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Abstract.

In this research paper, we consider that g: {1 — I} be a conformal mapping from a simply connected domain  onto unit disk .
with a great role for each of Koebe one- quarter theorem and Koebe distortion theorem to prove there is a constant K depending on
the modulus of z in 2 such that 1 — lp(z)] < K,/Iz, for some z € 0.

In addition, this result generates a sharp result on the integrability of gradient of Cauchy transform g(z) over a sequence 8D; which
is getting larger in I}, such that

I @ (lg':i'l) du. exists and is finite on 8D,
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1. Introduction.

In the majority the papers which concerning the topic of a conformal mapping, we see that it is fascinating to an
investigation of the boundary given domain. This influences us to inquire as to why? to reply about brought up an issue, it is vital to
realize that the hypothesis of conformal mappings has been utilized more to demonstrate the conduct of limit given area through the
conformal maps, as indicated by the basic idea that uses the conformal maps to transform the boundary- value problem, for the district
R into a comparing one for the unit circle or half plane and afterward find the answer to solve the given problem by utilizing the
opposite of conformal mapping.

In applications, if 2 = C is a simply-connected domain, then a conformal mapping ¢ of the unitdisk D = {z € C:|z| = 1}
onto 1 exists by the Riemann mapping theorem [11] (if £ # T), it appears difficult to compute conformal maps if the geometry of
is complicated, in this way it is important to discover a connection between properties of the Riemann map the geometry of with
general properties conformal maps. Subsequently, the field which unequivocally describes the conformal maps the main part of
geometric function theory, and in the beginning of the century, started new skylines to this topic through works of Koebe [5].

Presents Theorem (2.1) which comes as a corollary of the Koebe one-quarter theorem and Koebe distortion theorem. This outcome
together with Theorem (2.2) set up the existence and finiteness of the integrability of the derivative of conformal mapping for all
p = 2: Further more Theorem (2.1) considers a sharp result on the integrability of gradient of Cauchy change g§(z) over a
non-decreasing sequence 40; in I, such that

Lﬂ, v lyﬁl) du, exists and is finite on 80;
8, " \ |z .

if the Cauchy transform g(z) of g & L%(E.dA) forsome 1 < g = 2, is an identically
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zero in CWE and there exists a non-decreasing sequence 85; in I, where E is a compact subset of the plane having connected
complement, I is a connected domain I' = E, to produce Theorem (2.3).

In the following serves as motivation to the main results of this work, are added
to give a full support.

Definition (1.1) ( Harmonic measure).

Let 2 be a bounded, open domain in n-dimentional Euclidean space E", n = 2, and let 802 denote the boundary of 2. Any finite

real- valued continuous function f on 81, f:80 — R corresponds to a unique function u(x) on the closure 2 of the region, is
called a solution of the Dirichlet problem, if

e u isacontinuouson .
e u jisaharmonicin f,thatis Au =0 in L.

e ulgn=7F.

A solution of the Dirichlet Problem w corresponding to the continuous boundary function f , is called a harmonic extension of
f, letuscall it, U= ulf) .

If the point x € © is assumed to be fixed, then by Riesz representation theorem and the maximum principle, for u(f)} defined on
the compact set €. (1) there exists a unique Borel measure u(x) at the point x on £, define u, € c.(n)° by

u,(f) = j fdulxn),

forall f in €.(f2), and the measure u(x. 1} is called the Harmonic measure.

For much extra information about harmonic measure and other topic which are related to it, we refer to [2, 7,8] and [9].
Definition (1.2) (Co-Area Formula).

Let @:R" — R be Lipschtiz continuous assume that for a.e. = € R, assume that the level set {x € B | ¢{x) = r.» € & }is a smooth

and (n — 1)-dimentional hypersurface in E". Also, suppose that there is g: E" — Ris continuous and summable.
Then

J‘ 3|":-'u|d.r=j (j gds) dr.
R" —a \JHglz)=r]

Theorem (1.1) (Distortion Koebe theorem). For each @ € 5 defined on unit disk I,

1-
TLLa= |‘P":z:'| }3*

|z] =» = 1.
{1+]

Equality holds if and only if ¢ is a suitable rotation of the Koebe function.

