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 The concept of fuzzy Soft set theory was introduced by Molodtsov in the study 

[8]. fuzzy Soft real numbers and properties were introduced in the study [6] and 

fuzzy soft Banach algebra was defined in [11] . In this study, firstly we obtain a 

fuzzy soft Banach algebra by defining a fuzzy soft norm on (Real numbers) which 

is called fuzzy soft normed real space. By using this normed space we define the 

fuzzy soft linear functional and investigate some of its properties. Secondly, we 

introduce fuzzy soft dual space and fuzzy soft dual operator and investigate their 

properties. Finally, we state and prove the theorem about representation of fuzzy 

soft linear functional by inner product in fuzzy soft Hilbert spaces. 

 

 

1. Introduction  

    Molodtsov [8] introduced the idea of soft set to overcome uncertainties It cannot be dealt with in 

classical ways in many fields such as the environment Science, economics, medical science, 

engineering and social sciences. This theory Applies when there is no clearly defined mathematical 

model. Lately, a lot Research on fuzzy soft sets has been published; See [1-7] The concept of a fuzzy 

soft point has been defined in different ways. Everyone introduced the concept of fuzzy soft 

measurement and investigated some properties of fuzzy soft measurement Metric spaces. S.Das et al 

introduced the concept of fuzzy soft element in [10] and defined a Fuzzy soft vector space using the 

fuzzy soft element concept. After that they studied Fuzzy soft modular spaces, fuzzy soft linear 

operators, and fuzzy soft interior product spaces and their basics Characteristics [3, 4, 9]. Later [11] 

defined the fuzzy soft vector space using this concept From the blurry fuzzy soft point and the fuzzy 

soft blurry standard spaces are presented in a new point of view. In the Study [12] identified a fuzzy 

soft inner product space. In this study, we advance the literature [11, 12] by defining a fuzzy soft true 

norm space. In this study we define a fuzzy soft inner product on a standard  fuzzy soft real space. we 

Introducing fuzzy soft linear functions and showing the space of fuzzy soft linear functions It is a 

fuzzy soft vector space and this fuzzy soft vector space is the dual space of the fuzzy soft standard real 

space. We also studied some properties of fuzzy soft linear functions and fuzzy soft dual spaces. 

Finally, after defining the fuzzy soft correlation line SSV (R˜), we state and prove the theorem 

Representing fuzzy soft linear functions by the inner product in fuzzy soft Hilbert spaces. 

2. Preliminaries 

Definition(2.1)[14] : A pair (Г , A ) denote by ГA is called a fuzzy soft set over X, where Г is a function 

given by Г: A → IX. 
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Definition (2.2)[14]: A Fuzzy soft set (Г, 𝐴) over X is said to be an  absolute fuzzy soft set, if for all  

e ∈  𝐸 , 𝐹(𝑒) is a fuzzy universal set 1̃ over X and is denoted by Ẽ. 

Definition (2.3)[14]:A fuzzy soft set (Г, E) over X is said to be a null fuzzy soft set, if for all e ∈  𝐸, 

𝐹(𝑒)  is the null fuzzy set 0̃ over X. It is denoted  by ∅̌. 

Definition (2.4)[13]: For two fuzzy soft sets (Г, A ) and (⋀, B) in Г(𝑋, 𝐸) we say that 

(Г, A) ̌ (⋀ , B )if  A ̌ B  and Г(e)(x)  ≤̌  ⋀(e)(x). 

Definition (2.5)[14]: Two fuzzy soft sets (Г, A )and(⋀ , B ) in Г( X , E ) are equal if Г̌  ⋀ and ⋀̌ Г. 

Definition (2.6)[13]: The different between two fuzzy soft sets (Г,A ) and (⋀,B) in Г(𝑋, 𝐸 ) is a fuzzy 

soft set ( Г ⋀,⁄ E) (say ) defined by ( Г ⋀⁄ ) (e)=Г(e) ⋀(e)⁄  for each 𝑒 ∈ 𝐸.(Г ⋀⁄ )(𝑒): 𝑋 →

𝐼, (Г ⋀⁄ )(𝑒)(𝑥) = Г(𝑒)(𝑥) ∩̌ (⋀(𝑒)(𝑥))
𝑐

= 𝑚𝑖𝑛{Г(𝑒)(𝑥), ⋀𝑐(𝑒)(𝑥)} ∀𝑥 ∈ 𝑋. 

Definition (2.7)[14] : The complement of  a fuzzy soft set (Г,E ) is a fuzzy soft set ( Гc, E) defined by  

Гc(e)=1 Г(e)⁄  for each e ∈ 𝐸, (Гc(e))(x) = 1 − Г(e)(x) ∀x ∈ X. 

