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Fuzzy Soft Banach Algebra represent a fascinating extension of  Soft Banach 

Algebra,providing a versatile mathematical framework for studying algebraic 

properties in,various applied contexts .This paper offers an overview of key 

concepts in Fuzzy Soft Banach Algebra theory and explores their fundamental 

applications.   

  The exposition begins by introducing the definition and general 

characteristics of  Fuzzy Soft Banach Algebra, highlighting the principal 

distinctions from Soft  Banach Algebra. The paper proceeds to delve into the 

essential properties, of Fuzzy Soft Banach Algebra and demonstrates their 

applicability in differential and integral calculus. 

Furthermore, the paper showcases practical examples and applications of 

Fuzzy Soft Banach Algebra in fields such as number theory and mathematical 

physics This section emphasizes how Fuzzy Soft Banach Algebra can be 

leveraged, to solve practical problems acros 

 

1. Introduction  

      In actual life, the majority of problems are ambiguous or imprecise. This is due to a lack of the 

required information. Zadeh [7] built fuzzy sets in 1965 to address such problems. Because fuzzy set 

theory lacks parameterization methods, Molodostov [8] introduced soft set theory in 1999. Maji [6] 

examined the fusion of soft set theory ,and fuzzy set theory in 2001, introducing the notion of a fuzzy 

soft set. The soft set approach was expanded by this new idea, moving from crisp cases to fuzzy cases. 

Tanay and Kandemir initiated studies on topology and fuzzy soft set theory in [2]. The fuzzy soft 

norm, over a set was initially articulated by Zadeh [13] in 2013, and an analogy between the fuzzy soft 

norm and the fuzzy norm over a set was also drawn. 

In our paper, We proposed fuzzy soft Banach algebra and investigated some of its traits in the piece we 

wrote. Section 2 provides initial results. The term of fuzzy soft Banach algebra is laid out in Section 3, 

accompanied by a breakdown of some of its basic aspects. The paper wraps up in Section 4. 

2. preliminary 

Over the duration of this work. Let X reflect the universe set, E the parameter set, and let Ix be the set 

of all the fuzzy sets over X and A⊆ E. 

Definition (2.1)[4]: ,  If  Γ is a mapping supplied by Γ: A →Ix, so a pair ΓA is commonly referred to as 

a fuzzy soft set over X. As an outcome, for every component of X in 𝑓(𝑒), e ∈ A, while 𝑓(𝑒) is a fuzzy 

subset of X with the membership function fe : X → [0, 1] expressing the degree to which each member 

of X has the trait e ∈ E. 
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ΓA(XE)will serve as the set of all fuzzy soft subsets of the universal set X with regard to parameter set 

E during the course of the research. 

Definition (2.2)[4]: , (Rules of fuzzy soft set) For two fuzzy soft sets Γ𝐴 and  Λ𝐵over a common 

universe X we 

have, 

i. Γ𝐴 is a fuzzy soft subset of Λ𝐵 shown by Γ𝐴 ≤̌ Λ𝐵  if: 

1. A ⊆ B, 

2. For all e in A, Γ𝑒(x) ≤ Λ𝑒(x) ∀x ∈ X. 

ii. Γ𝐴  = Λ𝐵  if Γ𝐴  ≤ Λ𝐵 and Λ𝐵≤ Γ𝐴   . 

iii. The complement of a fuzzy soft set Γ𝐴   is denoted by Γ𝑐
𝐴where Γ𝐶 : A → 𝐼𝑋 and Γ𝐶(e) is the 

complement of fuzzy set Γ (e) with membership function 

Γ𝑐
𝑒  = 1 - Γ𝑒    ∀e ∈ A. 

iv. Γ𝐴 = ΦA (null fuzzy soft set with respect to A), if for each e ∈ A, Γ𝑒 (x) = 0, ∀x ∈ X. 

v.  Γ𝐴 = 𝑋𝐴 (absolute fuzzy soft set with respect to A) , if ∀x ∈ X, Γ𝑒(x) = 1 for each e ∈ A. 

If A = E, the null and absolute fuzzy soft set is denoted by Φ and X respectively. 

vi. The union of two fuzzy soft sets Γ𝐴 and Λ𝐵,is denoted by Γ𝐴∨Λ𝐵 , is the fuzzy soft set (Γ ∨ Λ)𝐶, 

where C = A ∪ B and ∀e ∈ C, we have (Γ ∨ Λ)(e) = Γ(e) ∨ Λ(e) where 

(Γ ∨ Λ)C(x) = {

ΓA(x)                                  if e ∈  A −  B 

ΛB(x)                          if e ∈  B −  A           

max{Γe(x), Λe(x)}          if e ∈  A ∩  B   

 

for all x ∈ X. 

