x; + Ix,,y; + Iy,) aneutrosophic plane material point of mass m = my + Im,
and time ¢ = t, + t, and vector position #= OM = #,+I #, = XI + Y] and velocity vector

V=V,+1V,=XI+Y] and momentum P =P,+IP, =mV =m(X [ +Y]) (where
X and Y denot the neutrosophic time derivitave of X and Y , respectivily [2]).
Then, the momentum moment vector of the planer point M with respect to neutrosophic origin
O, in definition is:

Go=Go +168) =T AP

where: %), 53 are classical momentum moment vectors with respect to the classical origins

0,, 0, respectively, and T is the neutrosophic position vector of the neutron-sophic
material point M.
Conclusion 4:

In neutrosophic cartesian coordinate system, for the neutrosophic plane material point
M(X =x; +Ix;,Y =y, +1y,) of massm = m; + I m,, we have:

I J K
Go =60 +168)=F AP=| X Y 0]=m(XY-XY)K
mX mY 0

Conclusion 5:
The neutrosophic momentum moment vector &, is equivalent to two classical momentum
moment vectors;
the first one is:

iy ok
&%i:fi/\1= X Vi O|=my(¢ V=X y) kg, where =X+, and
mX% my, 0

P, =m,V, =my (X, T, +Y;) in classical space %t>with classical base (i;, ;.K,),



the second one is:

i+, h+] ki +k;
5-%)1=F2/\ﬁ2= X+ X, i+ Y, 0
(my+my) (X +%X,)  (mp+my,) (Y, +Y,) 0

=(Mmy+my) [ (% +%) (Y1 +Y2) = (R +X5) (Y +Y,) ] ('21 +E2)

where

By =04 +%) (i +1,)+ (% +Y) (3 + 1),
By = (my+m,) (V; +V5) = (M +m,) [ (% +%) (i +1) + (% +¥,) (L + 1)1, in - classical
space R with classical base (i, +1,, J, + I, K, +K,) .
Proof.
The proof depends on the definition of neutrosophic vector product and conclusion 4 and the

definition of the neutrosophic momentum moment vector for the planer neutrosophic material
point M , taking into account that in this case we have:

A =%,8=X,b=y,b=y,,¢=c=0,x=mX%,y=my,z=0,

and®

° We have:
X=mX=(m +1m,) (X, +1%,)=m, X +I[m,% +(m+m,)%,],

Y=mY=(m, +Im,)(y,+1y,)=my, +1[m,y, +(m+m,)y,],

Z=0=0+10

A
AR=l X Y Ol=mi(x ¥y —% V) |21 , in classical space %3 with
mx my 0

]

=) _
0o, =

ial)
-

classical base (i} L,Rl) , the second one is:



Xo =M% +(M +my) X, , Y, =m,y,+(m,+m,)y, ,z,=0,

hence
X+ X =My +m,) (X +X,), Yy +Y, =M +m,) (Y, +VY,) ,2,+2,=0,

50, the neutrosophic momentum moment vector G is equivalent to two classical momentum
moment vectors;

the first one is:

i+, L+ k, +k,
6'%)1:?2/\|32: % X ity 0
(m,+m,) (%, +%,) (My+m,) (Y,+Y,) 0

=(Mp+my) [ (% +%) (V1 +Y,) (R + %) (Y1 +Y2) ] (IZ1 + Izz) )
in classical space %3 with classical base (71 + i} ) Tl + L ) lzl + |ZZ) , and the proof is completed.

3.14.d. Conclusions and suggestions:

1) Conclusions: In paper we discuss the neutrosophic kinetic elements of the neutrosophic
planer material point.

1) Suggestions: We suggest the following problems for discussing: g
- Discussing the neutrosophic kinematics elements of the neutrosophic planer material point.

- Discussing the neutrosophic kinetic and kinematics elements of the neutrosophic 3D
material point.

- Discussing the neutrosophic dynamic Newton lows of the neutrosophic 3D material point.
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Acquiring Topological and Geometric Concepts among

First Grade Students Using Cognitive Apprenticeship
Dr. Fatema Al-Alyan
Abstract:

The aim of the research was to identify the effect of using cognitive apprenticeship in
developing topological and geometric concepts among first-grade students. The quasi-
experimental approach was used by teaching the two units (Solids, geometric shapes,
congruence) in mathematics for the first grade for the second semester. The two research
groups consisted of (37) male and female students for the experimental group, and (36) male
and female students for the control group. To achieve the objectives of the research, two tests
of topological concepts and geometric concepts were prepared, as well as a teacher's guide for
the two units according to the cognitive apprenticeship strategy. The results of the research
proved the positive impact of using the cognitive apprenticeship strategy in developing
topological and geometric concepts among first grade students, and the existence of a
significant impact as the value of the effect size exceeded (0.8). Accordingly, the researcher
presented a set of recommendations and proposals, the most important of which was to focus
on developing metacognitive thinking among students through teaching mathematics through
teachers using cognitive apprenticeship, and conducting a study on the relationship between
topological and geometric concepts and creative thinking among students, and obstacles to
using cognitive apprenticeship with children.

- Keywords: Cognitive Apprenticeship, Topological Concepts, Geometric Concepts ,First
Grade Students.
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Mathematical Logic and its Relationship to Academic
Achievement in the Subjects of Topology and Geometric
Concepts among Students of the mathematics Departments and a
Class Teacher

Dr. Fatema Al-Alyan (Damascus University- Syria)
Dr. Reyad Al-Hamido (Al-Forat University- Syria)
Abstract:

The aim of the research was to identify the relationship between mathematical logic and
academic achievement in the subject of topology for students of the mathematics division of
the second year, and the subject of geometric concepts for students of the department and
the class teacher of the second year, in addition to determining the differences in the degree
of their possession of mathematical logic according to the variables of gender (females,
males) and university specialization (mathematics, class teacher). The research was limited
to a sample of students from the Faculties of Science and Education at Al-Furat University
for the academic year (2023-2024 AD), where a purposive sample was selected with a final
number of 127) male and female students. In order to achieve the aim of the research, the
researchers prepared a mathematical logic test for students, and relied on the grades obtained
by students in the topology and geometric concepts exams. After ensuring the validity and
reliability of the tools, the students' answers were converted into grades for the purpose of
statistical processing using the statistical package (spss) and the use of available statistical
means. The results showed that there is a statistically significant relationship between
mathematical logic and academic achievement in both the topology subject for mathematics
division students and the geometric concepts subject for department students and class
teacher, in addition to the absence of statistically significant differences in the degree of their
possession of mathematical logic according to the variables of gender (females, males) and
university specialization (mathematics, class teacher). In light of this, the researchers
developed a set of conclusions, recommendations and proposals that would support the
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current research and provide prospects for other future studies, the most prominent of which
were cconducting training programs and courses to develop students’ mathematical logic
- Keywords: Mathematical Logic, Academic Achievement, Topology, Geometric Concepts.
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Convert any square numerical matrix to an MARKOV
matrix with modulo n

Dr. Mohammad Nur Shamma
Department of Basic Sciences - Faculty of Mechanical and Electrical Engineering -
Damascus University
Dr. Khalil Yahya
Department of Mathematics - Faculty of Science - Damascus University

Summary
The research is a special transition from a square numerical matrix of rank k to SM, i.e.

a Markov matrix with the initial modulo n using the diagonal transformation matrix
resulting from a special ray resulting from the given matrix, to be used in engineering




applications as well as information preservation, relying on a computer program to give
quick results and great.

key words:

Shamma transformation matrix, MARKOV (n-primary Markov) matrix, plaintext,
multiplicative inverse of modulo n-number, diagonal transformation matrix, inverse
diagonal transformation matrix.
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Abstract:
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transform FHET and its inverse transform IFHET. Also, the most important property of
FHET was concluded and proved, which is called the finite Hankel — Elzaki transforms of



https://www.routledge.com/search?author=Richard%20E.%20Klima
https://www.routledge.com/search?author=Neil%20P.%20Sigmon
https://www.routledge.com/search?author=Neil%20Sigmon
mailto:roqiardwan1993@gmail.com
mailto:Amer09656@gmail.com
https://orcid.org/0000-0003-0895-0185
https://orcid.org/0000-0001-7578-0660
https://orcid.org/0000-0001-7578-0660

ddac @iigil Jgatl olall soidoll
Jlads cuab adeiollg didiyell oLyl dac o)

WRYgisUIg olall padil J2i g0 LUy Siily glagUl
2024 <1 5-4 650U
\_ dyygaus - Guiuos )

the Bessel differential operator property, this property was discussed for two different
boundary conditions, Dirichlet and Robin. Where the importance of this property is shown
by solving axisymmetric partial differential equations and transitioning to an algebraic
equation directly. Also, the joint Finite Hankel-Elzaki transform method was applied in
solving a mathematical-physical problem, which is the Hotdog Problem. A steady state
which does not depend on time was discussed for each obtained general solution, i.e. in the
boiling and cooling states. To clarify the idea of temperature rise and fall over the time
domain given in the problem, some figures were drawn manually using Microsoft
PowerPoint. The obtained results confirm that the proposed transform technique is efficient,
accurate, and fast in solving axisymmetric partial differential equations.

Keywords: Bessel differential operator, Boiling, Cooling, Elzaki transform, Finite Hankel
transform, Hotdog, joint zero-order Finite Hankel - Elzaki transform, Partial Differential
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Abstract

In this new work, we study for the first time in the world the notion of temporal supra and
infra topology and present several important characteristics. Also, we generalize the
temporal topological space to temporal infra topological space and temporal supra
topological space. Moreover, we prove some remarks, theorems on temporal supra and
infra topology. In addition, we will present the basic definitions related to temporal supra



https://doi.org/10.47959/AJET.2021.1.1.8
http://dx.doi.org/10.1088/1742-6596/1913/1/012147

e @il Jgatl olall soidgoll
Jlads cuab adeiollg didiyell oLyl dac o)

29l gisiJig olall padil J21 0 ILaaUL dily glasUl

2024 <1 5-4 650U
dyygaus - Guiuos

topological space and temporal infra topological space such as interior and closer in this
new tow temporal topological spaces. This new spaces may have many more applications

in the theoretical and applied science than classical topological space.
1.Introduction

A. Mhemdia et al. [1] defined a new class of topological space by using temporal
topology, which named temporal topological spaces.

As a generalization of topological space, the supra topological space was introduced by
A.S. Mashhour et al. [2]1983. For more information about supra topological space see [6-
3]. Also, as another generalization of the topological space, Adel. M. AL-Odhari [7]
defined infra topological space. The final space inspired researchers to work on
generalizing it, as R.K.Al-Hamido [8] generalized it to the infra bi-topological space. But
the important generalization is the one made by the researchers G. Jayaparthasarathy, et
al. where they introduced the concept of neutrosophic supra topological space [9] in 2019,
by using the neutrosophic sets.

In the first section of the paper, we mentioned some concepts about temporal topological
space. Then, in the second chapter, we defined temporal infra topological space, and
studied its basic properties, and defined new types of sets such that temporal infra open
(closed) set and quasi temporal infra open (closed) set. We then examined the
relationships between these sets. We also studied its basic characteristics.

In the third section we prepared temporal supra topological space, and studied its basic
properties, and defined new types of sets such that temporal supra open (closed) set and
quasi temporal supra open (closed) set. We then examined the relationships between these
sets. We also studied its basic characteristics.

In the fourth section we defined new patterns of interior and closure in these two new
spaces. We also studied their characteristics.

This new spaces ( temporal supra topological spaces and temporal infra topological
spaces ) is likely to contribute to solving many theoretical and applied issues. For
example, it may contribute to defining new types of open and closed sets, functions, new
separation axioms, etc., in addition to developing the decision-making process and many
applied matters. Others, such as developing the construction
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A study in analysis matrices into the product of special

matrices
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Abstract

In this research, we conducted a study on matrices and matrix analysis and mentioned the
basic definitions necessary for that .

He talked about most of the scientists and researchers who studied matrices and matrix
analysis, and we documented each researcher’s method. We also mentioned the
advantages and disadvantages of each method during the previous periods, and finally we
compared QR analysis and LU analysis.
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APPLYING A LINEAR TRANSFORM TO THE LORENZ
4D SYSTEM

Abstract
Linear transformations are mathematical operations used to transform and change the shape and
mathematical properties of mathematical objects or systems. Linear transformations are used in
a variety of fields including mathematics, physics, engineering, and computer science.
In this research, we will derive general deferential equations which can be used in practice to
calculate the largest Lyapunov exponent for an n-dimensional dynamical system.
The dynamic Lorenz 4d system has been studied as an example.
Keywords: dynamic system, Lyapunov exponent, differential equations, transformation liner.
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Melas inequality on Heisenberg group
Abstract

In this work we introduce the Heisenberg group which is the most well known
example from the realm of nilpotent Lie groups, and plays an important role in
several branches of mathematics, such as representation theory, partial
differential equations and number theory... It also offers the greatest opportunity
for generalizing the remarkable results of Euclidean harmonic analysis. We also
study Riesz means of the eigenvalues of the Heisenberg Laplacian subject to
Dirichlet boundary conditions on bounded domains of the first Heisenberg group
H. we obtain an inequality with a sharp leading term and an additional lower
order term.

Key Words:

Heisenberg  group,  Heisenberg  Laplacian, Riesz  means, eigenvalues,
Carnot_Carathéodary metric.
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Study the properties of the internal keys in the Pythagorean circuit and their use
in encryption

Prof. Abdulbasit Alkhatib Prof. Mohammad Nour Shamma

Department of Mathematics Department of Fundamental Sciences
Faculty of Sciences Faculty of Mechanical & Electrical Eng.
Al-Baath University University of Damascus

Abstract

This research presents the mechanism of generating correct points on a Pythagorean circle
in addition to the calculation the number of these points and employing them in data
decryption processes when transferring these points amongst users via insecure networks.
The currently-used method depends on elliptic curves which are difficult and complex in
comparison to the use of Pythagorean circles due to its features« which help reduce the
cost and time of Encryption Algorithm (Computational Complexity).




Finally« it used a modern programming MATLAB to write a computer program in order
to reach quick and effective results .

Keywords:Pythagorean numbers, Pythagorean Circle, Correct Points, Pythagorean
Triple (PT), Prime Pythagorean Triple (PPT), Basic Prime Pythagorean Triple (BPPT),
Elliptic Curve, Symmetric Product, Plain text, Cipher Text, Encryption, Decryption, Key
Point.
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Dynamical Behavior of an Ecological System with Diverse Functional
Response

Saba Noori Majeed?!

1Department of Computer, College of Education for Women ,University of Baghdad, Baghdad, Iraq

Abstract

The dynamical behavior of an ecological system is suggested and discussed in a model
consist of two predators-one prey with diverse functional response, the first predator
functional response is Beddington —De Angelis, while the second predator functional
response is Holling type Il, mathematical features have been studied thoroughly, the
system have local and global stability when especial conditions are satisfied had been
proved respectively, the system has no saddle node bifurcation but transcritical
bifurcation and Pitchfork bifurcation are satisfied while Hopf bifurcation does not occur.
Additionally, numerical illustrations are performed finally in order to set the applicability
of the model under consideration.