Definition (2.8)[13]:Let (Г, A ) and (⋀, B )  be two fuzzy soft sets in  Г(X,E ) with A ∩̌ B ≠ Ф,  then: 

 a) their intersection (Г ∩̌ ⋀ , C ) is a fuzzy soft set, where C = A ∩̌ B   and (Г ∩̌ ⋀)(e) = Г (e) ∩̌ ⋀(e) 

for each e ∈ C, 

(Г ∩̌ ⋀)(e)(x)  = min {(e, Гe(x)), (e, ⋀e(x))  

b) their union (Г ∪̌ ⋀, C) is a fuzzy soft set, where 

 C) A ∪̌ B and (Г ∪̌ ⋀)e = Г(e) ∪̌ ⋀(e)for each e ∈ C   

 (Г ∪̌ ⋀)(e)(x) = max {Г(e)(x), ⋀(e)(x)} 

Definition (2.9)[14]: A fuzzy soft set ГA over 𝑋 is called a fuzzy soft point if for the 

element 𝑒∗ ∈  E 

 𝑓𝑒(𝑥) = {
𝜆𝑥      𝑖𝑓 𝑒 = 𝑒∗ 
0     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

    for every e ∈  𝐸 

Otherwise, for the element 𝑥∗ ∈  X, 

       𝑓𝑒(𝑥) = {
𝜆      𝑖𝑓 𝑥 = 𝑥∗

0     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
    for every 𝑥 ∈  𝑋 ,where 𝜆 ∈  (0,1]. 

The set of all fuzzy soft points is denoted as �̃�𝐸. 

Let 𝑋 be a vector space over a field 𝐾 (𝐾 = ℝ) and the parameter set 𝐸 be the real number set ℝ. 
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Definition 2.10 ([11]) Let (𝐹, 𝐸) be a soft set over 𝑋. The soft set (𝐹, 𝐸) is said to be a soft vector and 

denoted by x̃𝑒 if there is exactly one 𝑒 ∈  𝐸, such that 𝐹(𝑒)  =  {𝑥} for some 𝑥 ∈  𝑋 and 𝐹(𝑒′) = ∅, 

∀𝑒′ ∈ 𝐸/ {𝑒}. 

The set of all soft vectors over X̃ will be denoted by SV(X̃). 

Definition 2.11. Let x̃ be an absolute soft linear space over the scalar field 𝐾 . Suppose ∗ is a 

continuous t-norm, 𝑅(𝐴∗) is the set of all non- negative soft real numbers and 𝑆𝑆𝑃(𝑋)  denote the  

se t  of  all  soft  points  on X̃.  A  fuzzy  subset  on 𝑆𝑆𝑃(𝑋) × 𝑅(𝐴∗) is called a fuzzy soft 

norm X̃ on if and only if for x̃e, ỹé ∈ SSP(X̃) and k̃ ∈ K̃ (where k̃ is a soft scalar) the following 

conditions hold 

1)  (x̃e, t̃) = 0, ∀t̃ ∈ R(A∗) with t̃ ≤ 0̃. 

2)  (x̃e, t̃) = 1, ∀t̃ ∈ R(A∗)  with t̃ ≤ 0̃ if and only if  x̃e, θ̃0. 

3) (kx̃e, t̃) = (x̃e,
t̃

|k̃|
) if k̃ ≠ 0̃ ∀t̃ ∈ R(A∗), t̃ > 0̃. 

4) (x̃e ⨁ �̃�𝑒 , �̃�  ⨁ �̃�) > (�̃�e, �̃�) ∗ (�̃�e, �̃�), ∀�̃�, �̃� ∈ 𝑅(𝐴∗), x̃e, �̃�𝑒 ∈ 𝑆𝑆𝑃(𝑋). 

5) (x̃e, . ) is a continuous non decreasing function of R(A∗) and lim
x̃→∞

(x̃e, t̃) = 1. 

The triplet (X̃,,∗) will be referred to as a fuzzy soft Banach algebra. 

Proposition 2.1. ([2]) Every fuzzy soft set can be expressed as a union of all fuzzy soft points 

belonging to it. Conversely, any set of fuzzy soft points can be considered as a fuzzy soft set. 

    Let 𝑆𝑆𝑃(�̃�) be the collection of all fuzzy soft points of �̃� and ℝ(𝐴)∗ denote the set of all non-

negative fuzzy soft real numbers. 

Definition 2.12. ([6]) A mapping �̃�: 𝑆𝑆𝑃(�̃�) × 𝑆𝑆𝑃(�̃�) → ℝ(𝐴)∗ is said to be a fuzzy soft metric on 

the fuzzy soft set X̃ if d̃ satisfies the following conditions: 

(M1) �̃�(�̃�𝑒1, �̃�𝑒2 ) ≥̃ 0̃ for all �̃�𝑒1, �̃�𝑒2 ∈ �̃�, 

(M2) �̃�(�̃�𝑒1, �̃�𝑒2 ) = 0̃ if and only if  �̃�𝑒1 =  �̃�𝑒2 ∈ �̃�, 

(M3) �̃�(�̃�𝑒1, �̃�𝑒2 ) = �̃�(�̃�𝑒2, �̃�𝑒1 ) for all �̃�𝑒1, �̃�𝑒2 ∈ �̃�, 

(M4) For all �̃�𝑒1, �̃�𝑒2, �̃�𝑒3 ∈ �̃�, �̃�(�̃�𝑒1, �̃�𝑒3 ) ≤̃ �̃�(�̃�𝑒1, �̃�𝑒2 ) + �̃�(�̃�𝑒2, �̃�𝑒3 ). 

