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Abstract: In this paper, we introduce a new family of continuous distributions based on interval [0,1] truncated generalized gamma
distribution. [0,1] truncated generalized gamma-generalized gamma distribution is discussed as a special case. The cumulative
distribution function, the r™ moment, the mean, the variance, the skewness, the kurtosis, the mode, the median, the characteristic function,
the reliability function and the hazard rate function are obtained for the distribution under consideration. It is well known that an item fails
when a stress to which it is subjected exceeds the corresponding strength. In this sense, strength can be viewed as "resistance to failure".
Good design practice is such that the strength is always greater than the expected stress. The safety factor can be defined in terms of stress
and strength as stress/strength. So, the [0,1] truncated generalized gamma-generalized gamma stress-strength model with different
parameters will be derived here. The Shannon entropy and relative entropy will be derived also.
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1. Introduction

The generalization, G , distribution have been introduced by Eugene et al. [3] when they defined the beta G distribution
from any valid cumulative distribution function (cdf), say G(x), as

G(x)

RGO = (1/p@b) [ we™ (L= w)™ dw 0
0

where B(a, b) =f01w“‘1 (1 —w)?~! dw is the beta function; a and bare two additional positive parameters whose role
is to introduce skewness as well as to vary tail weight. The class of distributions (1) has an increased attention after the
works by Eugene et al. [3] and Jones [5]. Application of X =G~1(y) to the random variable Y distributed as beta
distribution with parameters a and b, yields X with cdf (1). Eugene et al. [3] defined the four parameter beta normal
distribution by taking G(x) to be the cdf of the normal distribution and derived some of its first moments while the
general expressions for the moments of this distribution were derived by Gupta and Nadarajah [4]. Furthermore, Abid and
Hassan [1], Nadarajah and Rocha [6] provided an extensive review of scientific literature on this subject.

The probability density function (pdf) corresponding to (1) is,

1

) = 505 GEN* (1= 6(0)) () @
where g(x) = ;—x [G (x)] is the pdf of the parent distribution.

In addition, the cdf in (1) can be re-written as,

F(x) = Ig(a,b) 3)

where, I,(a,b) = (1/B(a,b) foy w1t (1 —w)’"1dw, denotes the incomplete beta function ratio. For general a and b,
the cdf in (3) can express in terms of the well-known hypergeometric function defined by,
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o1 0@ B,y) = 2o 5t ! &)

where (a); = a(a + 1) ... (@ + i — 1) denotes the ascending factorial. Then, the cdf can be obtained as,

F(x)=M Fi(a,1—-b,a+ 1;G(x)) (5)
aB(a,b) 2 ’ ’

The properties of the cdf, F(x) for any beta G distribution defined from a parent G(x) in (1), in principle, could follow
from the properties of the hypergeometric function which are well established in the literature [2].

In this paper, the generalization that motivated by the work of Eugene et al. will be our guide to propose a new class of
distributions with the hope that it will find a way to apply in a variety of fields. The paper is organized as follows. In
Section 2, we present the [0,1] truncated generalized gamma-G distributions. As special case, the [0,1] truncated
generalized gamma-generalized gamma distribution is given in Section 3 and its further analysis including the r" moment,
mean, variance, skewness, kurtosis, mode, median, characteristic function, quantile function, reliability function and
hazard rate function are given in Section 4. Some additional useful results including Shannon and relative entropies
followed by stress-strength model are given respectively in Sections 5,6. Finally, concluding remarks are given in Section
7

2. [0,1] Truncated Generalized Gamma — G Distributions

The generalized gamma (GG) distribution was introduced by Stacy [7]. The cdf and pdf of the GG distribution are given by the following

forms [6] .
B (x
H(x; a,B,1) = % (6)
1
h(x; a,8,2) = @ (ﬁ) w#1e=@ 5 x>0 (7)

where T'(:) is the gamma function, y(-, -) is the incomplete gamma function, 8 and A are positive shape parameters and « is the
positive scale parameter.

Now, suppose that G(-) and g(-) are the baseline cdf and pdf of a random variable X. By composing H with G, the proposed cdf for
the new class of distributions is given by,

_ HIG@)] - H[0]

PO = =Hhy—ao] ®
Since H(0) = 0, the cdf in (8) can be re-written as,

H[G
R =T )
and,

h[G
oo = HEN) @

where f(x) = ;—x [F (x)] is the pdf of the new distribution.

From (9) and (10) above, a new family of continuous distributions based on interval [0,1] truncated generalized gamma distribution,
named [0,1] truncated generalized gamma-G distributions, have been introduced.