1.Introduction

In most biological societies, we find that Prey can be intercepted by more than one
predator terms of species, there is a predator that depends on attaining the prey by
searching alone or following the method of pack hunting of the prey with its peers of the
same type and probably storing the remains of the prey to hoard food for another time,
and those different predator societies there is a rivalry among them to obtain food (prey)
and one of those predators maybe subjected to annihilation by the other kind. Lotka—
Volterra [1,2] model is the classical description interact between species which
incorporate logistic growth for a prey population and the predator population. (Functional
response formulates the feeding rate per predator on the prey population). Lotka—\Volterra
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model was the key portion for researchers to investigate the kinetics of the model in a
more realistic way population’s functional response. Holling-type functional response
describes the predation speed within a regular range, it is classified into three types
Holling's type I,11 and 111, see [3-9]. The functional response of Beddington-DeAngelis
is similar to the Holling type-II functional response but it contains a term describing the
mutual interference of predators. see [10-13]. In this research, we will study the dynamic
of an ecological system connect three species combined with environmental conditions
compatible despite qualitative differences through, this system consist of one prey and
two varying types of predators behave in diverse functional response. The first predator
functional response is Beddington —De Angelis ,while the second predator’s functional
response is Holling type Il. An analytical study includes local and global stability of the
dynamical system had been introduced, also the bifurcation analysis for certain
equilibrium points explained. According to above the resulting system was packed with
parameters, which reduced using dimensionless technique to simplify the study while
preserving carefully the mathematical properties studied. A numerical demonstration is
illustrated with the help of MATLAB.

2. Mathematical Model
In this section a Beddington—-De Angelis and Holling type Il prey-predator model
considered is based on the( two predator- one prey ):

dxy _ X1\ vxixp  Bxaxs

dt x1+k a+xq,+b1x, 1+byx3

dx; C1YX1X2

— = —0x, + ———————dx,x 2.1
dt 1+2 a+x1+byix, 14243 ( )
dxs C2Bx1x3

— = —0x3 + —dyx,x

ar 273 T 1 ibyxs 27273

It is considered that the first and second predator species, respectively are compotation
for food and other essential resources such as shelter and water sources.
Where

i.  x,(t) = xq isthe prey population size at time t .

ii.  x3(t) = x5, x3(t) = x3, are the population size of the first and second predator
species at time t ,the prey grows logistically in the absence of the predator, in the
same way that the predator declines directly in the absence of the prey.

iii.  r,k arerespectively the growth rate and the environmental carrying capacity of the
prey species.

iv. dq,d, are the predator death rates.

V. &y, 0, are the rates at which the growth rate of the first predator is annihilated by
the second predator and vice versa.

Vi. ¢y, c, are the conversion factor denoting the number of newly born of the first and
second predator for each captured prey species respectively (0 <c¢; , ¢, <1).

vii. B,y are the maximum number of the prey that can be eaten by the first and second

predator per unit time respectively, % is the half saturation rate of the first predator.
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viii. by, b, measure the coefficients of their mutual interference among the first and
second predator respectively.
ix. The term —£2%2_ s the Beddington —De Angelis functional response of the first
a+x1+bixy
predator.
X.  The term ClszLf is the Holling type Il functional response of the second predator.
243

Xi. L—' The maximum number of prey can be eaten by the first predator.
Xil. bﬁ The maximum number of prey can be eaten by the second predator.
2
Where r,k,d,,d,, 61,685, 8,v, bi, by, are all positive real numbers and a > 0.
The next step is number of parameters and specify the control set of parameters reduced,

so in order to simplify the system, the following dimensionless variables and parameters
are used:

x 5x X dx as dP. dx dap
s=2 p =22 p Bu gy a8 dh_ ¥ A AR
k rk rk dt dt dt r2k dt dt
B dxz a byir 1 byr 51 yc1 dik
—_— A =—- €4 = — A =—- €, = — 9 = — A =— A = — 6 =
2k ar 1 k1 vy’ 2 k2 g’ 1 vy’ 1 01 g’ 2
&2 Bea dak
%2 4 P2 %2
r 2 r 72 y

s _ s SPy SP,

dt ~ S+1 A +S+ePy  Ay+erP,

dPy SPy

—=—-0,P, + A,————a, PP, 2.2
dt 11 1A +5+€.P; 17172 (22)
dp, SP,

—2=-6,P, + A,—2—— a,P,P.

dt 272 2 Ay+€2P; 27172

Where S(0) = 0,P;(0) = 0,P,(0) = 0,are the evident that the number of parameters
reduced from thirteen in the system (2.1) to ten in the system (2.2).

3. Existence and positive invariance

In this section the local existence and uniqueness of system (2.2) will be demonstrate
For t > 0 letting X = (S,P;,P,)T and F = (fi, f, f3)7, such that F: R3 - R3, then
system (2.2) can be written as X' = F, here f; € C*, fori = 1,2,3, where

fi = s 5P, SP,
17 541 Aj+S+ePy  Az+erP,
sP,
=—-0,P, + A,————— a,P,P. 3.1
fz 11 1A1+S+61P1 1142 ( )

SP
fz =—0,P, +lzm_a’zp1pz

Clearly, the interaction functions in the system (2.2) are continuous and have continuous
partial derivative on the positive three dimensional space R3 = {(S, Py, P,): S(0) =
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0, P,(0) = 0, P,(0) = 0}. Therefore these functions are Lipschitzian [13] over R3 and
the system (2.3) has a unique solution see [3],[8],[11]

Theorem1. The solution of system (2.3) are uniformly bounded over X ={( S, P, P,)
eR3; w(t) < E}.
Proof: From the first equation of the system (2.2), we observed that:

s S
dat = S+1
then by solving the above differential inequality we obtained that tlim supS < 1. Now
assume that W (t) = S(t) + P;—(t) + P;(t) ,where W is the total population, we get that
1 2

aw das 1 dPy 1dp, . . aw S 61 6, - e -
—_— == _ _ = —_——_—— — =
@ T which gives —= < — 11 P 2P2 oy simplifying the last

differential inequality and substituting W, we conclude

aw N
T < 51 uw 3.2)

where p = min {1,6,,6,}, yields ‘Z—V: +uw < % finally by solving the differential
inequality (3.2) we obtain that w(t) < max {w(to),ﬁ} and M7 supw(t) < ﬁ , hence

all solutions of the system (2.2) are bounded over Q ={(S,P,,P,) € R%; S(0) >
0,P;(0) > 0,P,(0) > 0}.

4. Equilibrium Points and their feasibility
The system (2.2) has five equilibrium points as the following:
The equilibrium points E, = (0,0,0) , E; = (1,0,0) are always feasible.
The first planer equilibrium pointis E, = (S,, P15, 0) , where S, is a unique positive root,
see [10] for the quadratic equation

1- 2—1)522 + (144 +4 (E;:”) S,+1=0 4.1)
. A S.
while P, = e_i (szil) 4.2)

The equilibrium point E, exists uniquely in the interior of the positive quadrant of S,P;,
plan provided that the following sufficient condition holds

(1+A1+Al%)—\[2(1—;—1) >0 (4.3)

The second planer equilibrium point is E; = (83,0, P,3) where S5 is a unique positive
root, see [10] for the quadratic equation

A2 o2 Ay €4y -
oS3 j (F-%2-4;)S:-4,=0 (4.4)
. N
while Py = é 5311) (4.5)

The equilibrium point E5 exists uniquely in the interior of the positive quadrant of S;P,4
_ plan provided that the follwoing sufficient condition holds
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Ay €32, Azl

The last equilibrium point E, = E* = (5%, P;, P;) which exists if the component P," is a
positive root of the equation

MP," + MyP,™ + MaPy™ + MyP,™ + MoPy" + Mg = 0 4.7)
. s _ 1, s
While P," = - (92 A, —AZHZPZ*) (4.8)

f3=—0,P, +AZ%—0{2P1PZ
Clearly, the interaction functions in the system (2.2) are continuous and have continuous
partial derivative on the positive three dimensional space R3 = {(S, P, P,): S(0) =
0, P,(0) = 0, P,(0) = 0}. Therefore these functions are Lipschitzian [13] over R? and
the system (2.3) has a unique solution see [3],[8],[11]

Theoreml. The solution of system (2.3) are uniformly bounded over X ={(S, P, P,)
eR3; w(t) < ﬁ}.