The fuzyy soft set X̃ with a fuzzy soft metric d̃ is called a fuzzy soft metric space and denoted by 

(X̃, d̃, ГA). 

 

Proposition 2.2. ([11]) The set 𝑆SV(X̃) is a vector space according to the following operations; 

(1) x̃𝑒 +  ỹ𝑒′ = (x +  y)̃
(e + 𝑒′) for every x̃𝑒 , ỹ𝑒′ ∈ SV(X̃); 
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(2) �̃�. �̃�𝑒 = (𝑟�̃�)(𝑟𝑒) for every �̃�𝑒 ∈ 𝑆𝑉(�̃�) and for every fuzzy soft real number �̃�. 

Definition 2.13. ([11]) Let 𝑆𝑆𝑉(�̃�) be a fuzzy soft vector space and �̃� ⊂ 𝑆𝑆𝑉 (�̃�) be a subset. If �̃� is 

a fuzzy soft vector space, then �̃� is said to be a fuzzy soft vector subspace of SV(X̃) and denoted by 

𝑆𝑆𝑉(�̃�) ⊂̃ 𝑆𝑆𝑉(�̃�). 

Definition 2.14. ([11]) A sequence of fuzzy soft vectors {�̃�𝑒𝑛
𝑛 } in (X̃,,∗) is said to be convergent to 

�̃�𝑒0
0 , if 𝑙𝑖𝑚

𝑛→∞
‖�̃�𝑒𝑛

𝑛 − �̃�𝑒0
0 ‖ = 0̃ and denoted by �̃�𝑒𝑛

𝑛 → �̃�𝜆0

0  as 𝑛 → ∞. 

Definition 2.15. ([11]) A sequence of fuzzy soft vectors {�̃�𝑒𝑛
𝑛 } in (X̃,,∗) is said to be a fuzzy soft 

Cauchy sequence if corresponding to every 𝜀̃ >̃ 0̃, ∃𝑚 ∈ 𝑁 such that 

‖�̃�𝑒𝑖

𝑖 − �̃�𝑒𝑗

𝑗
‖ <̃ 𝜀̃, ∀𝑖, 𝑗 ≥  𝑚 i.e.,  ‖�̃�𝑒𝑖

𝑖 − �̃�𝑒𝑗

𝑗
‖ → 0̃ as 𝑖, 𝑗 → ∞. 

Proposition 2.3. ([11]) Every fuzzy soft convergent sequence is a fuzzy soft Cauchy sequence. 

Definition 2.16. ([11]) Let (X̃,,∗) be a fuzzy soft Banach algebra. Then (X̃,,∗) is said to be 

complete if every fuzzy soft Cauchy sequence in �̃� converges to a soft vector of �̃�. 

Definition 2.17. ([11]) Every fuzzy soft complete fuzzy soft normed linear space is called a fuzzy soft 

Banach space. 

Proposition 2.4. ([11]) Every fuzzy soft normed space is a fuzzy soft metric space. 

Definition 2.18. ([11]) Let 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) be a fuzzy soft mapping. Then 𝑇 is said to be fuzzy 

soft linear operator if 

(L1). 𝑇 is additive, i.e., 𝑇 (x̃𝑒 , ỹ𝑒′) = 𝑇 (x̃𝑒) + 𝑇 (ỹ𝑒′) for every x̃𝑒 , ỹ𝑒′ ∈̃ 𝑆𝑆𝑉(�̃�).  

(L2). 𝑇 is homogeneous, i.e., for every fuzzy soft scalar �̃�, 𝑇 (�̃�x̃𝑒)  =  �̃�. 𝑇 (x̃𝑒)  for every 

x̃𝑒 ∈̃ 𝑆𝑆𝑉(�̃�). 

Definition 2.19. ([11]) The fuzzy soft operator 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) is said to be fuzzy soft 

continuous at �̃�𝑒 ∈̃ 𝑆𝑆𝑉(�̃�) if for every fuzzy soft sequence {�̃�𝑒𝑛
𝑛 } of fuzzy soft vectors of �̃� with �̃�𝑒𝑛

𝑛 →

 �̃�𝑒0
0  as 𝑛 → ∞, we have 𝑇 (�̃�𝑒𝑛

𝑛 )  →  𝑇 (�̃�𝑒0
0 ) as 𝑛 → ∞. If 𝑇 is soft continuous at each fuzzy soft vector 

of 𝑆𝑆𝑉(�̃�), then 𝑇 is said to be fuzzy soft continuous operator. 