3. [0,1] Truncated Generalized Gamma-Generalized Gamma Distribution

In this section, [0,1] truncated generalized gamma-generalized gamma ([0,1] TGG-GG) distribution have been proposed.
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Given another distribution that is distributed as GG (a, d, p) with pdf and cdf are given respectively by,

. _ L Py e (B
g(x;a,d,p) F(%)(ad)x e ; x>0 (11)
d p
|5 @]
()

Then according to (6)and (7), H[G(x)],H(1) and h[G (x)] will be

G(x;a,d,p) = (12)

ey W(()) ) 6]
=" = MY

e (o 1 PG L5
)\ GG e |

i
by substituting H[G (x)] andAH[l] into (9), the cdf of [0,1] TGG-GG distribution will be,
RGN
V ’ aTl (%) Jl
@]
and by substituting h[G(x)], g(x) and H[1] into (10), the associated pdf of [0,1] TGG-GG distribution with six positive parameters

(a,d,p,a, B, 2) will be,
d erpt (5G]
AYES xd‘le'(g)p V[E'(E) ] . < al“(%) >

(ad) (a’ﬁ) F(%)

14

F(x) = (13)

A

fx) = Py (14)
d\_[p (1
r(G)y [7' (@)
The reliability, R(x) and hazard rate, A(x) functions are respectively given as,
[/ =1\ ]
o (6]
A al (ﬂ)
RG) =1-F(x)=1- P (15)

@]
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G _

A(x) = (16)

4. Properties of the [0,1] TGG-GG Distribution
The rth raw moment can be derivative as follows,
E(X") = ] x" f(x)dx 17

0
In order to find E(X™) of the [0,1] TGG-GG distribution, suppose that,

I(k +%,m) = f y%’k'l ey [yﬁlzk’)') mdy (18)

0
k
Recall e* = Z,‘;‘;O’;—‘ , the pdf in (14) can be re-written as,

d 14
v ey (1G]
- r(3)

1@ = B 1))‘] Zk—o k! atk . 19

1

B+Ak—1

So that, (17) will be,
p (A
2 (&7) 3y
dy_[B (1\}]Lek=o klate
F(ﬁ)y[x'(a) ]
P d (x p\ B+Ak—1
where I, = [° xt+r=1~() (M) dx

;)

E(X") =
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D 1_
Letuz(z) Ssaul/P =x —>%u1’ Ydu = dx

Thus,
[d ] B+Ak—1
ad+7" @ l - Y - u
I, = ; fup(d+) 1 -u Pd du
F(g)
According to (18),
d+r 1
I = I[E(d+r),[?+/1k—1]
and then,
A
E(XT) = < () Zm Stdly 1[ (d+7),B + 2k — (20)
k ok'alk

The Characteristic function of the [0,1] TGG GG distribution is,
; (lt)’ ! @i0)"
$o(6) = B(e'™) = Z Z E(X)
A

() = p o Zr Oz(lt)rla i,;ijﬁ E(d+r),ﬁ+/1k—1] (21)
') ”[7'(&) ]

The mean and variance of [0,1] TGG-GG random variable are,

k=0 k! a}"‘

p=EX) = da(f)llzw (D" [(d+1)ﬁ+/1k ] (22)
@4l

o =EX?) —[EX)]

i 1)’1] Z:;o I(C'_(Bi ! [% (d+2),B + Ak — 1]

o) |7 (G

The skewness, sk and kurtosis, kr of [0,1] TGG-GG random variable can be obtain by using,

/ a (& . 1y \2
_kr(g (Z )1)1] Zkzol(c!aik [(d+1)/>’+/1k ]) 23)

E(XX—uw)? EX3) —3uEX?) +2u3

sk = 3 = (24)
o [07]2
_EX -w*  EX*) —4uEX?) + 6p°E(X?) — 3u° B
kr = o eIE 3 (25)
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where p, 0?2 asin (22),(23)and,

a2 (& © (—1)¢ 1
@ (%) = (-DF 1
E(X®) = o ZMW I[E(d+3),ﬁ+lk—1]
v V_z'(a)_
E(X*) = “ (‘j_ﬁ) x Zm ﬂ 1[3(d+4).ﬁ+,1k—1]
rEr[g @] Tt

The mode M, can be derived as,

d vy PR
o7 3]
d L) e (~Dfxtre ) ;;Ti)
&f(x)=d ga [ga 3 ]Z T ik P o 26
P p’
The median M; can be derived as,
A
o (rEG|
e )]
F(x) = . 11; L
V[I'(E)]
[ d /x\P 7“'
E M _1 [E l A:|=
V[A' a[‘(%) ‘ 2 ,1'(“) 0 o

By solving the non-linear equations (26) and (27), the mode and median of X can be obtain.
Also that the quantile function x, of [0,1] TGG-GG random variable can be obtain by solve the following equation,
Xq\P A]

A (] [5' a ]

A’ d

B (L'
/[5G
A random variable X has the [0,1] TGG-GG distribution can be simulated by solving the nonlinear equation,
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g vy o (5G]
y[ﬂ'( ] |l/1 al"(p) B

where U has the uniform(0,1) distribution.