 

vii, The intersection of two fuzzy soft sets Γ𝐴 and Λ𝐵 is denoted by Γ𝐴∧ Λ𝐵, is the fuzzy soft set (Γ ∨ 

Λ)C , where C = A ∩ B ≠ ∅ and ∀e ∈ C, we have (Γ ∧ Λ)(e) = Γ(𝑒)∧ Λ(e) where (Γ ∧ Λ)𝑒(x) = 

min{Γe(x), Λe(x)} for all x ∈ X. 

Definition (2.3)[4] : 

1. Let xλe be a fuzzy point in X with support x ∈ X and membership degree λe ∈ (0, 1]. The fuzzy soft 

set (Px)E is called fuzzy soft point, say F.S point, whenever Px : E → IX is a map such that for each e 

∈ E, 

(Px)e(y) ={
λe            if y =  x     

0             otherwise 
 

So for each e ∈ E, (Px)(e) = xλe  , or (Px)(e) = λeχ{x}, ∀e ∈ E. In other words, the F.S point (Px)E, is a 

description of x ∈ X based on the decision, parameters in E. If λe= 1 for all e ∈ E, we call (Px)E, crisp 

F.S point. 
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2. The F.S point (Px)E belongs to F.S set ΓE denoting by (Γx)E∈ ΓE, whenever 0 < λe ≤ Γe(x) for all e 

∈ E. 

3. The restriction of F.S point (Px)E to (Px|e)E is called, the fuzzy soft single point over E, say F.S 

single point, 

whenever 

(Px|e)α(y) ={
(Px)e(x) =  λe >  0         if α =  e and y =  x

0                                                                   otherwise
 

The, F.S single point (Px|e)E belongs to F.S set Γ𝐸 denoting by (Px|e)E ∈ Γ𝐸, whenever 0 < λe ≤ Γ𝑒(x). 

New Notation.[4] 

• The F.S point (Px)E can be denoted by xE where (Px)(e) =  x(e) =xλe , ∀e ∈ E, i.e., the image of each 

parameter under map Px is a fuzzy point. Consequently( xE)c Can be utilized to demonstrate the 

complement of F.S.  

point xE such that [(Px)(e)]c = 1 - λeχ{x} for all e ∈ E. 

• The precise F.S point, (Px)E will be designated by xE
1  or xE . 

• The F.S single point (Px|e, E) demonstrated by xe .  

Definition (2.4)[4]. : Let E be the parameter set and R be the set about all real numbers. 𝑅𝐸 = {Γ: E → 

𝐼𝑅}, where Γ(e)’s are fuzzy real numbers for any e ∈ E, specifies the set of all fuzzy soft real numbers, 

or F.S real numbers. 

  Note that each r ∈ R can be viewed as a F.S real number  𝑟𝐸 if for all e ∈ E, Γ(e) defined by 

characteristic function of r, i.e., 𝑟𝐸 = χχr. So r : E → , IR where for each e ∈ E,  r(e) defined by 

𝑟𝑒(t) ={
1 if t =  r
0 if t ≠  r

 

Such an F.S. real number is commonly, referred to as crisp F.S. real number.. The F.S real number Γ𝐸 

is called non-negative F.S number if  for all e ∈ E, Γ𝑒(t) = 0 ∀ t < 0. The set of all non-negative F.S real 

numbers is denoted by 𝑅∗
𝐸 . 0𝐸  and 1𝐸  are the crisp F.S numbers 0 and 1, for each e ∈ E,  0𝑒(0) = 1, 

0𝑒(t) = 0 ∀t ≠ 0 and 1𝑒(1) = 1, 1𝑒 (t) = 0 ∀t ≠ 1. 

In this inquiry, the F.S. numbers will be published by 𝑟𝐸, where 𝑟 ∈ R and r: 𝐸 →𝐼𝑅such that for each 

e ∈ E, r(e) is a fuzzy number. 

Definition (2.5)[4]: 

 [𝑟𝐸]e,α The α-level set of F.S real numbers 𝑟𝐸 correlates to the parameter e ∈ E and is defined with the 

following structure: [𝑟𝐸]e,α  = {t : 𝑟𝐸 (t) ≥ α} 

 

It can be understood as the α-level set of fuzzy real numbers r(e), whence [𝑟𝐸]e,α = [r(e)]α. 

Definition (2.6)[4]. : Let 𝑟𝐸 and 𝑟𝐸 be two F.S real numbers. We say that 



      Journal of Iraqi Al-Khwarizmi (JIKh)   Volume:8  Issue:1 Year: 2024   pages: 66-76   

69 
 

1. 𝑟𝐸 ≼  𝑟𝐸 ⇔ [𝑟𝐸]e,α  ⊆ [𝑟𝐸]e,α  for all α ∈ (0, 1] and e ∈ E. 