Proof: From the first equation of the system (2.2), we observed that:
as S
i

dt = S+1
then by solving the above differential inequality we obtained that tlim supS < 1. Now

assume that W (t) = S(t) + P;—(t) + le—(t) ,where W is the total population, we get that
1 2
aw _ds | 1dP;  1dP, . . aw S 6, 6 . .
PTar na + o which gives - S5 o P, % P, ,by simplifying the last
differential inequality and substituting W, we conclude

WS _uw (3.2)

dt — S+1
where p = min {1, 6;, 6}, yields Z—f +uw < % finally by solving the differential

inequality (3.2) we obtain that w(t) < max {w(to),ﬁ} and M7 supw(t) < ﬁ , hence

all solutions of the system (2.2) are bounded over Q = {(S,P,,P,) € R%; S(0) >
0,P,(0) > 0,P,(0) > 0}.

4. Equilibrium Points and their feasibility
The system (2.2) has five equilibrium points as the following:
The equilibrium points E, = (0,0,0) , E; = (1,0,0) are always feasible.
The first planer equilibrium pointis E, = (S,, P15, 0) , where S, is a unique positive root,
see [10] for the quadratic equation

(1—3—1)522+(1+A1+,11<619—‘1))52+1=0 4.1)
1 1




while Py =2 (
1
The equilibrium point E, exists uniquely in the interior of the positive quadrant of S, P,

plan provided that the following sufficient condition holds
(144, +2, 570 - \/2(1 ~ky 50 4.3)
1

Sz
Sp+1

) 4.2)

01

The second planer equilibrium point is E5 = (S5,0, P,3) where S5 is a unique positive
root, see [10] for the quadratic equation

Y2524 (f2_Gta_ —A, =
2SS (=T 4) 85— A; =0 4.4)
. A , S
while Py = é 5311) (4.5)

The equilibrium point E5 exists uniquely in the interior of the positive quadrant of S;P,5
_ plan provided that the follwoing sufficient condition holds

AzAz

A €1,
E_G_Z_AZ_ZJ9_Z>O' (4.6)

The last equilibrium point E, = E* = (S*, P;, P;) which exists if the component P," is a
positive root of the equation

M, P~ + MyP,™ + MyP,™ + MyP,™ + MoPy" + Mg =0 .7)
; x_L(pg 4 S
While P, = (92 A Az+52pz*) (4.8)

" (0126241 =01 QzA1Ap) Py ~Qp @y Ar 2P, 246010241 4y
and §* = @1a2A2Py" +a1a,62P," 2)_(91"‘A1)13521‘12—(91"'/11)0!2521’2* (49)
According to Descarte's rule, see [4] of sign equation (4.7) has three positive real roots in
R3 under the following conditions :

M; >0, My <0, My >0, My >0, Mg>0, Mg <0

and E* exist.

Where

M, = FsK? + F;KE — FK K,

My = (Ky(K;Ky — KiK5) + FoKi Ky — 2F3K1K; — FyK? + 2K, KsFs — FgK?)

Ms = (Fi(KoKs — K1Ke + K3K,) + Fp (K1 Ky — K;Ks) + F3(K7 — 2K, K3) +

2F, KKy + Fs(KZ + 2K,K¢) — 2FsK4Ks),

M, = (Fi(K:Ks + K3K5) + F (K2 Ks — K K + K3Ky) + 2K,K3F; — Fy (K3 —

2K K3) + 2KsKgFs — 2F5 (K2 + 2K,K¢))

Mg = (K3K¢F, + F,(K;Kg + K3Ks) + FsKZ — 2K, K3 F, + KZ2Fs — 2FsK5Kg)

Mg = F,K3K, — K2F, — K2F,

Ki = aja,A1€5, Ky = 010,641 — aqayA14, — 0,65, K3z = 010,414, —

0,4, Ky =a1056;, Ks = a1a,4; — (61 + A1) 65, Ko = (61 + A1) a4, +




_=0a; a1l | 6y _ 016, 014 6, _ a Ay _
Az, Fl_zxz 11 /11a2+lz' F2_1+/11a2 lMaz A Fy = Ala'F4
[ _ 6 ay [P _ 61 6,
A1 az’ FS =1+ az Ay 22’ F6 N A oaz

5.Local Stability of Equilibrium points

In this section, we analyze local stability for each equilibrium point of the system (2.2)
The Jacobian matrix of the system (2.2) at any point (S, P1, P2) is defined as:

J=Dr(X) = [Cyl,,, (5.1
which is given as follows:
1 (A1+E1P)P; P, _ —5(A1+S) _ —A;S _
117 (5+1)2  (A1+S+€.P)2  Ap+e€,P, ' €12 = (A1 +S+€,P)2 ' €13 = (Az+E2P5)% ' €1 =
P1(A1+€1P1)

1 (A1 +S+€,P;)?

S(A1+S)
Cyp = _91 + /11 @ 1

P,
1+S+€1P;)? a ale 1C23 = _alpl €31 =

A, —2— c3, = —,P,
2 a,re,p,) 632 2k2

16a3 = =02 o G e — a2y

Local stability of E,: the eigenvalues of the jacobian matrix Jo are 1,-0; and — 0,
Therefore E, is unstable actually it is a saddle point.

1 0 0
Jo = Dg(Eo) = [O —6; 0 ] (5.2)
0 0 -6,

Local stability of E;: the eigenvalues of the Jacobian matrix J; are %, -0, + /11ﬁ
1

and —6, + 4, Ai. Therefore E; is unstable clearly it is a saddle point
2

1 1 1
s gl Th
1
J1=Ds(Ey) = :0 —t o 0 : (6.3)
1

Local stability of E,: The characteristic equation of the Jacobian matrix J, = Df(X) =
[aif],. Where
B+ +0,A+0;,=0 , where Q =—[ay; + ay; + ass]
21012 + Q11033 + Az2a33 and Q3 =
1 P12(A1+€1P12)

v Qp =ag1ay, —
_a33(a11a22 - a21a12), the [al]]sxselements are

Sy (A1+S:
aq = — , a, = _ S2(A1+52) and S* =
(S2+1)?  (A1+S2+€1Pyp)? (A1+52+€1P12)?
(61026241 -1 07 A1 Ag)Py" — a1 Ag €,P," 240120 A1 Ay (4.9)
@102A2P," +@102€,P," 2= (01+21) @z Ap—(01+A1)az€2P," '

According to Descarte's rule, see [4] of sign equation (4.7) has three positive real roots in
R3 under the following conditions :



My>0, My <0, My>0, M, >0, Mc>0, Mg<0

and E* exist.