Definition 2.20. ([11]) The fuzzy soft operator 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) is said to be fuzzy soft 

bounded, if there exists a fuzzy soft real number �̃� such that 

‖𝑇 (�̃�𝑒)‖ ≤̃ �̃�‖�̃�𝑒‖,  for all �̃�𝑒 ∈̃ 𝑆𝑆𝑉(�̃�). 

Theorem 2.1. ([11]) The fuzzy soft operator 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) is fuzzy soft continuous if and 

only if it is fuzzy soft bounded. 
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Definition 2.21. ([11]) Let 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) be a fuzzy soft continuous operator . 

‖𝑇 ‖ = 𝑖𝑛𝑓 {�̃�: ‖𝑇 (�̃�𝑒)‖ ≤̃ �̃�‖�̃�𝑒‖} 

is said to be a norm of 𝑇. 

It is obvious that ‖𝑇 (�̃�𝑒)‖ ≤̃ ‖𝑇‖‖�̃�𝑒‖. 

Theorem 2.2. ([11]) Let 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) be a fuzzy soft operator. Then, 

‖𝑇‖ = 𝑠𝑢𝑝
�̃�𝑒≠�̃�0

‖𝑇 (�̃�𝑒)‖

‖�̃�𝑒‖
= 𝑠𝑢𝑝

‖�̃�𝑒‖≤̃1
‖𝑇 (�̃�𝑒)‖ 

Theorem 2.3. ([11]) Let 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) be a fuzzy soft operator then ‖𝑇‖ is a fuzzy soft 

norm. 

Theorem 2.4. ([11]) Let 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) and 𝑆 ∶  𝑆𝑆𝑉 (�̃�)  →  𝑆𝑆𝑉 (�̃�) be two soft operators. 

Then 

a) ‖𝑆𝜊𝑇‖ ≤̃ ‖𝑆‖ ‖𝑇‖, 

b) If 𝑇 ∶  𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) is a fuzzy soft operator, then 

‖𝑇𝑛‖ ≤̃ ‖𝑇‖𝑛. 

is satisfied. 

Definition 2.22. ([12]) Let 𝑆𝑆𝑉(�̃�) be a fuzzy soft vector space. The mapping 

<∙> : 𝑆𝑆𝑉(�̃�) → 𝑆𝑆𝑉(�̃�) →  ℝ(𝐴) 

(is called a fuzzy soft inner product on 𝑆𝑆𝑉(�̃�) iff it satisfies the following conditions, for every 

�̃�𝑒 , �̃�𝑒′ , �̃�𝑒′′ ∈̃ 𝑆𝑆𝑉(�̃�) and for every fuzzy soft reel number �̃� where ℝ(𝐴) is the fuzzy soft reel 

number set: 

I1. < �̃�𝑒 , �̃�𝑒 >≥̃ 0̃ and < �̃�𝑒 , �̃�𝑒 >= 0̃ ⇔ �̃�𝑒 = �̃�0, 

I2. < �̃�𝑒 , �̃�𝑒′ ≥< �̃�𝑒′ , �̃�𝑒 >, 

I3. < �̃� �̃�𝑒 , �̃�𝑒′  >=<  �̃�𝑒 , �̃��̃�𝑒′  >=  �̃� <  �̃�𝑒 , �̃�𝑒′  >, 

I4. <  �̃�𝑒 + �̃�𝑒′  , �̃�𝑒′′ >=< �̃�𝑒 , �̃�𝑒′′ >  + < �̃�𝑒′  , �̃�𝑒′′ >. 

The triple (SSV(X̃), < . >, ГA) is called fuzzy soft inner product space. 

Proposition 2.5. ([12]) (Parallelogram Law) Let (SSV(X̃), < . >, ГA) be a fuzzy soft inner product 

space. For every �̃�𝑒 , �̃�𝑒′ ∈̃ 𝑆𝑆𝑉(�̃�) 

‖�̃�𝑒 +  �̃�𝑒′‖2 + ‖�̃�𝑒 −  �̃�𝑒′‖2 = 2(‖�̃�𝑒‖2 + ‖�̃�𝑒′‖2). 

is satisfied. 

Theorem 2.5. ([12]) Let (SSV(X̃), < . >, ГA) be a fuzzy soft inner product space. For every 

�̃�𝑒 , �̃�𝑒′ ∈̃ 𝑆𝑆𝑉(�̃�) 
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|< �̃�𝑒 , �̃�𝑒′ >| ≤̃ ‖�̃�𝑒‖ ‖�̃�𝑒′‖ 

is hold. 