Theorem (1.2) ( Koebe One-Quarter theorem)

29



Journal of Iragi Al-Khwarizmi Society (JIKhS) Year 2018  pages: 29-38

Volume:2 Special issue of the first international scientific conference of Iragi Al-Khawarizmi Society 28-29 March 2018
1
The range of every function of class 5 contains the disk {w: [w = ;}.

Lemma (1.1).[6]

Let E be a compact subset of the plane having connected complement and let geL(E,dA) forsome g=1. If g=0
identically in C\E then 3(z;) = 0 ateverypoint z; € &E, where

A0
f lg(2)| 44 < o
t |z — =zl

Lemma (1.2). [5,6]

Let E be a compact set with connected complement and let g € L{E, d4) forsome 1 < g = 2. If g =0 identically in C\E
and £ isapointin E* atadistance &(z) :-t from 8E then

W |

13(8)] = c4g°(¢&,) log G) +

r,(8) 9@ cm]

|z—£,|<48

-1 1
where 3"[ ED:} = sup, (mr) J]Z_ﬂ{? |g(z)|dA is the Hardy- Littlewood maximal function, L, (8) = lng{g] or g=12

or g 2 and, C isa constantdepending only on g and the diameter of {E}.
Lemma(1.3) .[3]

There exist positive constants Ky and Kz, depending only on & (g ~*(0)), such that

1—|o(z)] . 1— (=)
WE e (=) EKZW

1
where ¢ ~*(0) = z, and @ maps a simply connected domain £ conformally onto unit disk D (0.1}

Now, our starting point in this work will be with Theorem (2.1) and to indicate how this theorem can be used to produce other
results.

2. Main Results.
Theorem (2.1).

Let ¢ be a conformal mapping of a simply connected domain £ onto the unit disk I , then there is a constant K depending only
on the modulus of  z in {1 such that

1-lp@|<K,flz], forsome ze .

Proof.

Let 1 be abounded simply connected domain, and ¢ be a conformal map defined as follows:
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w: 0 — D{lwl < 1).

So, the inverse function ¥ = ¢~*:0 — 0. Apply Distortion theorem (1.1) to the inverse function ¥ = ¢~*(w) , to obtain that
o~ '{w) €5 | normalized by the conditions @~ *{0) = 0 and (¢ ~*)'(0) = 1.

Then, for w e D,

|| i |w
Grwpe sl W =g

Fix wgp € D, we obtain

lwa|
-17.. o wr
lo= {wp)| = A TwaE™ (1)

Fix zp € £ Then apply Koebe one-quarter theorem (1.2) in order to show that the range of the function g (w) 5 contains the

disk {qﬂ'l'l:w}: ot (w)] < ﬂ c 0° suchthat zo & {¢'1(u-}: o=t (w)] < ;11} which implies

2ol =5 in Qe (2)

L
4
Equation (2) can therefore be written as follows:

20l = 1@~ (0)] in @ by condition |(¢*)'(0)] = 1.
We can assume that wy € D is the image of —1 , thatis; @(—1) = wy,.
By taking the inverse of both sides, we obtain

lg wp) =1 (3)

Distortion theorem which represents by equation (1) will now be applied to obtain

lwol w1 (@™ (0))
—lwoD? (@ = lw, )2

1= lp~twyll < q

lwgl [ ()" (0 4 j
1 < Mo LG {"]I - |3L\||1'"*n|"
(1 —lwyl)? (1 — lwpl)?
See equation (2), since, wyg and zp are arbitrary points, this implies that
4|z|lwl
=
(1 - lwl)?
Hence,

L= 4|z|lwl - Clzl Clz|
Ta-lwhrTa-lwlE Q- leie

which gives (1 — l@{z)[)* = ¢lzl.
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Finally, we obtain (1 — |@(z2)) = K = f|z] for allze . m
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Theorem (2.2).