5. Shannon and Relative Entropies

The Shannon entropy is defined as a measure of uncertainty that play an important role with the information's theory. Mathematically,
Shannon entropy, H define as an expected of (—In f(x)) which is equivalent to,

H= —f fO)Inf(x) dx
0
The Shannon entropy of [0,1] TGG-GG distribution can be obtain as follows,

ﬂ L d 2\P B+Ak—-1
Inf() = In d(adl‘*ﬁl ~t@-Dinx ~(5) 1 |[ il P‘(;)) ]I
r@r(5.6)) R\ @)
So that
H:

-1y Gos o o xd‘ie_(g)p (y(%‘@p)>ﬁ+1k 1 n| - (&) ~Dnx - (%)
" (i) o) ") O

Suppose that
» i } d Py Bkl
L=(-d)— (“d)“ﬁl S e [ @ y(”'(;) N e
(5@ )"20 (3)
and w(x;a,p,d,a,B,1) new function

P K wd (@ PPkt @ xyp)\ Pt
W(x; a,p, d’ a’ﬁ’ A_) _ J-OOOF ( d)aB °°_ (_1) xd_le_(z) (y(p‘(z) )> ln |:Zk OI(CI ]zk( <[‘EZ; )> “dx

Then,

1
L +— EXP) —w(x;a,p,d,a,B,2
@ l);{>+z+a,,, X?) - w(x; a,p,d, a, B, 1)
D AWV
. . x\P
By using the transformation u = (Z) we get,
B+Ak—1

L koo 2.4 —u 1
L=>01-4d) (p)y(”(a) >Zk 0,(0;)1,{ Jy uwe™ <y(pd )) (lna +-In u) du
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1 _ d B+Ak—1 B+Ak—1
1-d)2z ol e e, (54 - (v ]
I, = p 5 1 3 Zk'a’”‘ [lnaf ur e P d +—f Inuup e P du‘
— * 0 — 0 —
r@r(5.(3)) r(3) '@
. o Tip— _ (k,y)
Slnce,I(k +f,m) = [yt ey [VF’(‘ky] dy , so that,
d B+Ak—1
—d)— ﬁ (- 1)k [ d 17 4.4 _ V(E’u) ]
I, = Z lna1<—,ﬁ+/1k—1>+—f Inu up “e™ du
el o’ | p pPJo F(g) |
F(p)y x’ p J
d d ﬂ+).k—1
Let I3 = fooo Inu up 'ev (yg'(’;))> du
P
Based on using expansion series of incomplete gamma ratio function, we get
|, ( 1)[ i _| B+Ak—1
d B+ak—1 juP Y2 ——t—— 4
y (E'u) (p + l) [ ug([s’wlk—l) © had (_1)1'1+--~+i13+,1k_1 it Figeak-1
d - d - B+ak-1 Z Z d . . d
r (5) l r (5) J [1" (%)] i1=0 iB+lk—1:0 (5 + ll) . (p + lﬁ+lk 1) ll .- lﬁ+lk 1

1 (_1)i1+"'+iﬁ+lk—1

I; = B+Ak—1 Z?::o ---Z?;Mk_l:o (d
r

d
—y . —(BHAR)+ig+e+i 11
fooo In(ue u PR HaA Figaai-a =1 gy

[ (%)] 5+i1)...(%+i3+,1k_1) i1!igy k1!
Since, fomxs‘l e ™ In(x) dx =m~S F(s){lp(s) In(m)}, then
(—1)i+Fipear—1 d
I = BH“Z Z — — r[;(ﬁ+/1k)+i1+
[ (p 1=0  igak- 1—0 + 11 (p + lﬁ+/1k—1) ! lpiak—1!
+ g 0 (; (B +2K) + iy -+ s ) — In(D)
Hence,

!
-d3F < (—1)% d
L= a In(a) I(—=,B + 1k — 1)
d 142 k! atk 14
(6 (30))F

)Y\ 71 \a

| (_1)i1+"'+i,8+lk—1 - d " .
}_7 [ ( ) ﬁ”Lk ' lz‘o i Z —0 + ll (d ti +Ak—1> ! igiak—1! [; FraoThy
l P 1 B+Ak-1 D B B

|

d
Higaaica |9 (5B + A0+ i)

|

Therefore,
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(&)
r@r(5.6))