Proposition 2.6. ([12]) A fuzzy soft inner product function is continuous in a fuzzy soft inner product 

space. In other words, If {�̃�𝑒𝑛
𝑛 } → �̃�𝑒 and {�̃�𝑒𝑛

′
𝑛 } → �̃�𝑒′, then < �̃�𝑒𝑛

𝑛 , �̃�𝑒𝑛
′

𝑛 >→< �̃�𝑒 , �̃�𝑒′ >. 

Proposition 2.7. ([12]) Let (𝑆𝑆𝑉(�̃�), < . >, ГA) be a fuzzy soft inner product space and {�̃�𝑒𝑛
𝑛 }, {�̃�𝑒𝑛

′
𝑛 } be 

fuzzy soft Cauchy sequences in this space. In this case, < �̃�𝑒𝑛
𝑛 , �̃�𝑒𝑛

′
𝑛 > is also a fuzzy soft Cauchy 

sequence. 

Definition 2.23. ([12]) Let (𝑆𝑆𝑉(�̃�), < . >, ГA) be a fuzzy soft inner product space If this space is 

complete according to the induced norm by the fuzzy soft inner product then (𝑆𝑆𝑉(�̃�), < . >, ГA) is 

said to be a fuzzy soft Hilbert space. 

3.fuzzy Soft Dual Spaces 

Proposition 3.1. Given the fuzzy soft vector space 𝑆𝑆𝑉(ℝ̃) = {�̃�𝑒: 𝑥 ∈ ℝ, 𝑒 ∈ ℝ} and for every 

�̃�𝑒 , �̃�𝑒′ ∈̃ 𝑆𝑆𝑉(�̃�), let us define the mapping < . > : 𝑆𝑆𝑉(ℝ̃)  ×  𝑆𝑆𝑉(ℝ̃)  → ℝ(𝐴) (𝐴 =  ℝ) as 

follows 

<  �̃�𝑒 , �̃�𝑒′ >=  𝑥. 𝑦 +  𝑒. 𝑒′ 

In this case the mapping < . > is an inner product on 𝑆𝑆𝑉(ℝ̃). 

Proof. I1. For every �̃�𝑒 ∈̃ 𝑆𝑆𝑉(ℝ̃), 

 <  �̃�𝑒 , �̃�𝑒 >=  𝑥. 𝑥 +  𝑒. 𝑒 = 𝑥2 + 𝑒2 ≥̃ 0̃  

<  �̃�𝑒 , �̃�𝑒 >=  0 ⇔ �̃�𝑒 =  0 

⇔  𝑒 =  0 𝑎𝑛𝑑 𝑥 =  𝜃 

⇔  �̃�𝑒  = �̃�0 

I2. For every �̃�𝑒 , �̃�𝑒′ ∈̃ 𝑆𝑆𝑉(ℝ̃), 

<  �̃�𝑒 , �̃�𝑒′ >=  𝑥. 𝑦 +  𝑒. 𝑒′ = 𝑦. 𝑥 +  𝑒. 𝑒′ =<  �̃�𝑒′ , �̃�𝑒 >. 

I3. For every �̃� ∈̃ ℝ(𝐴) and ∀�̃�𝑒 , �̃�𝑒′ ∈̃ 𝑆𝑆𝑉(ℝ̃), 

< �̃��̃�𝑒 , �̃�𝑒′ >= �̃� 𝑥. 𝑦 + �̃� 𝑒. 𝑒′ = �̃�𝑦. 𝑥 +  𝑒. (�̃�𝑒′) =< �̃�𝑒 , �̃��̃�𝑒′ >. 

I4. For every �̃�𝑒 , �̃�𝑒′ , �̃�𝑒′′ ∈̃ 𝑆𝑆𝑉(ℝ̃), 

<  �̃�𝑒 +  �̃�𝑒′ , �̃�𝑒′′ >=< (𝑥 + �̃�)(𝑒.𝑒′), �̃�𝑒′′ >. 

=  (𝑥 +  𝑦) . 𝑧 + (𝑒 + 𝑒′)𝑒′′ 

=  𝑥𝑧 + 𝑒′. 𝑒′′ +  𝑦. 𝑧 + 𝑒′. 𝑒′′ 

= < �̃�𝑒 , �̃�𝑒′′ >  + < �̃�𝑒′ , �̃�𝑒′′ > . 

Thus, (𝑆𝑆𝑉(ℝ̃), < . >, ГA) is a fuzzy soft inner product space. 
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Remark 3.1. The induced norm from the fuzzy soft inner product defined in the preceding proposition 

is 

‖�̃�𝑒‖ = √𝑥2 + 𝑒2 

where ‖. ‖ ∶  𝑆𝑆𝑉 (ℝ̃) ×  𝑆𝑆𝑉 (ℝ̃) →  ℝ+(𝐴)(𝐴 =  𝑅). 

Also, the induced fuzzy soft metric from the fuzzy soft norm is 

�̃�(�̃�𝑒 , �̃�𝑒′) = √(𝑥 − 𝑦)2 + (𝑒 − 𝑒′)2 

where �̃� ∶  𝑆𝑆𝑉 (ℝ̃) ×  𝑆𝑆𝑉 (ℝ̃) →  ℝ+(𝐴)(𝐴 =  𝑅). 