2. 𝑟𝐸 =  𝑟𝐸⇔ [𝑟𝐸]e,α  = [𝑟𝐸]e,α  for all α ∈ (0, 1] and e ∈ E. 

So if [ r(e) ]α  = [𝑟α
1 , 𝑟α

2 ] and [r(e)]α = [𝑟α
1 , 𝑟α

2], then we have 

1. 𝑟𝐸  𝑟𝐸⇔ 𝑟α
1 = 𝑟α

1 and 𝑟α
2 , 𝑟α

2  for all α ∈ (0, 1] and e ∈ E. 

2. 𝑟𝐸  = 𝑟𝐸⇔ 𝑟α
1   ≤ 𝑟α

1 and  𝑟α
2  ≤  𝑟α

2   for all α ∈ (0, 1] and e ∈ E 

Definition (2.7)[2]:  

A linear ,space is a set X over a field F together with two operations  and  satisfying the following 

axioms 

(i) An operation called vector addition that associates a sum u+ v  X with each pair of vector u v ,  

X such that it is associative with identity 0. 

(ii) An operation ,called multiplication by a scalar that associates with each scalar a F and vector u 

X vector auX, called the product of a and u , such that it is distributive with identity 1. 

Definition  (2.8 )[9]:  

Suppose that X be a linear space over ƒ. A soft set 𝐺𝐴 is called ,a soft subspace of  F if 

(i) for each e ∈ A, G(e) is a subspace of  X over ƒ and 

(ii) F(e) ⊇ G(e), ∀e ∈ A. 

Theorem  (2.9)[9]:  

 A soft subset �̌� of a soft  linear space X is a soft linear  sub-space of  X if and only if for all scalar 

⍺,𝛽∈ƒ ,⍺�̌�+𝛽�̌� ⊆�̌�. 

Definition  (2.10)[3]: 

Suppose that X be a linear space over ƒ. A fuzzy set �̌� in X is said, to be a fuzzy subspace if ⍺�̌�+𝛽B 

⊆�̌�  for all ⍺,𝛽 ∈ ƒ Or equivalent �̌�(⍺x+𝛽y) ≥  min{ �̌�(x),B(y)} for all x ,y ∈ X and all x ∈ X. 

 

Definition (2.11):  

Let X be a linear space over a field F and  A be a parameter set. A fuzzy soft set Г𝐴 over F is called a 

fuzzy soft linear space, of  X over F if Г(e) is a fuzzy subspace of  X, ∀e ∈ A. 

Definition (2.12):[5]  

Let X linear space over F ,where F is the field of real number or the field of complex number   

A norm on X is function ‖. ‖: X → R having the following properties  

(1) ‖�̌�‖ ≥ 0 , for all �̌� ∈ X 

(2) ‖�̌�‖ = 0 if and only if �̌�=0 

(3) ‖�̂��̌�‖ = |�̂�|‖�̌�‖ ,for all �̌� ∈ X and �̂�∈ ƒ 
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(4) ‖�̌� + �̌�‖ ≤ ‖�̌�‖ + ‖�̌�‖,for all �̌�,�̌�  ∈ X 

  The linear space X over ƒ together with ‖. ‖ is expressed by and declared to be a normed space by 

(X, ‖. ‖) . 

Definition (2.13):[9] 

  Consider X a linear space over the field ƒ (real or complex), and T a continuous t-norm. A fuzzy norm 

on X × Ȑ , Ȑ a set of all real numbers, is considered "fuzzy" if and only if �̌� ,�̌� ∈ X and �̌� ∈ ƒ.  

(i) for all t ∈Ȑ with t ≤ 0, N (�̌�, t) > 0 .  

( ii ) for all t ∈Ȑ with t > 0, N (�̌� ,t ) = 1 if and only  if �̌� = 0 .  

(iii) for all t ∈Ȑ  with t > 0, N (�̌��̌� ,t ) =(�̌�,
𝑡

|𝑐̌|
) if �̌�≠0 

.() for all s ,t ∈Ȑ, �̌� ,�̌�∈ X ( �̌� +�̌� ,t + s ) ≥ N ( �̌� ,t ) *N ( �̌� ,s iv ) 

(v) N (�̌� ,.) is a continuou non- decreasing function of  Ȑ and  

 lim
𝑥→∞

N(x, t) = 1 

The triplet, (X,N, T) will be dubbed a fuzzy normed linear space. 