Let 2 be a bounded simply connected domain, whose boundary isa class C* Jordan curve. If ¢ is a conformal map of 22 to the
unit disk 2 (Jw|] =< 13, then

f[q lo| dxdy < o forall p < 2.
Proof.
We shall assume that z, € 2 and @lz,) = 0. It can then be inferred from the co-area formula.

Let ¢ be a conformal mapping of 1 (simply connected domain) onto the open unit disk I (lz| = 1), that is; gl — D
with =1 be a measurable subset of .

Let glz):B={zeM:|e(z)l=rtc0 —[0.0) beameasurable function defined on the measurable set B in £ , as the
following

X
glz) = —=-: 0 — [0,00)
l(2)']
where ¥g0m: B © 0 — {0,1} is the characteristic function.

_{1 if z€ B
Y30 "0 ifzeB

Because we have to calculate the integral over B ={z € 0:| @(z)| =r} and we know that 0 = = = 1, which implies to
¥z = 1 z € B wehave then

1
}:rh ' }:r'.‘
J‘J‘ ﬁ'.JJ |'3|-" |d.r dy = j (J‘ ﬁ'j. le?) dr
n el 0 g={zen] gzl =rH@(z) |

As known
1 1
J‘J‘ dxdy =j (J‘ ; ds) dr
n 0 \JB={zen| oz |=r} @ (@) |
Now we have
' 1 e
|r.|:=-| dxdy = — |L|}| ds | dr
n o \Js=gzen| olz)|=n l@(2)|
i
T
] B={zell| glz)|=r}
1 IRT
- | |q:?'|-”'i(J‘ is) ar
i} o
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1

= J‘ 2rrlg’ Pt dr
o

1-|¢l
gz’

By Lemma (1.3) wehave |g'|=C so let us assume that &(z) = Iz such that

] ! -1
J] |r.p'|' dxdy = j 2m"|q::'|' dr
It ]

1 1-p)Pt
[ G2,
0

=[Pt

In Theorem (2.1) we deduced that 1 — lpl = f{p,,"'m , Which implies to

E= 1
le_l i I:l_?-:lzu'_l.-'
Hence,
1 p—1 1 -1 1
1—r) 1—rY¥ .
j 2or % ar = J‘ 2or {—S.n—h dr = j Em'"(l —7"}"‘-“"1} dar
0 |z|° 0 (1—-ry 0

1

1- Tj—ig:l—ﬂﬂ.]
o

= 2mr |—————
—(p-1+1

when —(p -1l +1>0=p<2.m

Theorem (2.3).

Let E be a compact subset of the plane having connected complement, D = E be a connected domain, let g(z) be a cauchy
transform of a function g, where g € LF(E.dA4) forsome 1 < g = 2, if g(z) isanidentically zero in C'E and there exist a
non-decreasing sequence 80; in I then

Jp ¥ |§":IJ|) du exists and is finite on 8D;

LT
Proof.

Let & be a connected domain D' = E. Fix arbitrary point £ € I and assume $\mu$ be the harmonic measure on &I representing

£

Choose @D; be a non-decreacing sequence such that £ € 80; forall i and UD; fillup D.

Given g € L%(E7}, and assume the property fgu:? dA =0 forevery polynomial ¢ € H¥(E.dA), then g(z) vanishes identically
in the unbounded complementary component of E.

