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Abstract:

In 2007, Arikoglu and Ozkol developed a new semi-analytical numerical technique, fractional differential
transform method (FDTM), for solving fractional differential equations (FDEs) and then developed it to
solve fractional integro-differential equations (FIDES). In fact, when the order of fractional derivative is
irrational, FDTM was not achieved for solving both FDEs nor FIDEs. In 2017, Ayad et al. propose a new
method, restricted fractional differential transform method (RFDTM), to be appropriate for solving rational
or irrational order FDEs. In this study, we establish a new theorems to extend the RFDTM to solve linear
FIDEs. Some illustrated examples are investigated to demonstrate the theoretical results.

Keywords: Fractional differential equations, two dimensional differential transformation, Fractional
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1-Introduction:

Fractional differential equations (FDEs) and fractional integral equations (FIDEs) play a prominent role
in many disciplines including engineering, physics, economics, and biology, such as electrochemical
processes [1,2], viscoelastic materials[3,4], control engineering [5,6], signal processing [7], image
processing [8], bioengineering [9]. In addition, Fractional integro-differential equations are very common
in the description of various physical phenomena like heat conduction in materials with memory, diffusion
processes, combined conduction, convection and radiation problems [10,11,12,13]. Consequently, the
application of fractional differential equations can be encountered in numerous research areas, see, e.g.
Oldham and Spanier [14], Miller, B. Ross [15], and Podlubny [16], and the many references therein.

Recently, many authors have made a number of Studies for solving fractional differential equations
and fractional integral equations, see, e.g. Li and Hu [17], Kumar and Singh [18], Khudair [19], Khalaf et
al. [20], Li and Zhao [21], Katsikadelis [22], Zhu and Wang [23,25], Singh et al. [24], Shoja [26], and
Khudair et al. [27]. However, different techniques have been suggested for finding numerical solutions of
fractional integro-differential equations, such as Adomian decomposition method [28,29], collocation
method [30,31,32], variational iteration method [33,34], homotopy perturbation method [34], Taylor
expansion method [35], iterated Galerkin methods [36], Legendre wavelet method [37], Euler wavelet
method [38], Discrete Galerkin method [39].

In recent paper Arikoglu and Ozkol [40] presented fractional differential transform method
(FDTM) for solving fractional differential equations, and then extended to solve linear and nonlinear
fractional integro- differential equations [41]. In fact, this method was not achieved for solving irrational
order fractional differential equations . The present writers [27], proposed restricted fractional differential
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transform method (RFDTM) which is based on the restriction of the classical two dimensional differential
transform methods to solve irrational order fractional differential equations. They showed that RFDTM
is not entailed any integration or any complex manipulations even if the FDEs is content high non- linearity
terms.

The goal of this paper is to employ RFDTM for solving the following linear fractional
integro-differential equations

‘Du(x)=f (x)+'|.0X (o, (x,t)u()+b,(x,t)°Deu(t))dt, n-l<a<n,nezZ”
and u®(0)=A,, k =0,1...,n-1,

where b,(x,t),b,(x,t) and f (x) are smooth functions. The configuration of this paper is the

following. Section 2 is devoted to present RFDTM. The fundamental mathematical operations performed
by RFDTM are developed in Section 3. In Section 4, we present some examples. The paper ends with
conclusion.

2- Restricted fractional differential transform method

There are many definitions of fractional order derivative, e.g. Riemann-Liouville derivative,
Grinwald-Letnikov derivative, Caputo derivative, Sonin—Letnikov derivative, Miller—Ross derivative,
Hadamard derivative, Weyl derivative, Marchaud derivative, Riesz-Miller derivative, Erdelyi—Kober
derivative [15,16,41 ]. Caputo derivative is always used in FDEs to express of many real world physical
problems since it has the advantage of defining integer order initial conditions. The Caputo derivative for
any analytic function u(x) is defined by [40]

1 x  uM(t)
°Deu(x) = dt, n-l<a<nneZ’ 3
%o ( ) r(n_a) ‘[XO (X_t)a—n+1 o € ( )

Let f(x y):R>—R be analytical function then it can be express as multi Taylor series about (,, y,) as
follows:

_ e 1 aiJrJ.f()(!y) - i\ i
f(x,y)—;gi!j![ oy L'm(x %) (Y= Yo) 4)
By setting

1 (3T(xy)
F(I’ J) B Iljl( axiayj }(XO!yO) (5)
Then
F(x ) =2 S F G DX 1) (v -y ©)
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Clearly, F(i, j) in Eq. (5) is the two dimensions differential transform of the function f (x, y), while Eq.
(6) represent the differential inverse transform of F(i, j).