(1—d)0f—ﬁ ®, 1)k

H=—-In

d
* (@ 1(,p + k-1
r(%w(%y)kzow (54 2i-1)
(=)t Fiprak—1 d
P - Ak 1
+ p“ (p) B+Ak 1 ;) 15+;1—0 d, 11 (g g ) e r [p B+ k) +iy +
] (d )h} % ® (_1)k [1 ]
+iﬁ+Ak— Y _(B+Ak)+i1+m+iﬁ+lk— n . _(d+p)"3+lk_1
o N e s

—w(x;a,pd,aB,A) (29)
The relative entropy is define a measure of the difference between two probability distributions. In more closely, the
relative entropy is the amount of information that is lost when the second distribution is used to approximate the first
distribution. Mathematically, relative entropy, DL(f;||f;) define as,

DLGIE) = [ fiGotn (fl(x)>dx
0

f2(x)
Since,
B+Ak—1
£ [aﬂd]% o (—DF a1 () V(%'(g)p)
L 1 Ak N
@r(5.Q))="" (5)
] A . I\ BitiAgk—1
£, = [afdl ./ D g T V(;i—l (a%)p)
2V T 1k )
r(@)r(f.2)") B "(52)
So that
e _<y<%'<%)”>>
A6 _ ad][aﬁ] (ﬁ— “ ) 0 @ l i(g) ] o\ er(p)

2N a1 1][0:151] §)< > e_(‘%)m ly@_ii

Q
B[
~
<
[y
—_—
=
iy
I
N
o
|
.~
=
L
T
Y3
~—~
®
~—
=
B
N——
~

==
'ﬁ‘h.
)

—

and

| [{ e (5"

KCoRN e

A%@‘”))" (r(iiu‘“))“
<ar(%) + e

+@d-din - (2) +(2) + @ -1 ln[ (5((3 )l (- Dn [V(p—lr'(i) )l _

143



\* Journal of Iragi Al-Khwarizmi Society (JIKhS) Year 2018  pages: 135-148

\1 /

Volume:2 Special issue of the first international scientific conference of Iragi Al-Khawarizmi Society 28-29 March 2018

DL(f1llf2) = .
G ()" )
In p1 lord\. (B 1\ Aq
[aldl]r(z)yG(a) J2

+(d —dy) f;” fr(x) In(x) dx —— E(XP) + o EXPY + (8- 1) [, (%) ln[ (E((‘)) )l dx —

dq pP1 d (x\P A dq PN\ A1

pi—1J; f1(x)ln[%l —Jy filx )( (”((5)))> dx + [, fi(x )<7( 15( )) )> dx
Since, o b
o fi () In(x) dx =

7 o SO M@ IE B+ Ak —1) + T L3 N Sl I3+ ak) +
F(%)”(%(a)l) Zk kta {n(a) (p ﬁ ) p [F(%)]B A Z = B+ak-1=0 (EH ) ( +l[g+lk 1)11l 13+Ak 1! [ (ﬁ )
. . d . . — aP uiﬁ (e} (_1)k 1
ig + -t Lﬁ+,1k_1] {l,b (; B+rk)+ip +--+ lﬁMk_l) - ln(l)} } E(XP) = F(%)V@'(%)A) Y=o g | [; (d+p)B+ k- 1]
By = — s O Gy ), k- 1

B bt

d (xy’
n(x;a,d,p,ap,2) = fomfi(x) In V(r;(%)) dx
p
(;‘ED

Ul(x'a,d,l’,a,ﬁ,/l) f fl(x)ln dx

d /x\P A
e (G @)
Jl—fofl(x) e dx

dy (xyrn)\ ™
Js ffl() (5. (‘(‘;) ) d

alF(p—i)

For J, we get that

dx

4 1P\ BHAG+D)-1
L= ” [ad] >Zoo Cof_1 foo xa-1 e‘(g)p (y(?(E) ))

@B Ey) e

P
By using the transformation u = (g) , We get

o (d ) B+A(k+1)-1
A 0 1 e, (ViU
= A k! ﬁ+A(k+1)f up e a du
F(%)V(%,(%) )k:o « 0 F(E)
2 1)k
= d /; 1\ (kll) aﬁ+al<k+1> ’[g'ﬁ”(kﬂ)—l]
r;)r(x @) )"=°
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i1t p1lir+-iy
(- 1)11+ +l}.1 (ai ( 1)

dq . . .
) (p1+111)11!...111!