Proposition 3.2. The fuzzy soft inner product space (𝑆𝑆𝑉(ℝ̃), < . >, 𝐴)(𝐴 =  𝑅) is a fuzzy soft 

Euclidean space. 

Proof. Let us take a fuzzy soft Cauchy sequence {�̃�𝑒𝑛
𝑛 } in the fuzzy soft metric space (𝑆𝑆𝑉(ℝ̃), �̃�). In 

this case, for every fuzzy soft reel number 𝜀̃ ≥̃ 0̃ there exists a 𝑛0 ∈  𝑁 such that for ∀𝑚, 𝑛 ≥  𝑛0 

�̃�(�̃�𝑒𝑛
𝑛 , �̃�𝑒𝑚

𝑚 ) ≤̃ √(𝑥𝑛 − 𝑥𝑚)2 + (𝑒𝑛 − 𝑒𝑚)2 <̃ 𝜀̃. 

Thus for ∀𝑚, 𝑛 ≥  𝑛0 we have |𝑥𝑛 − 𝑥𝑚|2 + |𝑒𝑛 − 𝑒𝑚|2 <̃ 𝜀̃2. Since |𝑥𝑛 − 𝑥𝑚| <̃ 𝜀̃ and  |𝑒𝑛 −

𝑒𝑚| <̃ 𝜀̃ {𝑥𝑛} and {𝑒𝑛} are Cauchy sequence in ℝ. Since ℝ is a complete space there exist real 

numbers 𝑥 and e such that {𝑥𝑛}  →  𝑥 and {𝑒𝑛}  →  𝑥. If we take the real number e as a parameter of the 

real number x then we have the fuzzy soft sequence �̃�𝑒 and we obtain {�̃�𝑒𝑛
𝑛 }  →  �̃�𝑒. Finally, since 𝑥 ∈

ℝ and 𝑒 ∈  ℝ we have �̃�𝑒 ∈̃ 𝑆𝑆𝑉 (ℝ̃). Since the fuzzy soft Cauchy sequence {x̃en
n }  is arbitary the 

fuzzy soft space SSV (ℝ̃) is a fuzzy soft Eucllidean space. 

Definition 3.1. Let (𝑆𝑆𝑉 (�̃�), ‖. ‖ , ГA) be a fuzzy soft normed space, �̃�𝑒  ∈̃ 𝑆𝑆𝑉 (�̃�), 𝑓 ∶  𝑋 →  𝑅 be a 

linear functional and 𝜑 ∶ ℝ → ℝ be a function. The mapping 

(𝑓, φ) ∶  𝑆𝑆𝑉 (�̃� )  →  𝑆𝑆𝑉 (ℝ̃) 

which is defined as follows 

(f, φ)(x̃e)  =  (f(x)̃)φ(e) 

is called a fuzzy soft functional. 

Proposition 3.3. The fuzzy soft functional (f, φ) ∶ SSV (X̃ )  →  SSV (ℝ̃) is linear if and only if the 

function φ: ℝ → ℝ is linear. 

Proof. Let �̃�𝑒 , �̃�𝑒′ ∈̃ SSV (X̃ ) and λ ∈̃  ℝ̃. In this case (f, φ) is linear if and only if 

(𝑓, 𝜑)(�̃�. (�̃�𝑒) + �̃�𝑒′) = (𝑓, 𝜑)((𝜆�̃�)𝜆𝑒 + �̃�𝑒′) = (𝑓, 𝜑)((𝜆𝑥 + 𝑦̃ )𝜆𝑒+𝑒′) 
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= 𝑓(𝜆𝑥 + 𝑦̃ )𝜑(𝜆𝑒+𝑒′) = (𝑓(𝜆𝑥) + 𝑓(𝑦)̃ )𝜑(𝜆𝑒)+𝜑(𝑒′) 

= 𝑓(𝜆𝑥)̃𝜑(𝜆𝑒) + 𝑓(𝑦)̃𝜑(𝑒′) = λ.̃ (𝑓(𝑥)̃)
𝜑(𝑒)

+ (𝑓(𝑦)̃)
𝜑(𝑒′)

 

where𝜑 ∶ ℝ → ℝ is linear. 

Proposition 3.4. The space of fuzzy soft linear functionals is a fuzzy soft vector space. 