,Where ¢ >0 |, thatis, the two dimensional function

NOWI If u(X):f (X’y) y=(X=Xo)*+Y,

f (x,y) isrestricted to one dimensional function u(x), then Eqg. (5) and Eq. (6) respectively, become

1 (@ (x,y)
U(I,J)—F(I,J)—i!j!( - lxo,m )
U9 =3 UG Dx- 1) ®

Eq. (7) is called the restricted fractional differential transform (RFDTM), while Eq. (8) is called inverse of
RFDTM.

Now, let u(x), v(x) and w(X) canbe expressas u(x)=>>U(i,j}x",

i=0 j=0

VOO =YDV G X and w(x)=DD>W (i, j)x'* respectively, then the fundamental

i=0j=0 i=0 j=0
mathematical operations performed by RFDTM are introduced in the following theorems.

Theorem (1): If w(x)=u(x)+v(x)then W (i,j)=U(,j)+V (i,j), fori>0,j=>0

Theorem (2): If w(x) =u(x)v(x)then W (i,j):zj:iu (r,j—kWV(@{-r,k) fori=>0,j=>0

k=0r=0
Theorem (3): If v(X)=x""""u(x), where m and nare an integer number then
V(i,j)=0 for i<m or j<n
V(@i,j)=U(@{-m,j—-n) for i>2mand j>n

Theorem (4): If v(x) = °D*u(x), [a] < a <[a]+1then
U(i,0)=0, i =[a]+L[a]+2[a]+3...

V(i,j):U(i,j+1)r(1|_(JiriJa]_Li£;1) fori >0, j >0

Theorem (5): If v(x)=joxu(t)dt then V (0,j)=0, for j>0 and
U@-1j)

- for j >0,i >1.
I +aj

Vi, i)=

Proof (5)
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First rewrite v (x) as follows,
VOO =3IV G, j)x ZV O )X+ 3V (i, jx'
j=01i=0 j=0i=1
Then compute,

ju(t)dt_j ZZU (i, j)t'dt

j=01i=0

>

MS

U (i,j)j:t”aidt

j=01i=0

© o |+aj+l
=>DU,j)——

iT0i0 i +aj+1

© X|+aj
=2 2.U(-1i)

j=0i=1 |+aJ

Since v (x)= onu(t )dt , one can get

|+a]

ZV (0, j)x* +ZZV (i, j)x" —ZZU (i-1j)>

j=0i=1 j=0i=1 |+C¥]

So, one can have

V(0,j)=0, for j>0 andV (i,]j)= |(+ ’J‘), for j>0,i >1.

Theorem (6): If w (x) = j h(x,t)u(t)dt and h(x,t)= ZZH(I j)x't! then

=01i=0

W(i,j)=0, 1<j, j=012,..

Wi, j)=3 > Ak DU(H) j<i, i=12..

r=0 k=0 aj +i—Kk
Proof (6)
> OW (i jx =fx(iiH(i,j)X‘t"j(iiu(n J)t”“’}i = [Zﬂt‘jiz j

wherey, =>U G, i)t', £, =D H (. i)x
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j=0k=0

on (iﬂjt i ](i)ﬁta] Jdt = J.: iiﬂk 7j7ktajfak+kdt

i

:I:Z(;wta]dt Z k}/] k —ak
j=

k=0

J

Z(ZH(I lx! )(2u (i,j_k)ti}k_ak

k=0

>33

k=0i

H(r KW (@G —r, j—k)Xxt gk

M8

I
o

r=

MS
M_

ZH(r KU (i —r, j —k)x ot

r=0

1l
o
=~
1l
o

( J)X|+a1 _J- za)tajdt J‘OX iii H (r,k)U (I —r,j —k)X rta(j—k)+i+k—rdt,
j=0i=0k=0r=0

M8
[28

—
Il

o
Il

o

i Xaf(j—k)+i +k +1

Zg H(r KW@ —r, ] _k)a(j “K)4i 4k —r+1

r=

-
Ms

[u—
Il
o
Il
O

X a(j—k)+i+k+1

2,222 Rk Ul-ri-k) s —

k=0r=0 j=k i=

=

That is,

aj+i+r+k+1

I+0£j O O O X
S G 3SR )

== PR s
By comparing the coefficients of x , one can have
W(i,j)=0, i<j, j=012,..