We obtain (&) is bounded in E at Euclidean distance &(z) = dis (z, 8E) ::i
(see lemma (1.2) ), that is;| G(£)| is bounded in D.
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Hence, multiply and divide | 5(z)] by +/Izlwhere (=) = dis (z,8D;) = |z| this yield the identity below:
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[1z]] §(=) — j(z)
EDQL,il = log,/|z| + log |£|"_|
*.,-'I |z| ".,-'I |z|
. — . 14E)
=}{ug|3{z:]|=lng.\;'|z|+lug —
W1z

Integrate the last quantity over 8L); with respect to harmonic measure du; this will imply,

f?ﬂ log| g(z)| du, = f?ﬂ log./ 2] du, + _]",,ﬂ lo Ev;Td'“’
Here, we will pay particular attention to the second integral.
As known in [6, pp. 145] that,

J‘ luglﬁ":zj'lLqu {J‘ IQ(Z]I
a0, lz21 ' ks

\-'lzl oy \-lzl

It is known in measure theory (cf.[4] )

= d [ |50 f ok (Ig(z}l)
_ du. = _ T I )
;’dxj' L, J1zl : eﬂ:;ﬂx;‘ Jlzl “ ®
ao; .,.,-'|z|

Hence, we have

j‘?(lgﬁl)d# |g(z}|~:(

=701 5@ da e (9

du + j
’E) o0,

; v v Wi
This implies that
| 5(z)|
j ﬂ:( — Jdu | = j Ig(zjl? — |l [au |+ T |dus | .. ... (6)
aD, V=l a0 8D,
I Iz

So we may direct out efforts toward finding a bounds for Iy and {3. In that endeavor we have to define a Green function which is a
harmonic function on D; and it is defined on  D; as well. In this case should be define the harmonic function du; = % ldz| .

e Remove asmall disk |z— £| < from D; we obtain D; such that |z — £| < r; contained in every D;, and its boundary is
smooth, this lead to, any continuous functionon &I; to B will generate harmonic function on D; with singularity (pole) at
£,

e Let @, be aconformal map of D; onto unitdisk I = {w: lw|] < 1} with -:p:(-f} = 0: and as clear ¥, = -:;1:':'1 » which

satisfies the following:
29
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1. |vG,| = Clg)| on D;.
2. |yiw)| = et —w).

An estimation on I can be obtained by applying Hzlder inequality with short calculation as follows:

IZIJ
1

=J I,_r;f;zlll%?(~ )ﬂ:r: dA
an iE]

1 L

g 1 P B
44 V VG | d4
E(Lﬂflgﬁjl ) (LD{ ( |z|) J
1
1
= |lg V V&
ot ()

7
dﬂ)
And hence we obtain

||

Igfz}l?(

jal

B
1 .
IIF:_:C,}j _ ":"( I,_)"F'G: dA
50,1 \y/lzl
1 P
= 54[ Vi—]|| VG |Pd4
an] =l

v

lpi|*dA

= C4J‘ I"H L
an

?( 1 J
1—|cpl-|
s NEEE A

wl=1 |1|.!.L |

_c J‘ dA
=Ly |1-1'|<:1I:1 _,J,.:]!p—:

1

11— —-3p+3
=E4[{ ) ]
—3p+3 |

such that when —3p +3 =0 thisimpliesto p < 1.

It is a consequence of Halder inequality and Calderan-Zygmund theorem on the continuity of singular integral operators, ( cf.[1,
pp.564],[10]), that

v(| g(z}l}‘ |
W |z
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VG, |

=f vl §)D) dA
an;

]
zcllgllq(f .:m)
anf |4/ lzl
v
B
I =6 (j _ cm)
a0,

lpilP
=C I |*dA

ylz
VG |f

i
—
|

VG |
—
W |3|

C J‘ ! ! dA
 Jhujes 0[P (1 — )

—c J‘ dA
o |11'|{1.|:1 — lwl)e-2

[{1 _T:]_“:]i
=1,
B -2 R S

when —p +2 =0, thisimpliesto » = 2.

Finally, the quantity

I @ lgﬁl) du. exists and is finite on 80;m
o 1 -“I 2 .
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