dx

rG)

()

(%‘(g)p)>ﬁ+ak_1 (a_l)pl ' 211 0 Zl}L =0 (Z;{_ i
@t [r(G2)]

A1

p/y %,(%)p)>ﬂ+lk_ldx]

_ o [E =
J2 =, F(%)y(%(a) >Zk 0 gk X
/= el

WZR 02i=0- Z?Zfo

Now for the sub-integral we get

dq dy . S p1(11+i1+'“i11)
(p1+l1) (p +l11)l1----l11-(a1)

s [r(82)] et

» d /x\P L+Ak-1
()
. . x P
By using the transformation u = (g) , We get
d B+Ak—-1
adtPilatistip,) roo [a+ps(Ag+ig+-ip,)] L y(glu)
J; = f u . e 22 "
’ i ')
d+p (A +iy + i
J2 [ te (it Al)],ﬁ+/1k—1]
p
So that
[l]i (- )k+ i1+»~+i)L1
Iz = c Zk 0211 0" Zill 0 !

(). (St )ig iz an) PR g ()]

p1
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B ai (—pkriattiag [d+p1(Ag+ig+-ig,)]
= F(g)yé?’ _ )Zk 0211 0- lal (Ziﬂl) (Z_H.h)il!___ih!(a11)p1K(A]1+i1+»..i11) a1 [F(z_i)]ll k!a’l"l[ P A B+ Ak —1
A1
[[20r &) (2.E)") 2]
DL(f1||f2)=ln| » 5 1 7 |
[2er @ (§.60)) 2]
- o ( )k
+(d—dy) a _ In(@)I(=,8+ 1k —1
@)
1 (_1)i1+"'+i[§+,1k—1 d
+= T|=(B+ k) +i; +
p[[ r(@) e Zo W;_o St i) o (S + fpraeca) il o panica! [p !
A X 1k
+ im,{_l] " (g B+ 2K) + iy + -+ iﬁw_l)J } - @ (“; (l)l> k:o’(‘! ;ik I [% d+p), B+ k-1
P A\
. A
+ ! N ol Gl I[%(d+p1),ﬁ+lk—1] + (B -1 a,dp,a B A)

r@r(FE))E

— (B — Dni(x; a,d,p,ay, B, A1) — ) (

o (1)k
|-, B+ Ak + 1) -
G b

k+ i1+~-+ill

r d
p
2

ey N B b1 .
F(%ﬁ(a( ) > 1=0 (p1+ 1) (g +i,11)i1!...i,11!(al)pl(l“l”””l) a M [F(%)] Klahk
I [—[d”’l(’“;‘” 2l g4 k-1 (30)

6. Stress - Strength Model

Suppose X (strength) and Y (stress) are two independent [0,1] TGG-GG distribution with different parameters. The stress-strength of
[0,1] TGG —GG distribution is given by,

R=P(y<x)= [, fx()Fy(x) dx

A1
o (GG ]
[ a F(p—i) ‘

(52"

bf f)dx

Since
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Therefor the stress-strength of [0,1] TGG —GG distribution can be written as,
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(-t ()TN

R =Xg-o A1d+B =0 Dy =0 d d
(B ar@) ™ afasty T T st )-(rs)
dq[A1d+B1]+py[sy++ 1
E [(ail) 1l41 1]+P1ls1 SA1d+B1 ] (31)
Such that,

gtldtBaltpalsittsy,a+p,] 2

P (-1*
r(@r(5G))

E(Xd1[ﬂ.1d+31]+P1[S1+~-~+sald+ﬁ1]) = aB Y e I E (d +dy[Ad + Byl + pilsy + -+ 511d+1?1])'ﬁ +

Ak—l]

7. Concluding Remarks

In statistical analysis a lot of distributions are used to represent set(s) of data. Recently, new distributions are derived to extend some
of well-known families of distributions, such that the new distributions are more flexible than the others to model real data. The
composing of some distributions with each other's in some way has been in the foreword of data modeling.

In this paper, we presented a new family of continuous distributions based on [0,1] truncated generalized gamma. The [0,1] truncated
generalized gamma-generalized gamma ([0,1]TGG-GG) distribution is discussed as special case. Properties of [0,1] TGG-GG is derived.
We provide form for characteristic function, rth raw moment, mean, variance, skewness, kurtosis, mode, median, reliability function,
hazard rate function, Shannon entropy and relative entropy. This paper deals also with the determination of stress-strength R = P(y < x)
when X (strength) and Y (stress) are two independent [0,1] TGG-GG distribution with different parameters.
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