IEH (ki - j—k - U (r, j)

W, )= >

=0 k=0 aj +i-k

j<i, i=12,...
Theorem (7): If V(X):L t™""u(t)dt, where m and nare an integer number then

V(0,j)=0, for j>0 , V(i,j)=0 for i<m+lor j<n, and

V(i,j)=U(|_.1_m’_J_n), for i>m+land j>n.
i +aj
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Proof (7)
Let the restricted fractional differential transform of t™™"u(t)be F(i, j). Then, by using Theorem 6,

one can get

V(0,j)=0, for j>0 andV(i,j):Fi(lJr;l’jj), for j >0,i >1.
a

Using Theorem 3, we have

F@,j)=0 for i<m or j<n

F@,j)=U(@ -m,j—n) for i>mand j>n

By utilizing these values, one can deduce

V(0,j)=0, for j>0 , V(i,j)=0 for i<m+lor j<n, and

:U(i -1-m,j—n)

- - , for i>m+land j>n.
I +aj

V(i)

Theorem (8): If v(x):IOXCD“u(t)dt, [a]<a<[a]+1 thenV (0,j)=0, for j=>0 ,

U (i,0)=0, i =[e]+L[a]+2,[¢]+3,...andV (i,j)=wu (i-1j+1), for j>0,i>1.
I'ii+aj)

Proof (8) Let the restricted fractional differential transform of “D“u(t), & ¥ a< & ¥ be F(,j).

Then, by using Theorem 5, one can get

V(0,])=0 for j=0 andV (i, j)=—0"1D)  for j>0i>1.

i +aj

Using Theorem 4, we have

U(i,0)=0,i =[a]+L[a]+2.[a]+3....

F(i,j)=U, ] +1)F(;(“i“i‘;;i‘l+)1) fori >0, j >0.

By utilizing these values, one can deduce

V(0,j)=0, for j>0 ,U(i,0)=0,i =[a]+L[a]+2[a]+3,...and

Vi, j)=tUtad Dy 501 for 20,0 1.
I'i+aj)
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o0

Theorem (9): If W(x)zj:h(x,t)CD“u(t)dt, [a]<a<[a]+1 and h(x,t)=iZH (i,j)x't! then

j=01i=0
Proof (9)

Let v (t)="D“uU(t), [a] <a <[a]+1. Then, by using Theorem 4, one can get

V(0,j)=0, for j>0 am\/aj):ggiffl, for j>0,i >1.
+a

From w (x) = " h(x,t)v (t)dt,and theorem 6, one can have
0

W(i,j)=0, i<j, j=012,...

. 2 EH K, —j -k =DV (r,j) . . .
W (@, :2 E — , <i, 1=012,...
.1 T=0 k=0 aj +i-k .

By utilizing these values, one can deduce

3. lHlustrated examples:

This section is focused to demonstrating the applicability of RFDTM to solve linear fractional
integro-differential equations. Three examples are investigated to demonstrate the theoretical results.
The accuracy and effectiveness of RFDTM depend on the number of terms as we will show in illustrated
examples

Example 1: Consider the following linear fractional integro-differential equation

‘DU (x)—2u(x):—1+_|'ox u(t)dt, 1<a <2, with initial boundary conditions u(0) =1, u’(0) =—1. when
o = 2the exact solution is u(x)=e™.

By applying RFDTM to the given problem, one get

U (0,0)=1

U (L,0)=-1

U (i,0)=0, i =2,3/4,...
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) _ -1 i=]=0
lH(lljaJ J'rafl)u(i,J +D) -2 (i, j)= 0 i=0,j=1
I + +
i +aj I

Now, we solve the above linear forward system by using Maple software to have

X a X l+a X 2+a 2X 2a 2 1"(2+a) La
u(x)=1-x+ - - + - X
I(l+a) T'(2+a) T'(3+a) F(l+2a) F(2+a)T(2+2a)
1 F(2+a) 142 2 F(3+a) 2420 1 F(3+a) 2424
_ X — X
1"(1+a)(1+a)1"(2+2a) F(3+a)F(3+2a) F(2+a)(2+a)F(3+2a)

If =2, wehave

u(x)=1—x+£x2—lx3+ix4— Lo, Lye 1 yriiice
2 6 24 120 720 5040

Example 2: Consider the following linear fractional integro-differential equation
CD”‘u(x):1+%J.OX U t)+°Deut))dt, l<a<?,

with initial boundary conditions u(0) =1, u’(0) =1. When « = 2the exact solution is
u(x)=sinh(x)+cosh(x).