Where

M, = F5K42 + F3K12 - KK,

M, = (Ki(K;Ky — K1Ks) + F,K; Ky — 2F3K, K, — FyK{ + 2K,KsFs — FoKZ)
Ms = (Fy(K;Ks — K1Ke + K3Ky) + Fo (K1 Ky — K1 Ks) + F3 (K3 — 2K1K3) +
2EK K5 + FS(KSZ + 2K, Kg) — 2FsK4Ks),

M, = (F1(K.Ks + K3Ks5) + Fo(K;Ks — K1 Kg + K3K,) + 2K, K3 F3 — Fy(K§ —
2K, K3) + 2K5KgFs — ZFG(Ksz + 2K4Kg))

Ms = (K3KeF) + F,(K;Kg + K3K5) + F3K§ — 2K,K3F, + K62F5 — 2F¢KsKe)
Mg = F,K3K; — K§F4 - KezFe

K = aya3A1€6;, K; = 0,0,6,41 — a10,414; — 036, Kz = 60,a,4,4; —
0,45, Ky = a1az65, Ks = a1a,4; — (0, + L) az6;, Ko = (01 + 41)az4; +

—62 a1 ay A, [ 016, 01 4z 0, ai Az
FF=——+—1"—"+-= F=1+——=+—-=—-=, F,=1—-—=F, =
A2 By az /11+11‘12+12' 2 +11“2+11‘12 2, 8 Moay Tt
01 A 6, a 0. 01 6
_1_2’ F5=1+_2_1_ _2, F6=__1_2
A az az Ay Az A az

5.Local Stability of Equilibrium points
In this section, we analyze local stability for each equilibrium point of the system (2.2)
The Jacobian matrix of the system (2.2) at any point (S, P1, P2) is defined as:
J=D(X) = [Cyjl,,, (5.1)
which is given as follows:
1 (A4+&P)Py P, _ =S(A1+S) —A;S

c11 = - Cip = (i3 =—2— , Cy1 =
117 (641)2  (A14S+€1P1)2  Ap+E€P, | 12 T (Ag4S+e.P)2 | 13 T (a,+e,pp)2 1 21
P1(A1+€1P1)

1 (4 +5+€,P;)?

S(A1+S) P,
Cyp=—0;+ 1, —————a,P,,cy3 = —a; Py ,c3; = —1,————,C3, = —,P.
22 1+ 14,4542, 162, C23 161, C31 2 ayre,py 632 262
—_ o2
€33 =—0;+ 4, (Ag+e,Py)? a Py

Local stability of E,: the eigenvalues of the jacobian matrix Jo are 1,-6; and — 0,
Therefore E, is unstable actually it is a saddle point.

1 0 0
Jo = Dr(Ep) = [0 -6, 0 ] (5.2)
O 0 _92

Local stability of E;: the eigenvalues of the Jacobian matrix J, are %, —0; + A1ﬁ
1

and —6, + 1, Ai. Therefore E; is unstable clearly it is a saddle point
2



1 1 1
PR s x|
1
]1 = Df(El) = :0 —91 + 11(14&_"'1) 0 : (53)
1

Local stability of E: The characteristic equation of the Jacobian matrix /, = Df(X) =
[ai ,-]3)(3, where
)\3 + QIAZ + Qzl + 03 =0 ,Where Ql = _[a11 + ayy + a33] y Qz = QAq10a37 —

14492 + a,1as3 + a;,033 and Q3 = —a33(a11a22 - a21a12), the [aij]3X3€|ementS are
@ = 1 P1p(A1+€1P1p) s = S2(A1+S3) Qo= —2 4 =
L7 (5,412 (Ag+S;+€1Pp)2 " 12 T (A4S, 4E1Pip)? 13 A’ 2
Pra(A1+€1P1z) _ Sa(AitSy)

azy = —61 + /11 a3 =~y Py, a3 =0, ag =

(A1+S2+€1P13)? (A1+S2+€,P13)?’
0, azgz3=-0,+A4, z—z — a,P;,, hence by Routh-Hurwitz criterion [14] Ez is locally
asymptotically stable if Q; > 0,Q5 > 0 and A> 0 where A= 0,Q, — Q3 =
—af1(az; + as3) — a3 (arq + a33) — a3z(ays + az;) — 2011052033 +
az1a12(aq; + azy), so that Ez is locally asymptotically stable point if
aqq < 0, az; < 0, asz < 0, that is:

1 P12(A1+€1P12)

(S2+1)%2 7 (A1+S2+E1P13)? (54)
S2(A1+52)
01 < (A1+S;+€1P13)? (55
92 < Az Z_Z - azplz (56)
2
Local stability of E5: The characteristic equation of the jacobian matrix J; = D (X) =
[bij]3><3 |S }\3 + l'plllz + “pzll + l.IJ3 =0 y Where l'pl = _[b11 + bzz + b33] )
W, = by1byy — bz1biz + b11b3§ + b22b3P3 and ¥; = _bzsz(bnb33 - bslsb}f)! the
_ _ 23 I _ —S34; _
[bif]3x3 elements are by, = (S3+1)2  AgtesPrs’ 12 T (A1+S3) by = (Ap+E2Pp5)2" 21 7
s. P
0, by = —913‘: Alm_ 1Pz, b3 =0, b3y = 4, ﬁ: bs; = —azP3;, bsz =
—6, + 1, —==%— so by Routh-Hurwitz criterion Es is locally asymptotically stable
(A2+€2P23)

if W, >0,%, > 0and A> 0 where A= W, W, — W, = —b? (b,, + bs3) —
b3, (b1q + b33) — b33(b1y + bzz) — 2b11byybgs + b31bi3(byy + bs3), thus Ez is locally
asymptotically stable if b;; <0,
by, < 0,b33 <0, thatis
! Fas (5.7)

<
(S3+1)2 ~ ApterPy3




S

6, <Ay —(Al-:53) — 1Py (58)
S34s

O <2 e 59)

Local stability of E*. LetJ* = ] = Dy(X) = Ds(E") = [C;j],,, asshownin (5.1)
(After substituting S with S*, P, with P; and P, with P})
Theorem 2. The system (2.2) is locally asymptotically stable around the equilibrium

point
E"=(S* P;, Py) = (S,P1,P2), if the following conditions are satisfied :

1 (A1+€1Py) P,
(S+1)2 (A1 +S+E1P1)? | Ay +EP, (5.10)
S(A1+S)
b1 <A (A1 +S+€E,Py)? aP, (5.11)
SA,
02 <2 (Az+€,P)2 azPy (5.12)

Proof: Let us define the characteristic equation of the Jacobian matrix J* = Df(E™) =
(cij)ax3 = Df (X) as A3 + 0,42 + 0,4 + 05 = 0, where 0; = —[c15 + €2, + C33]
0, = €11C22 — C21C12 — C31C13 + C11C33 + C32C33 — C32C53 ANd O3 = —C33(C11C22 —
€21€12) — €12€23C31 — €13C21C32 + C13C22C31 + C11C23C3; , SO by ( Routh-Hurwitz )
criterion E* is locally asymptotically stable if ®; > 0,0; > 0and A> 0

where A= 0,0, — 03 = —(c11 + €22 + €33)[€11C22 — €21C12 + C11C33 + €22C33 —
€31C13 — €32C23] + €33(C11C22 — €21€12) F €12€23C31 + €13C21C32 — €13C22C31 —
C11C23C32.

So E* is locally asymptotically stable if ¢;; < 0,¢5, < 0,33 < 0, thatis: (5.10)
,(5.11) and (5.12) holds. Therefore, the prove is complete.