Proof. Let (f, φ) ∶ SSV (X̃ )  →  SSV (ℝ̃), (𝑔, 𝜓) ∶ 𝑆𝑆𝑉 (�̃� )  →  𝑆𝑆𝑉 (ℝ̃) be fuzzy soft functionals 

where f ∶  X →  ℝ, g ∶  X →  ℝ and x̃e ∈̃ SSV (X̃), λ̃ ∈̃ ℝ̃. Then we have 

((f, φ) + (g, ψ))(x̃e) = ((f +  g), (φ +  ψ))(x̃e) 

= (f +  g)(x)̃
(φ+ ψ)(e) = (f(x) +  g(x))̃

φ(e)+ ψ(e) 

since X is a vector space for the functionals f ∶  X →  ℝ, g ∶  X →  ℝ we have f(x)  +  g(x)  ∈ ℝ and 

for the function φ: ℝ → ℝ we have φ(e) +  ψ(e) ∈ ℝ which means that 

(f(x) +  g(x))̃
φ(e)+ ψ(e) ∈̃ SSV (ℝ̃) and consequently we have (f, φ)ο(g, ψ) ∶ SSV (X̃ )  →  SSV (ℝ̃). 

On the other hand, 

λ̃(A, φ)(x̃e) = (λ̃A, λ̃φ)(x̃e) = (λA)(x)̃
λφ(e). 

Definition 3.2. The fuzzy soft norm of the fuzzy soft linear functional (𝑓, φ) is defined as follows 

‖(f, φ)‖ = inf{M̃: ‖(f, φ)(x̃e)‖ ≤̃ M̃‖x̃e‖} 

is said to be a norm of (f, φ) where M̃ is a fuzzy soft real number. 

It is obvious that ‖(f, φ)(x̃e)‖ ≤̃ ‖(f, φ)‖‖x̃e‖. 

Remark 3.2. The space of fuzzy soft linear functionals is a fuzzy soft normed space. 

Remark 3.3. Let (𝑆𝑆𝑉(�̃�), < . >, 𝐴)(𝐴 =  ℝ) be a fuzzy soft inner product space. For the parameter 

𝑒 =  0 the soft vector space 𝑆𝑆𝑉(�̃�) is equal to the vector space 𝑋 and we have the inner product 

space (X, < . > 0) =  SSV (X̃0) which is a subspace of (SSV(X̃), < . >, 𝐴). Here, The vector space X 

may not be a inner product space. 

Proposition 3.5. Let (𝑆𝑆𝑉(�̃�), < . >, 𝐴)( 𝐴 =  ℝ) be a fuzzy soft inner product space. For every 

x̃e ∈̃ 𝑆𝑆𝑉(�̃�) let us define the operator 𝐼 ∶ 𝑆𝑆𝑉(�̃�)  →  𝑋 where 𝐼 (x̃e)  =  𝑥 ∈  𝑋 . The restriction of 

the operator I to SSV (X̃0) denoted by 𝐼/ 𝑆𝑆𝑉 (�̃�0): →  𝑋 where I (x̃0)  =  x is a bijection and 

consequently SSV (X̃0) ∽ X. 
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Remark 3.4. For the parameter 𝑒 =  0 the fuzzy soft vector space X̃0 is equal to the vector space 𝑋 

and thus for every 𝑥, 𝑦 ∈  𝑋 and 𝑥0, 𝑦0 ∈̃  X̃0 we can write <  𝑥, 𝑦 >=< 𝑥0, 𝑦0 >. 

Theorem 3.1. Let (𝑆𝑆𝑉(�̃�), < . >, 𝐴)(𝐴 =  ℝ) be a fuzzy soft inner product space and (f, φ) ∶

SSV (X̃ )  →  SSV (ℝ̃) be a fuzzy soft functional. In this case we can state the term (f, φ)(x̃e)  =

 (𝑓(𝑥)̃)φ(𝑒) interms of soft inner paroduct as given below 

(f, φ)(x̃e) = <  𝑥, 𝑢 ><𝑒,𝑣>̃  

where 𝑓(𝑥)  =<  𝑥, 𝑢 > and φ(𝑒)  =<  𝑒, 𝑣 > . Moreover, 

‖f‖ = ‖u‖, ‖φ‖ = ‖v‖. 

Proof. For (f, φ) ∶ SSV (X̃ )  →  SSV (ℝ̃) we have the functions 𝑓 ∶  𝑋 →  ℝ and φ ∶  ℝ → ℝ. If 𝑓 ∶

 𝑋 →  ℝ then for every 𝑥0 ∈̃  X̃0 there exist a vector 𝑢0  ∈  𝑋0 such that 

f(x0) =< x0, u0  > 

Since for the parameter e =  0 we have <  x, y >=< x0, u0 > then f(x) =< x, u > 

Similarly If φ ∶  ℝ → ℝ then for every parameter 𝑒 ∈ ℝ there exist a real number v ∈  ℝ such that 

φ(e) =< e, v >. 