By applying RFDTM to the given problem, one get

U(0,0)=1

U@o)=-1

U (i,0)=0, i =2,3/4,...

o -1 i=j=0

F(;(Tfja]fi‘sl)u (i.j+D)=! o0 i 20,j>1
E(U(i ~1j) Ui —1,j+1)1“(i+aj+a)j 21§20
2\ i+aj I'i+eaj+1)
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Xa Xl+a X2+a 1 I—w(2+a)xl+2a
+ + += +
IFl+a) T(2+a) T(B3+a) 2T (2+2a)I(1+a)(l+a)
F(3+a) 2424 F(2+a) 2+2a
2r(2+a)(2+a)T'(3+2a) A (1+a)(1+a)T(3+2a)

u(x)=1+x +

If =2, wehave

u(x):1+x+lx2+1x3+ix4+ X5+ 1 x° 4 1 X7 + 1 x84 1 x4+
2 6 24 120 720 5040 40320 362880

Example 3: Consider the linear system of fractional integro-differential equations

DU, (x ) =1+X +x2-u1(x)—j: (U, (t) +u, (t))dt

) : O<a<l
°D U, (X) = ~1-X +U; () - | (Us(t) ~u, (©))dt
with initial conditions u,(0) =1, u,(0)=-1.
By applying RFDTM to the given problem, one get
U,(0,0)=1
U,(0,0)=-1'
U,@i,0)=0 )
(0=0 o5
U,(i,0)=0
1 i=0,j=0
P +ajratl)y iy =ti-u,6,j)-20 =D Y010 545 550
I'i+eaj+1) I +aj I +aj
—Uz(i,j)—ul_(l _11J)_U2-(| _11J) i >3 J>0
i +aj i +aj
-1 i=0,j=0
P rajtatl)y 4 eny=) 10,6, j)-220 22D Y0210 5y 55
I'i+aj+1) I +aj i +aj
Uy, j)- 20t B0 ohD) s, s
i +aj i +aj
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Now, we solve the above linear forward system by using Maple software to have

J (X) B 1+ X a . X l+a N 2X 2+a B X 2a . X 2a+1 N 2X 2+2a B 2X 3+2a ~
nel IF(l+a) T(2+a) T'(3+a) I'(2a+1) T(2+2a) T'(3+2a) T(4+2a)
X 3a X 3a+l 2X 3+3a

F(3a+1) T(2+3a) T(4+3a)

J (X ) B _1+ X a ~ 3X ta . X 2a . X 2a+1 ~ 2X 2+2a ~ 2X 3+2a ~ X 3a .
2 T I(l+a) T(2+a) T(2a+1) T(2+2a) T(3+2a) [(4+22) I(3a+1)
3X 3a+l 2X 2+3a 6X 3+3a

r(2+3a) T(3+3a) T(4+3a)

When o = % the solutions are

()

4 X3/4 16 X7/4 128 X11/4 4X3/2 8 X5/2 32 X7/2 64 X9/2 32 4

ul(x):1+§r 3) 21 (3) 231(3) 3Jr 154r 105r 5z 45 1
() rla) =)
3 13/4 3 21/4
128 ﬁrbjx 4096 ﬁr[Jx o
585 P 208845 7
3 9/4
uz(x)=_1+ﬂ 5 34 _E ¥ 714 +£X3/2+§X5/2_ 32 X?/z_ 64 x° _§«EF(4)X X
3F(3j 7 F(sj 3Jr 15r 105 Jr 945.r 45 7
4 4

\/Er(gj 13/4 \/51—-(3}(17/4 \/51—‘(3}(21/4
128 4 , 1024 4 _ 4096 4 o
195 T 9945 T 69615 T

4. Conclusion

The DTM is an excellent tool for solving ordinary (partial) differential equations. Arikoglu and Ozkol was
modified the DTM to be suitable for solving FDEs and FIDEs. This modification is called FDTM. In fact,
FDTM is excellent when the order of fractional derivative in the considering FDEs and FIDEs is a specific
given rational value. There are two cases FDTM cannot be applied. The first is, when the order of
fractional derivative is unspecific value in a given interval, say, 0 <« <1. The second is, when the order

of fractional derivative is a specific irrational number, like « =+/2. To overcome these difficulties, Ayad
et al. [27] introduced RFDTM to solve the fractional differential equation even if the order of fractional
derivative is real (irrational or rational) or unspecific value. In this paper, we establish a new theorems to

10
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extend the RFDTM to solve linear FIDEs. Some illustrated examples are investigated to demonstrate the
theoretical results.
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