Definition (2.14): 

Let X be a vector space field F and, let E be the set of parameters .The fuzzy soft norm ‖.‖ over X is 

defined as the map  X᷈ to R∗E Such that.  

i) x̃E=0̃𝐸↔‖ x̃E  ‖ = 0̃E 

ii)  ‖ ᷈r. x̃E‖ =│r│⨂ ‖ x̃E ‖ . 

iii)  ‖x̃E +ỹE ‖ =‖ x̃E ‖ ⨁  ‖ ỹE ‖ for all x̃E, ỹE  ∈ SV ( X᷈ )  

Definition (2.15): Let X be an algebra over a field, F and  A be a parameter set. A fuzzy soft set Г𝐴 is 

called a fuzzy soft algebra  X over F if  Г(e) is a fuzzy subalgebra of  X,∀e ∈ A. 

Definition(2.16) [11]: 

 Let {x̌N} be a s𝔢quen𝔠e of soft, elem𝔢nts of a soft normed space (X ,‖. ‖ ) s𝔲ch that {x̌N}  is said to be 

a C𝔞𝔲chy s𝔢qu𝔢nce if for every ∈ ≥ 0, th𝔢r𝔢 is 𝓀 ∈ N s𝔲ch th𝔞t ‖�̃�𝒾 − �̃�𝒿‖ < ∈, for all 𝒾, 𝒿 ≥ 𝓀. That 

is ‖�̃�𝑖 − �̃�𝑗‖ → 0     as 𝒾, 𝒿 → ∞. 

Definition(2.17)[9]:A n𝔬rm𝔢d sp𝔞ce is called A complete normed space ,  if every Cauchy sequence in 

X is converge to a point of  X . 

3. fuzzy soft Banach algebra 

Definition(3.1):[1] 

 A co𝔪pl𝔢t𝔢 no𝔯m𝔢d algebra is called a Banach algebra. i.e. A nonempty set X is called a Banach 

algebra over a field  if 

1. X is an algebra 
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2. ‖. ‖ is an algebra norm on X 

3. X is complete metric space induced by its norm .  

Definition(3.2)[10] : 

  A soft normed space (X, ‖.‖) is viewed as complete once every, Cauchy sequence {x̌N} converges to a 

soft element in X. A complete soft normed space is commonly referred to as a soft Banach space. 

Definition(3.3):  

Let Г𝑥  turns out to be fuzzy soft, on a linear space X. A fuzzy soft subset on Г𝑥 × R∗is called fuzzy soft 

norm on the fuzzy soft linear space X if N fulfills the following conditions: 

for all 𝔞,𝔟 ∈ Г𝑥 and 𝔱, 𝔨 ∈ R∗(E) 

(i) N ( 𝔞, 𝔱) = 0, for all 𝔱≤ 0. 

(ii) N (𝔞, 𝔱) = l iff 𝔞 = 0, for 𝔞ll 𝔱> 0. 

(iii) N(β𝔞, 𝔱 ) = N(𝔞,
𝔱

|𝛽|
|) if β ≠0. 

(iv) N (𝔞𝔟, 𝔱𝔨) ≥ N (𝔞, 𝔱) . N (𝔟, 𝔨). 

(v) N(a, .) is c𝔬ntinu𝔬us n𝔬n-de𝔠reas𝔦n𝔤 f𝔲nc𝔱i𝔬n of Г𝑥 . 

That is Г𝑥 (a,.): R∗(E) → [0, 1] and lim
t→∞

Г𝑥  (a, t)  =  1   .  

Th𝔢n (X, N, .) is a f𝔲zzy s𝔬f𝔱 norm𝔢d, sp𝔞ce a𝔫d if X is c𝔬m𝔭le𝔱e s𝔞id th𝔞t it is f𝔲zzy s𝔬𝔣t Ba𝔫a𝔠h 

sp𝔞ce. 

Definition(3.4)[10] : 

The set 𝐺𝐴 is called a s𝔬f𝔱 B𝔞n𝔞ch 𝔞lg𝔢br𝔞 if s𝔞t𝔦sf𝔦es: 

(i) 𝐺𝐴  is a s𝔬f𝔱 B𝔞n𝔞ch sp𝔞ce. 

(ii) 𝐺𝐴  is a s𝔬ft alg𝔢b𝔯a, th𝔞t is 𝐺𝐴  s𝔞t𝔦sf𝔦es: For all 𝔞,𝔟,𝔠 ∈ 𝐺𝐴 

(a) (𝔞𝔟)c = 𝔞(𝔟𝔠). 

(b) 𝔞(𝔟 + 𝔠) = 𝔞𝔟 + 𝔞𝔠, (𝔞 + 𝔟) 𝔠 = 𝔞𝔠+ 𝔟𝔠. 

(c) β(𝔞𝔟) = (β𝔞)𝔟 = (𝔞(β𝔟)), β ≥ 0. 