6.Global Stability

In this subsection, the global stability is studied for each locally stable equilibrium
point using a suitable Lyapunov function [15] that is given in the following theorems:

Theorem 3. Assume that the equilibrium point E, = (S,, P;,,0) is locally
asymptotically stable in R®. Then it is globally asymptotically stable that satisfy the
following conditions are satisfied:

(P1—P12) Py > 1
A1+S5+€1P; Ay+E,P; (§=Sz2)+1

(6.1)

21(5-S3)
O+ abh > e 6.2)



0, + ay(P, — Pyp) > 225252 (6.3)

Ay+€E2P;

Proof. Applying suitable Lyapunov function at E, = (S,, P15, 0) we get:

w, = (5-52)% + (P1=P13)?

p P + P,

(6.4)

Clearly W, (S, Py, P,) > 0 is a continuously differentiable real valued function for all
(S, Py, P) € R3with (S, Py, Py) # (S, P12, 0) and W, (S, Py2,0) = 0, moreover we

Mz _ s—s)E _p )4y P ituting %5 4~
:ave that? =(S SZ) =T (P Plz)( o -)I- o We( get ?(y Subs)tltutmg( o ; p” and
ar, Wy _ o 5-5) S=S3)(P1=P12 _ (5=52)P
at from (2.2) we get dat (S—52) [(S—Sz)+1 A1+(S—S2)+€1(P1—P12)  Az+€xP; ]

_ _ _ ($=S2)(P1=P12) _ _
(P1(S SP;;) [ 01(Py — Pro) + 4 MTG-S)ter(P1-P12) ayPy(Py — Py3) ] 0,P; +
—o2)2

2 A,+€,P,

—ay(Py — Po)P,
Now straightforward computations give

aw,
=2 T (S—55)% — (P — Prp) — T3P,

dt
P1—P; P 1
Where T, = (P1=P13) 2
A1+S+€1P;  Ax+€EyP, (S—=S2)+1
A1(S-S.
T2=91+a1P2_ el 2)

A1+(S—S2)+€1(P1—P12)

A2(S-52)

T3 =0 + aa(Py — Pyp) > Ayt

So according to conditions (6.1), (6.2) and (6.3) we guarantee % <0

Hence E: is globally asymptotically stable
As the same we could proof that E; = (S5, 0, P,3) is globally asymptotically stable.

Theorem 4. Assume that the equilibrium E* = (S*, Py, P;) point is locally
asymptotically stable in R3.

Then it is globally asymptotically stable if the following conditions are satisfied:

(P1=P1) (P2=P3) 1
A1+(S—=S*)+€1(P1—P;) = Az+e(P2—P;) (5-5")+1

(6.5)



()
S*)+€1(P1—P])

*
01 +a1(P2 _PZ) >/11A1+(S—

(6.6)
_ * (S_S*)
92 + a; (Pl Pl) > Az A—2+62(P2—P;) 0 (6.7)
Proof. Consider the following chosen Lyapunov function:
_Q* _p* _p* 2
W* = (-89 + (P1-Pp) + (P2-P3) (6.8)

2 2 2
where W *is a function of (S",P1",P," ) and W™ >0, Now by differentiating W* with
respect to time t , gives that :
aw* ar,

oo dS . o dP
==Y+ PP+ (PP

AW o[5S (S=SO(Pi=PD  (5=5")(P=P5) _
dt =@ S)[(s-s*)+1 Ay +(S—S*)+e1(PL—P]) A2+e2(P2—Pz*)]+(P1

[ . (S=SYP-P)  pryep. _ p*
P1)[ 0:(P Pl)+11A—1+(s_5*)+51(P1_PD ay (P — P)(P; Pz)]"‘

* * S—S")(P2—P; * *
(Pz—Pz)[_ez(Pz—Pz)+lzw_az(P1—P1)(Pz—Pz)]

Aztez(P2—P3)
After using the method of completing square and taking common factors of resulting
algebraic terms and simplifying them, we get
aw* * * *
75 (S-S )251_(P1_P1)252_(Pz_Pz)zfs
Where

(P1—P]) (P—P3) 1

1= Ay +(S-S")+€1(P1—P]) | Apg+ey(Pa—P;)  (S—S*)+1

[C=)
1 Ay +(5-S*)+€1(P1—P])

gz=01+a1(P2—P§)—,1

= Py — 1, —C=5D
S3=0,+ay(PL—P))— A, Tt (PaP))

So according to conditions (6.5), (6.6) and (6.7) we guarantee dd—”f <0

Therefore E* is globally asymptotically stable.

7. Bifurcation Analyses

The occurrence of local bifurcation is well known that non-hyperbolic equilibrium point
property is a necessary but not sufficient condition for the occurrence of bifurcation
around that point. In the following theorems, the candidate bifurcation parameter is



selected so that the equilibrium point under study will be a non-hyperbolic point ,we study
in this section the local bifurcation for the equilibrium point by applying the Sotomayor’s
theorem [16] ,while E"is selected to analyze the Hopf —bifurcation[17] occurrence
around certain parameter A,.

Theorem 5. The system (2.2) has a transcretical bifurcations and pitchfork bifurcation
but not saddle node bifurcation can occur near the equilibrium point E, passes through

the parameter 65 = A, j—z —ayPi,.
2

Proof. It is easy to verify that the Jacobain matrix of system (2.2) at (E;, 65) can be
written as

o |t Th _j_z 1 Pip(A1+€1Prg)
> _ 2 _ _ P1a(A1+E1Ppp —
]2 Y Y, —a Py where ¥; = (S2+1)%  (A1+Sp+€,P1p)2 2
0
P12(A1+€1P12)
(A1 +S2+€1P13)%
S,(A; + S S,(A; + S

Y3 2( 1 2) Y — _91 Z( 1 2)

= ) F A2
(A1 + S,+€;, Pp)? "t 1 (A1 + S,+€; Pp)?

Clearly, the third eigenvalue ¢3p, in the P, direction is zero while the first eigenvalue
1 P12(A1+€1P12)

1= G T has,reiPy < 0 and the second eigenvalue ¢, = —6; +
_5a*52) () \yhen conditions (5.4),(5.5) are satisfied respectively, further the
(A1+S2+€1P12)?

eigenvector v = (4,1, v3)" corresponding to ¢3p, satisfies the following ]?v =qv
then ]2951; = 0 we get

S.

Ylvl - Y3v2 - A_ZUS = 0 (7.1)
2
Yov; + Yv, —a Pov3 =0 (7.2)
so by solving the above system of equations we get v, = 0,v; and v, = 0,v3, where
. Y4i—2+a1P1Y3 10,-22
v3 is a nonzero value number and 0; = —=2 ,0, = 2 thus :
Y, Y +Y3Ys Y3

01U3

v= [02v3 , similarly we take the eigenvector w = (w,, w,, w3)7 corresponding to the
V3

eigenvalue ¢sp, Of [ ]f 21" can be written as




Y Y, 0] rw,
—1;3 Y, 0 [a)z] =0,weget w = (0,0,w3)” (7.3)
— A_z —0(11-712 0 w3

Here w3is any nonzero real number.

Now rewrite the system in vector form as % = f(X) where X = (5,P,P,)T ,f =

(fll f2' f3)T

F) . .
And i = fo; , We getthat fo; = [0,0,—P,]" obviously fg;(Ey,63) = [0,0,0]".

Therefore w"fo;(E263) =0 (7.4)
Consequently, according to the Sotomayor theorem the system has no saddle-node
bifurcation near E1 through 65, now in order to investigate the occurrence of the other
types of bifurcation , the derivative of f 03 with respect to vector X say Dfg: (Ey, 03) is
computed

0 0 O
Dfg;(E1,03) = [O 0 0] And wTngz(El, 0)v' = —vzwz =0
00 -1

Again, according to Sotomayor theorem if in addition to the above, the following holds
w"[D?fo;(E1,05)(v',v)] # 0 (7.5)

And w"[D3fo3(E1,6;)(v', v, v")] # 0 (7.6)

Then the system (2.2) has a transcritical bifurcation and pitchfork bifurcation at E,.

8. Hopf-bifurcation.

Theorem 10. The equilibrium point E” of the system(2.2) has no Hopf-bifurcation
around the parameter A, .

Proof. According to the local stability analysis of system (2.2) at E*, we have that the
coefficients of the characteristic equation @;; i = 1,2,3 are positive provided that

A3 + ®1A2 + ®2A + 03 =0 (8.1)
However, A = 0,0, — 05 is positive provided that ¢, < 0in J*

S(A1+S)

Thatis —6; + 4, ArtsteP)?

this case.