Consequently, we have 

(𝑓, φ)(x̃e) = <  𝑥, 𝑢 >̃ <𝑒,𝑣> .          (3.1) 

From the equation (3.1) we can write 

‖(𝑓, 𝜑)(�̃�𝑒)‖ = ‖< 𝑥, 𝑢 ><𝑒,𝑣>‖ 

= √< 𝑥, 𝑢 >2+< 𝑒, 𝑣 >2 

≤ √𝑥2. 𝑢2 + 𝑒2. 𝑣2 

≤ √u2 + v2       (3.2) 

On the other hand 

‖(𝑓, 𝜑)(�̃�𝑒)‖ = ‖(𝑓(𝑥)̃)
𝜑(𝑒)

‖ 

= √𝑓2(𝑥) + 𝜑2(𝑒) 

≤ √‖𝑓‖2‖𝑥‖2 + ‖𝜑‖2‖𝑒‖2 



      Journal of Iraqi Al-Khwarizmi (JIKh)   Volume:8  Issue:1 Year: 2024   pages: 84-94   

93 
 

≤ √‖𝑓‖2 + ‖𝜑‖2       (3.3) 

from the inequalities (3.2) and (3.3) we have ‖f‖ = ‖u‖ and ‖φ‖  =  ‖v‖ 

Conclusion 3.1. Let (f, φ) ∶ SSV (X̃ )  →  SSV (ℝ̃) be a fuzzy soft functional. for every x̃e ∈̃ SSV (X̃) 

there exist 𝑢 ∈  𝑋 and 𝑣 ∈  ℝ such that ‖f‖ = ‖u‖ and ‖φ‖  =  ‖v‖ and consequently ‖(f, φ)‖  =

‖uv‖ 

Definition 3.3. The fuzzy soft vector space of fuzzy soft linear functionals is called the  fuzzy soft dual 

space of the fuzzy soft vector space SSV(X̃) and denoted by SSV(X̃)∗ 

Definition 3.4. Let (SSV(X̃), ‖. ‖ , 𝐴) , (𝑆𝑆𝑉(�̃�), ‖. ‖ , 𝐴)(𝐴 = ℝ) be fuzzy soft normed spaces, (𝐴, 𝜓) ∶

 SSV(X̃)  → 𝑆𝑆𝑉(�̃�) , (𝐴, 𝜓)∗: 𝑆𝑆𝑉(�̃�)∗ →  𝑆𝑆𝑉(�̃�)∗ be fuzzy soft linear operators where 𝐴 ∶  𝑋 →

 𝑌,  𝜓: ℝ →  ℝ, 𝐴∗ ∶ 𝑌∗  →  𝑋∗, 𝜓∗ ∶ ℝ∗  →  ℝ∗, x̃e ∈̃ SSV(X̃) and (f, φ) ∶ SSV(�̃�) →  SSV(ℝ̃) be a 

fuzzy soft linear functional. In this case we have 

(A, ψ)∗(f, φ) = (f, φ)ο(A, ψ) 

Proposition 3.6. Let (𝐴, 𝜓) ∶  𝑆𝑆𝑉(�̃�)  → 𝑆𝑆𝑉(�̃�) be a fuzzy soft operator. Then (A, ψ)∗: SSV(Ỹ)∗ →

 SSV(X̃)∗ is a fuzzy soft linear operator. 

Proof. Let (𝑓, φ), (𝑔, ψ) ∈̃ SSV(X̃)∗  and �̃� ∈̃ ℝ̃. In this case, since (A, ψ), (𝑓, φ) and (𝑔, ψ) are linear 

we have 

(A, ψ)∗(�̃�(𝑓, φ) +  (𝑔, ψ)) = (�̃�(𝑓, φ) +  (𝑔, ψ))ο(A, ψ) 

= �̃�(𝑓, φ)ο(A, ψ) +  (𝑔, ψ)ο(A, ψ) 

= (A, ψ)∗ (�̃�(𝑓, φ)) + (A, ψ)∗ ((𝑔, ψ)) 

Theorem 3.2. If the fuzzy soft linear operator (𝐴, 𝜓) ∶  SSV(X̃)  → 𝑆𝑆𝑉(�̃�)  is continuous then 

(A, ψ)∗: SSV(Ỹ)∗ →  SSV(X̃)∗ is continuous. 

Proof. Let x̃e ∈̃ SSV(X̃) be any fuzzy soft vector. 

‖(A, ψ)∗(𝑓, φ)( �̃�𝑒)‖ = ‖(𝑓, φ)((A, ψ)( �̃�𝑒))‖ 

≤ ‖𝑓, φ‖‖(A, ψ)( �̃�𝑒)‖ 

≤ ‖(A, ψ)‖‖(𝑓, φ)‖‖ �̃�𝑒‖         (3.4) 

from the Inequality 3.4 we have 

‖(A, ψ)∗(𝑓, φ)‖ ≤ ‖(A, ψ)‖‖(𝑓, φ)‖ 
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and consequently, 

‖(A, ψ)∗‖ ≤ ‖(A, ψ)‖ 

since (A, ψ) is continuous it is bounded according to the Theorem 2. Since (A, ψ) is bounded then 

(A, ψ)∗ is bounded and as a result it is continuous. 
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