(iii) A s𝔬ft n𝔬r𝔪 sat𝔦sfies the in𝔢qual𝔦𝔱y ‖𝔞𝔟‖≤ ‖𝔞‖‖𝔟‖and 𝔢 𝔞 =  𝔞𝔢 = 𝔞,𝔢 𝔦s a s𝔬ft ele𝔪ent w𝔦𝔱h ‖𝔢‖= l. 

Definition(3.5)[12] : 

(X, B, ∗) is called f𝔲zzy B𝔞n𝔞ch 𝔞lg𝔢br𝔞 sp𝔞ce if s𝔞t𝔦sf𝔦es: 

(i) X is an 𝔞lg𝔢br𝔞. 

(ii) (X, B, ∗) is f𝔲zzy linear s𝔭𝔞ce. 

(iii) N(𝔞𝔟, 𝔱𝔨) ≥ N(𝔞, 𝔱) ∗ N(𝔟, 𝔨), for all 𝔞, 𝔟 ∈ X  and 𝔱, 𝔨 ≥ 0. If (X, B, ∗) is f𝔲zzy c𝔬mpl𝔢𝔱e sp𝔞ce, th𝔢n 

(X, B, ∗) is f𝔲zzy B𝔞n𝔞ch 𝔞lg𝔢br𝔞. 
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Definition  (3.6): 

 L𝔢𝔱 X b𝔢 an a𝔩g𝔢bra ov𝔢r F, Г𝐴 on X is c𝔞ll𝔢d F𝔲zzy S𝔬ft B𝔞n𝔞ch Alg𝔟𝔯𝔞a if sat𝔦sfies th𝔞𝔱: 

(i) F𝔲zzy s𝔬ft B𝔞𝔫𝔞ch sp𝔞ce. 

(ii) F𝔲zzy s𝔬ft alg𝔢b𝔯a. 

(iii) ) N(𝔞𝔟, 𝔱𝔨) ≥ m𝔦n{N( 𝔞, 𝔱), N(𝔟, 𝔨)} f𝔬r all 𝔞,𝔟∈ FS, for all 𝔱, 𝔨 ∈ R∗(E). 

(iv) If 𝔢∈ Г𝑥 th𝔢n N(𝔢,𝔱) = l. 

Proposition (3.7) (Г,A) is a fuzzy soft Banach algebra iff Г(λ) is a fuzzy Banach algebra ∀λ ∈A. 

Proof: Proof follows from the definition of  fuzzy soft algebra and Proposition(A fuzzy soft normed 

linear space (X,‖. ‖) is fuzzy complete iff (X,‖. ‖(𝜆))is complete ∀𝜆 ∈ 𝐴,where ‖. ‖(𝜆) defined as in 

proposition (Decomposition theorem). 

Proposition(3.8) Since xn ,→ x and yn ,→ y in Г𝐴. then xn (λ) → x(λ) and yn (λ) → y(λ) in Ix. 

Proposition(3.9)  In a  fuzzy soft Banach algebra if xn ,→ x and yn ,→ y         then xnyn ,→ xy. i.e. 

multiplication in a  fuzzy soft Banach algebra is continuous. 

Proof: Since xn ,→ x and yn ,→ y in Г𝐴. So xn (λ) → x(λ) and yn (λ) → y(λ) ∀λ∈A in (Г(λ),||.||λ). Now 

since Г(λ) is Banach algebra ∀λ∈A (by Proposition(1) ) and in Banach algebra multiplication is 

continuous so,        xn (λ)yn (λ) → x(λ)y(λ) ∀λ∈A, which proves that xnyn ,→ xy ( by Proposition ) . Let 

xn, yn be sequences fuzzy soft converging to the  fuzzy soft element     𝑥𝑛 in (X,||.||). Take ϵ > 0, then 

since x ,x, so there exists a soft natural number N such that ||xn yn −xy||(λ) < ϵ (λ) = ϵ ,∀ n ≥ N (λ), ∀ λ ∈ 

A.  But ||xnyn−xy||(λ)=||xn(λ)yn(λ)−x(λ)y(λ)|| 𝜆,which shows that  xn(λ)yn(λ)   → x(λ)y(λ)    ∀λ ∈ A. 

Proposition (3.10): Every parametrized family of soft Banach algebras on a soft linear space X can be 

considered as a  fuzzy soft Banach algebra on the  fuzzy soft linear space X . 

Proof. Let ||.||λ : λ ∈ A be a family of soft norms on the linear space X such that (X,||. ||𝜆) are  Banach 

algebra ∀λ ∈ A. Now let us define ||.|| : X → R(A)∗ by ||x||(λ) = ||x(λ)||λ, ∀λ ∈ A,∀x∈X. Then (X, ||.||) is 

a fuzzy soft normed linear space. Now to show that ( X, ||.||) is a fuzzy soft Banach algebra we have to 

show that ||xy||≤||x||||y|| ∀ x, y ∈V and (X, ||.||) is complete. 