—a,P, <0 and hence there is no Hopf- bifurcation in



Now suppose that A = 0,0, — ©; = 0 then according to [17] there is possibility to
occurrence of Hopf -bifurcation if and only if the Jacobian matrix of system (2.2) near
E” has two complex conjugate eigenvalues , say x; = p; + ip, with the third eigenvalue
is real and negative , in addition, the following two conditions are held in specific
parameter say [ = [* and

(") =0 (82)
—li=r #0 (8:3)
Now from A = 0,0, — 0; = 0 we obtain that

Mc%, + Bc,, +C=0 (8.4)
Where

M = —(cyq +c33) is >0,

B = (—(c11 +33)° + C1€12 + €3223)

C = (c11 + ¢33)(€13€31 + €11€33(C11 + €33) + €11C12C21 + €33C32Co3 + €13C21C32 +
€12€23€31)
Clearly for C < 0 we have two real roots of the equation (8.4) say

-B + VB2-4MC -B  \B2-4MC

€2 =5, E , since c¢,, < 0, then we get ¢,, = o and hence
— _SAatS) B ¥BiaMC _

Which gives f(11) = 0 and A, = A] represent a root of equation (8.5) consequently for
A1 = A7 we get ©,0, = @5 from which the characteristic equation can be written as

P(A) = (A+0;)(A” +0,) = 0 (8.6)

Hence, in such case A; = A] the eigenvalues A; = —0; < 0and A,3 = ii\/ez so the
first condition of Hopf-bifurcation is satisfied at 1, = A] that is p; (41) = 0 while p, =
\/G)Z ,thatis Ayz = p; (A1) £ ip, (A1), substituting A = p; + ip, in equation (8.6) we
get after some algebraic computations

Npi — bp; = -6 (8.7

dps (D) ’
where ’;ST = p4(A)

bp; —Np, =-T (8.8)
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Such that

N =3pf +201p; + 0, — 3p3
& =6p1p; +20,p,
8 = pi0; + 03p; + 03 — 01p3

['=2p,p,0] + 03p,

Solving the linear system (8.7) and (8.8) for the unknowns p1, p it is obtained that

(8.9)

’ N©+I'p I -I'N+6¢ - . . .

1= Nerer P2 = s Hence, the second condition of Hopf-bifurcation will be
reduced to verify that

N6+Tdp#0 (8.10)

But®; = —1,0; = ¢34 + ¢33 and 03 = —0, + 0,(cy; + c33) thus N

Cl)=2@1\/®2 ) 0= (':‘)1(6'11 + C33) ) = (C11 + C33)\/®2 SUbStItUtIng il"l (8.8). we get

N6 + I o= 0. Hence system (2.2) does not undergo a Hopf-bifurcation through £~

9. Numerical Analysis.

In this section, we studied the global dynamics of the system (2.2) numerically to

verify the obtained analytical results and specifying the control set of parameters. For
the following hypothetical set of parameters system (2.2) solved numerically and the
obtained trajectories are drawn in the form of phase portrait and time series. First, we
examine varying the value of each parameter on the dynamical behavior of the system
(2.2). Second assure our obtained analytical results. It is spotted that, for the following
set of hypothetical parameters in (9.1) that satisfies stability conditions of the positive

equilibrium point E”, system (2.2) has a globally asymptotically stable coexistence

equilibrium point, as illustrated in figure Fig. (1.1) below, with initial condition (0.5,

0.4, 0.5)

A, = 0.503,4, = 0.8,¢; = 0.625,¢, = 0.011, 4, = 0.0402, 1, = 0.2525,6, =

0.011,6, = 0.11,

a, = 0.01,a, = 0.04 (9.1)

Consequently, the following set of hypothetical parameters in (9.2) that satisfies

stability conditions of the positive equilibrium point E, of system (2.2) has a globally
asymptotically stable coexistence equilibrium point, as illustrated in figure Fig. (1.11)
below, with initial condition (0.5, 0.4, 0)




A, =0.89,4, =0.1,& = 0.999,¢, = 0.3,1; = 0.245,1, = 0.253,0, = 0.095,6, =
0.3,

a; =09,a, =0.041 9.2

However the set of parameters in (9.3) satisfies stability conditions of the positive
equilibrium point E;of system (2.2) has a globally asymptotically stable coexistence
equilibrium point, as illustrated in figure Fig. (1.111) below, with initial condition (0.5, O,

0.5)
A, =054, =0.1,¢ = 09,6, = 0.3, 1, = 0.0402, 1, = 0.253,6, = 0.11,6, = 0.3,

a, = 0.01,a, = 0.041 9.2)
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Fig.1 The trajectories of system (2.2) for the data (9.1) starting from initial point (0.5, 0.4, 0.5), (a) 3D
phase portrait for a globally asymptotically coexistence equilibrium E*, (b) Time series for the attractor in
(a) in Fig.(1.1), while in Fig. (1.11) The trajectories of system (2.2) for the data (9.2) starting from initial
point (0.5, 0.4, 0), (a) 3D phase portrait for a globally asymptotically coexistence equilibrium E,, (b)



Time series for the attractor in (a). Fig. (1.111) shows the trajectories of system (2.2) for the data (9.3)
starting from initial point (0.5, 0, 0.5), (a) 3D phase portrait for a globally asymptotically coexistence
equilibrium E;, (b) Time series for the attractor in (a).

It is clear, figure (1) ensures the obtained theoretical finding regarding the existence of
globally asymptotically stable coexistence equilibrium points E* E,, E; with certain
conditions.

Now, by modifying one parameter at a time, the effect of changing the parameter values
on the dynamics of the system (2.2) is explored, and the resulting trajectory is shown in
figure Fig.2 that as the environmental carrying capacity of the prey species A; recede
from A;=0.503 to A,= 0.4, the number of predator P, individuals species fades

Fig. (2.1) o Fig. (2.11)
ig.

Fig.2The trajectories of system (2.2) after recede A,from A;=0.503to A;= 0.4 in Fig.(2.1) the number
of predator P, individual species fades and when A, recede from 4,=0.8 to A,=0.5, in Fig.(2.11) the
number of predator P;individuals species fades, with initial point (0.5, 0.4, 0.5) (a) 3D phase portrait of
equilibrium E*, (b) Time series for the attractor in (a).

In the same way, depending on (9.1),if we change €, and €, (mutual interference in
growth between the first and second predators, respectively, depending on eating the
largest number of preys), by decreasing it from €; = 0.626 to €, = 0.025 it will cause a
major disruption to the stability of the system shown in the figure Fig.3.

..........

Fig. (3.11)



Fig.3 The trajectories of system (2.2) after recede €,from €,= 0.652 to €;= 0.025 a major disturbance occurs in
the stability of system (2.2)in Fig. (3.1) and if €, increase from e,= 0.011 to €,= 0.89 the predator population
P, is steadily increasing to the predator population P, fades away to zero however the predator population P; is
steadily increasing to P,=1.15 in Fig. (3.11) , with initial point (0.5, 0.4, 0.5) , (a) 3D phase portrait of equilibrium
E*, (b) Time series for the attractor in (a).

we can summarize the effect of the parameters on system (2.2) stability in table (9.1) for the
equilibrium points E*, E, and E5, with initial point (0.5, 0.4, 0.5), (0.5, 0.4, 0) and (0.5, 0,
0.5) respectively as follow:

Table 9.1: The stability of system (2.2) according to the parameters

Parameter’s value Equilibrium | Stability of the system Figure
point

A; =0.503,4;, =08,6; =0.625,6, = | F* locally asymptotically stable | Fig.
0.011,2; = 0.0402, 1, = 0.2525,6; = (LAS) (1)
0.011,6, = 0.11,

@, =001,a, = 0.04
Ay =0.4,A;, = 08,6, = 0.625,¢, E* Unstable (the number of Fig.2

=0.011, 4, = 0.0402, predator P, individuals 2.1

species fades)
Ay = 0.2525,6; = 0.011,6, = 0.11,

@, = 0.01,a, = 0.04

Ay = 0.503,4; = 0.4,¢; = 0.625,¢; = E* Unstable (the number of Fig.2
0.011, predator Py individuals .11

species fades)
21 = 0.0402, 1, = 0.2525,6; =

0.011,6, = 0.11,
a; = 0.01,a, = 0.04

Ay = 0.503,4;, = 0.8,6; = 0.025,¢, = E* Unstable (major disruption Fig.3
0.011, to the stability of the system) 3.0
A, = 0.0402, 1, = 0.2525,6;, =

0.011,6, = 0.11,

a; = 0.01,a, = 0.04

A, = 0.503,4; = 0.8,6; = 0.625,€, = E* Unstable (the predator Fig.3
0.89, population P, fades away to | (3.11)

zero however the predator
population P; is steadily
increasing to P;= 1.15)

A = 0.0402, 1, = 0.2525,6; =
0.011,8, = 0.11,

a; =0.01,a, = 0.04
Ay = 0.503,4; = 0.8,6; = 0.625,¢, E* Unstable (the predator Fig.4
=0011,4; = 0.12, population P, fades away to | (4.1)
zero however the predator
population P; is steadily
increasing to P;= 1.251)

1, = 0.2525,6;, = 0.011,6, = 0.11,
a, = 0.01,




a, = 0.04

= 0.253,0, = 0.11,0, = 0.3, a; =
L@, = 0.041

A; =0503,4;, = 08,6, =0.625,6, = | E* Unstable (the predator Fig.4
0.011, population P; fades away to | (4.11)
004802 s — 0.53 6. = zero however the predator
0 :)1—1 o 0'1; bt population P, is steadily

e h Pz = R increasing to P,= 0.7)
a; = 0.01,a, = 0.04

A; = 0503,4, = 08,6, = 06256, = | F* Unstable (the predator Fig.5
0.011,2; = 0.0402, 4, = 0.2525,0, = population P; fades away to (5.1)
0.11,6, = 0.11, zero however the predator

_ _ population P, is steadily
@ =001, a, = 0.04 increasing to P,= 0.59)

A; =0.503,4;, =08,6; =0.625,6; = | F* Unstable (the predator Fig.5
0.011,1; = 0.0402, 1, = 0.2525,6; = population P; fades away to (5.11)
0.011,6, = 0.11, zero however the predator

B B population P, is steadily
@ = 001,a; = 0.04 increasing to P,= 0.78)

A; =0.503,4, = 08,6, =0.625,6; = | E* Unstable (the predator Fig.6
0.011,4; = 0.0402, 2, = 0.2525,6, = population P; fades away to | (6.1)
0.011,6, = 0.11, zero however the predator

_ B population P, is steadily
@1 =04,z =0.04 increasing to P,= 0.59)

A; =0.503,4;, =08,6; =0.625,6; = | F* Unstable (the predator Fig.6
0.011,1; = 0.0402, 1, = 0.2525,6; = population P, fades away to (6.11)
0.011,6, = 0.11, zero however the predator

B B population P, is steadily
@ =001,a, = 0.4 increasing to P;= 1.153)
Ay =0.89,4;, = 01,6 =0.999,¢, = E, locally asymptotically stable | Fig.
0.3,1; = 0.245,2, = 0.253,6, = (LAS) €1
0.095,6, = 0.3, a; = 0.9,
a, = 0.04
41 =054, =016 =096 =034 | E, locally asymptotically stable | Fig.

= 0.0402, (LAS) .1

The following figures are explained in the above table (9.1)




Fig.(4.1) Fig. (4.11)
Fig.4
Fig.4 The trajectories of system (2.2) with initial point (0.5, 0.4, 0.5) by increasing 1,from 1,= 0.0402 to
2A,= 0.12 the predator population P, fades away to zero however the predator population P, is steadily
increasing to P,;= 1.251in Fig.(4.1), and increasing A,from 1,= 0.253 to A1,= 0.53 the predator population
P, fades away to zero however the predator population P, is steadily increasing to P,= 0.7 in Fig.(4.11) (a)
3D phase portrait of equilibrium E*, (b) Time series for the attractor in (a).

—
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Fig. (5.1) . Fig. (5.11)
ig.

Fig.5 The trajectories of system (2.2) with initial point (0.5, 0.4, 0.5) by increasing 6,from 6,= 0.011 to
6,= 0.11 the predator population P, fades away to zero however the predator population P, is steadily
increasing to P,= 0.59 in Fig. (5.1), and decreasing 6,from 6,=0.11 to 6,= 0.011 the predator population
P, fades away to zero however the predator population P, is steadily increasing to P,= 0.78 in Fig. (5.11)
(a) 3D phase portrait of equilibrium E*, (b) Time series for the attractor in (a).
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Fig.6 The trajectories of system (2.2) with initial point (0.5, 0.4, 0.5) by increasing a;from a;=0.01 to a,= 0.4
the predator population P, fades away to zero however the predator population P, is steadily increasing to P,=
0.59 in Fig. (6.1), and increasing a,from 6,= 0.04 to 6,= 0.4 the predator population P, fades away to zero
however the predator population P, is steadily increasing to P,= 1.153

in Fig. (6.11) (a) 3D phase portrait of equilibrium E*, (b) Time series for the attractor in (a).

10. Conclusion

A two predator- one prey ecological system had been studied briefly with many
functional responses especially Beddington-DeAngelis and Holling type -1l and all the
previous studies adopted one type of predation functional responce for both predators.
In this research two different types of functional response model were comprehended
which reduce diverse responses from the predator for killing the prey, taking under
consideration the competition between the two predators and the environment that
combine the three individuals together for living, all of the solution's properties are
studied. We obtained that there are only five nonnegative equilibrium points in the
system. The topics of stability, feasibility , local bifurcations, and Hopf-bifurcation are
all entirely scouted. The numerical simulation was used to examine global dynamics
and determine the impact of changing parameters using a set of hypothetical data.
The next observation was locate

1-

By modifying one parameter at a time, the effect of changing the parameter
values as the environmental carrying capacity of the prey species A4, recede
from A;=0.503to A;= 0.4, the number of predator P, individuals species
fades.

If we change €; and €, (mutual interference in growth between the first and
second predators, respectively, depending on eating the largest number of
preys), by decreasing it from ¢; = 0.626 to ¢; = 0.025 it will cause a major
disruption to the stability of system (2.2).

Increasing 1, from A,= 0.0402 to 1,= 0.12 the predator population P, fades away
to zero however the predator population P, is steadily increasing to P;= 1.251,
and increasing A,from 1,=0.253 to A,= 0.53 the predator population P; fades
away to zero however the predator population P, is steadily increasing to P,=
0.7. (A4, A, are the maximum number of the prey that can be eaten by the first
and second predator per unit time respectively)

Increasing 8, from 6;=0.011 to 8,= 0.11 the predator population P; fades away
to zero however the predator population P, is steadily increasing to P,= 0.59,
and decreasing 6,from 6,=0.11 to 8,= 0.011 the predator population P, fades
away to zero however the predator population P, is steadily increasing to P,=
0.78. ( 64, 6, are the rates at which the growth rate of the first predator is
annihilated by the second predator and vice versa)

Increasing a, from a,=0.01 to a,= 0.4 the predator population P; fades away to
zero however the predator population P, is steadily increasing to P,= 0.59, and
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increasing a,from 6,= 0.04 to 6,= 0.4 the predator population P, fades away to
zero however the predator population P, is steadily increasing to P,= 1.153.
(a1, a, are the predators P,, P, death rates respectively).
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