Now ||xy||(λ) = ||x(λ)y(λ)||λ ≤ ||x(λ)||λ||y(λ)||λ ≤||x||(λ)||y||(λ) ∀λ ∈ A, which shows that ||xy||≤|| x|| ||y||. 

Now let xn be a Cauchy sequence in X Then for any ϵ>0 there exists a soft natural number N such that 

‖xn+p − xn‖(λ)<
∈

2
(λ) ∀n ≥ N(λ), ∀λ ∈ A ⟹ ‖xn+p(λ) − xn(λ)‖(λ)<

∈

2
(λ) ∀n ≥ N(λ), ∀λ ∈ A i.e. 

𝑥𝑛(𝜆) is a Cauchy sequence in (X,||.||λ) ∀λ ∈ A .  Since (X,||.||λ) are Banach algebra ∀λ ∈ A, so there 

exist xλ such that xn(λ) converge to xλ, ∀λ ∈ A. Hence there must exist some Nλ(> N (λ)) such that 

‖xn(λ) − xn‖(λ)<
∈

2
(λ) ∀n ≥ N(λ), ∀λ ∈ A. Now ‖xn − x‖(λ) = ‖xn(λ) − xλ‖ < ‖xn(λ) −
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xNλ(λ)‖λ + ‖xnλ − xλ‖λ <∈ (λ)∀n > N(λ), ∀∈ A, where x(λ)=xλThis shows that (X,||.||) is afuzzy 

soft Banach space. Hence (X,||.||) is a fuzzy soft Banach algebra. 

Definition(3.11): A fuzzy soft element x∈ Г is said to be invertible if it has an inverse in Г i.e. if there 

exists a soft element y ∈Г such that xy= yx= e and then y is called the inverse of x, denoted by x−1. 

Otherwise x is said to be non-invertible fuzzy soft element of Г. 

Remark (3.12): Clearly e is invertible. If x is invertible, then we can verify that the inverse is unique. 

Because if yx=e=xz Then y = ye = y(xz) = (yx)z= ez = z. Further, if x and y are both invertible then xy 

is invertible and (xy)−1 = y−1x−1. For (xy)(y−1x−1) = x(yy−1)x−1 = xex−1 = e and similarly (y−1x−1)(xy)= e . 

Definition (3.13): Let (G,∗) be a group and (Г,A) be a fuzzy soft set over G. Then (Г,A) is said to be a 

fuzzy soft group over G if and only if Г(λ) is a subgroup of (G,∗) for all λ ∈ A. 

Proposition(3.14)   Let (G,∗) be a group and (Г,A) be a fuzzy soft set over G. If for any x, y ∈ (Г,A). 

1- x∗y∈ (Г,A) 

2- x−1∈ (Г,A), 

where x∗y(λ)=x(λ)∗y(λ) and x−1(λ) = (x(λ))−1. Then (F,A) is a soft group over G.  

Proof. Proof is obvious.  

Definition (3.15)  A series ∑ 𝑥𝑛
∞
𝑛=1 of fuzzy soft elements is said to be fuzzy soft convergent if the 

partial sum of the series sk = ∑ 𝑥𝑛
𝑘
𝑛=1  is fuzzy soft convergent. 

Proposition (3.16)  Let Г𝐴be a fuzzy soft Banach algebra. If x ∈Г satisfies ||x||<1, then (e − x) is 

invertible and (e − x)−1 = e+∑ xn∞
n=1 . 

Proof. Since Г𝐴 is fuzzy soft algebra, so we have ||xj||≤||x||j for any positive integer j, so that the infinite 

series∑ ‖𝑥‖𝑛∞
𝑛=1  is fuzzy soft convergent because ||x||<1. So the sequence  of partial sum sk =∑ 𝑥𝑛

𝑘
𝑛=1  is 

a fuzzy soft Cauchy sequence since ‖∑ 𝑥𝑛𝑘+𝑝
𝑛=1 ‖ < ∑ ‖𝑥‖𝑛𝑘=𝑝

𝑛=𝑘  . 

Since Г𝐴 is fuzzy soft complete so ∑ 𝑥𝑛∞
𝑛=1 is  fuzzy soft convergent. Now let s = e + ∑ 𝑥𝑛∞

𝑛=1  . 

Now it is only we have to show that s = (e − x)−1. 

We have 

(1) (e − x)(e + x+ 𝑥2+ ...xn) = (e + x + x2 + ...xn)(e− x) = e − xn+1 

Now again since ||x||<1 so xn+1 → θ as n→ ∞. Therefore letting n→ ∞ in and remembering that 

multiplication in Г is continuous we get, (e−x)s=s(e−x)=e 

So that s = (e − x)−1. This proves the proposition.  

Corollary (3.17) Let Г be a fuzzy soft Banach algebra. If x ∈ Г and ||e− x|| < 1, then x−1 exists and x−1 

= e + ∑ (𝑒 − 𝑥)𝑗∞
𝑗=1   

 Corollary (3.18)  Let Г be a fuzzy soft Banach algebra. Let x∈ Г and µ be a fuzzy soft scalar such 

that |µ|>||x||. Then (µe− x)−1 exists and(𝜇𝑒 − 𝑥)−1=∑ 𝜇−𝑛 𝑥𝑛−1(𝑥0 = 𝑒)∞
𝑛=1 . 
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Proof. y ∈ Г be such that y−1exists in Г and  α  be afuzzy soft scalar such that α(λ) ≠0, ∀λ ∈ A. Then it 

is clear that (αy)−1 = α−1y−1. 

Having noted this we can write µe− x = µ(e − µ−1x) and now we show that (e− µ−1x)−1 exists. We have 

||e− (e −µ−1x)|| = ||µ−1x|| = |µ|−1||x|| <1 by hypothesis. So, By Corollary 10 (e − µ−1x)−1 exists and hence 

(µe− x)−1 exists. For the infinite series representation, using the Proposition 9 we have 

(µe− x)−1 = µ−1(e − µ−1x)−1 

=𝜇−1(𝑒 + ∑     [𝑒 − (𝑒 − 𝜇−1∞
𝑛=1` 𝑥)]𝑛 

=𝜇−1(𝑒 + ∑ (𝜇−1𝑥)𝑛∞
𝑛=1 ) =∑ 𝜇−𝑛𝑥𝑛−1∞

𝑛=1 . 

This proves the corollary.  

Proposition(3.19)  Let Г be a fuzzy soft Banach algebra. The fuzzy soft set Г𝐴 generated by the set of 

all invertible  fuzzy soft elements of Г is a fuzzy soft open subset in Г. 

Proof. x0 ∈ Г𝐴. We have to show that x0 is a fuzzy soft interior point of Г. Consider the open sphere 

Г𝐴(𝑥0,
1

‖𝑥0
−1‖

with centre at x0 and radius 
1

‖𝑥0
−1‖

. Every soft element x of this sphere satisfies the 

inequality 

‖𝑥0 − 𝑥‖ <
1

‖𝑥0
−1‖

  (2) 

Let y = x0- 
1x and z = e − y then we have ||z|| = ||y − e|| = ||x0

−
 
1x − x0

−
 
1x0|| ≤|| x−1

0 ||||x − x0||<1 . So by 

Proposition 9, e − z is invertible  i.e. y is invertible. 

Hence y∈Г𝐴. Now x0∈, Г𝐴y ∈ Г𝐴nd so by Remark 5, x0y ∈Г𝐴 . But x0y = x0x
−

0 
1x = x so any x 

satisfying the inequality (1) belongs toГ𝐴 . This shows that Г𝐴 is a  fuzzy soft open subset of Г.  

Corollary (3.20) : The fuzzy soft set P(= Sc) of Г is fuzzy soft closed subset of Г. 

Definition  (3.21): A mapping T from a fuzzy soft normed linear space Г onto Г is said to be 

continuous if for any sequence xn, xn ,→ x implies T(xn) → T(x). 

Proposition (3.22):  In a fuzzy soft Banach algebra Г, the mapping x → x−1 of S onto S is continuous. 

Proof. Let x0 ∈ S and let {xn} be a sequence of  fuzzy soft elements in S such that xn → x0 as n → ∞. 

To prove  x → x−1 is continuous, it is enough to show that x−
n
1 ,→ x−

0 
1. Now 

||𝑥𝑛
−1−𝑥0

−1 || = ||𝑥𝑛
−1 (𝑥0 − 𝑥𝑛) 𝑥0

−1 || 

(3) ≤||𝑥𝑛
−1 ||||x0 − xn||||𝑥0

−1  ||. 

Since xn ,→ x0 , for any given ϵ>0, there exists N such that for all n ≥ N(λ), 

(4) ‖xn − x0‖(λ)<
1

2‖x0
−1‖

(λ) we where have taken ϵ=
1

2‖x0
−1‖

 

Now 

(5) ||e− x0
−1xn|| = ||x0

−
 
1(x0 − xn)||≤|| x0

−1||||(x − xn) || 

Using (4) and (5) we get 
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(6) ‖e − x0
−1xn‖(λ)

1

2
(λ) =

1

2
∀n ≥ N(λ) 

So by Corollary x0
−1xn is invertible and its inverse is given by x−

n
1x0 =(x0

−1xn)−1 = e +

∑ (e − x0
−1xn)n.∞

n=1  Thus‖xn
−1x0‖ ≤ 1 + ∑ ‖e − x0

−1xn‖n∞
n=1 ≤

1

1−‖e−x0
−1xn‖

≤ 2 by (6). This gives 

‖xn
−1x0‖ < 2 so that we have  

 (7) ||xn
−1|| = ||xn

−1x0  x0
−1||≤ ||xn

−1x0||||x0
−1||≤ 2||x0

−1|| 

From (3) and (7) we get ||xn
−1 −x0

−1||(λ) ≤ 2‖x0
−1‖ (λ)||x0 − xn||(λ)|| x0

−1||(λ) → 0asn → ∞. 

This proves that xn
−1 →  x0

−1as n → ∞. So the mapping x ,→ x−1 of S onto S is continuous.  

Corollary (3.23):  In a fuzzy soft Banach algebra Г, the mapping x−1 → x of S onto S is continuous. 

Definition (3.24) : Let Г be a fuzzy soft Banach algebra. Afuzzy  soft element z ∈ Г is called a fuzzy 

soft topological divisor of zero if there exists a sequence {zn}, zn ∈ Г, ||zn|| = 1 for n = 1,2,3..... and such 

that either zzn ,→ Θ or znz → Θ. 

Proposition(3.25): The fuzzy soft set Г is a fuzzy soft subset of P, where Г denotes the set of all fuzzy 

soft topological divisors of zero. 

Proof. Let z ∈ Г. The there exists a sequence {zn} such that ||zn|| = 1 for 

 n = 1,2,3..... and either zzn ,→ Θ or znz → Θ as n → ∞. Suppose that zzn ,→ Θ. 

If possible, let z ∉ P. Then z (λ)−1 exists for some λ. Now as multiplication is continuous operation, we 

should have 

zn (λ) = z(λ)−1 (zzn)(λ) → z(λ)−1 Θ(λ) = θ as n → ∞. 

This contradicts the fact that ||zn|| = 1 for n = 1,2,3..... . Hence Г is a fuzzy soft subset of P. 

Definition (3.26): Let (X, ||.||) be a fuzzy soft normed linear space and Y ∈ Г (X). A fuzzy soft element 

α ∈ X is called a fuzzy soft boundary elements of Y if there exist two sequence xn and yn of fuzzy soft 

elements in Y and Yc respectively such that xn ,→ α and yn → α. 

Proposition (3.27): The boundary of P is a fuzzy soft subset of Г. 

Proof. Let z be a boundary point of  P. So there exist two sequences of fuzzy soft elements rn in S and 

sn in P such that 

(8)       rn ,→ z and sn ,→ z. 

Since P is fuzzy soft closed so z ∈ P. Now let us write rn
−1z − e = rn

−1 (z− rn). The sequence {rn
−1 (λ)} 

given above is unbounded ∀λ ∈ A. If not, then there exists some λ ∈ A and n(λ) such that ‖𝑟𝑛
−1z −

e  ‖(λ) < 1 ∀n ≥n(λ), ∀λ ∈A. So that by Corollary 10, rn
−1z(λ) is regular and hence  z (λ) = rn 

(λ)(rn
−1z)(λ) is regular, contradicting z ∈ P. Hence {𝑟𝑛

−1 (λ) }is unbounded ∀λ∈ A so that 

(9)    ‖𝑟𝑛
−1‖ → ∞ 𝑎𝑠 𝑛 → ∞. 

Now let us define .𝑧𝑛 =
𝑟𝑛

−1

‖𝑟𝑛
−1‖

 .from the definition of 𝑧𝑛 we have  
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(10) ||zn|| = 1. 

Further 

(11) z𝑧𝑛=
𝑧𝑟𝑛

−1

‖𝑟𝑛
−1‖

=
𝑒+𝑧𝑟𝑛

−1−𝑒

‖𝑟𝑛
−1‖

=
𝑒+(𝑧−𝑟𝑛)𝑟𝑛

−1

‖𝑟𝑛
−1‖

 

But 

(12) 
𝑒+(𝑧−𝑟𝑛)𝑟𝑛

−1

‖𝑟𝑛
−1‖

=
𝑒

‖𝑟𝑛
−1‖

+ (𝑧 − 𝑟𝑛)𝑧𝑛. 

From (11) and (12), we get 

(13) z𝑧𝑛 =
𝑒

‖𝑟𝑛
−1‖

+ (𝑧 − 𝑟𝑛)𝑧𝑛 

Using (8), (9) and (10) in (13) we see that zzn ,→ Θ as n → ∞. Hence z is a topological divisor of zero. 

4. Conclusion 

In fuzzy soft Banach space ,we needed define soft Banach algebra[10] and fuzzy Banach agebra 

[12],in our paper,we a new concepts called fuzzy soft algebra , fuzzy soft Banach algebra.  
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