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Anti-hesitant Fuzzy Subgroups
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a\azen Omran Karim in this paper , efforts have been taken to generalize the notions of anti fuzzy subgroups
®Maher Motasher Hamoudi and hesitant fuzzy subgroups . proposed definition was supported by graphical

comparison with our result and constracted examples. So we introduce the notions of
anti — hesitant fuzzy subgroups , lower level subgroup and normal anti- hesitant fuzzy
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1. Introduction

L.A.Zadah[ 7] in 1965 was introduce the notions of concept of fuzzy set as a function from a universal
set to the unit interval [0,1] , rosenfeld in 1971 [ 5 ] study and introduce the notion of fuzzy
subgrouppoid , fuzzy ideal and fuzzy homomorphism and some algebraic structure of fuzzy
subgroups.

Biswas in 1990 [ 1 ] introduce the notions of anti — fuzzy subgroup , lower level subgroup which based
on the notions of fuzzy subgroup. Gayen S. , JHA S. and elt in [3] study and introduce more general
notion on anti-fuzzy subgroups

In 2010, Torra [ 6 ] introduce the notions of hesitant fuzzy set as a faction from a universal st to the
power set of the unit interval . Divakaran D. and John S.J. in [2] and Kim J.H. el. in [4] extended the
notions of hesitanat fuzzy subgroups and introduce some properties of this concept’s.

The organization of this article is in section 2 we have mentioned some preliminary aspects of fuzzy
subgroup , anti- fuzzy subgroup and normal anti - fuzzy subgroups .in section 3 , a redefined version of
anti-hesitant fuzzy subgroup has been given , also we have given the definitions of normal anti-
hesitant fuzzy subgroup , level subgroup of anti — hesitant fuzzy subgroup and decided some

2. PRELIMINARIES

In this section , we state some essential definitions and properties of fuzzy subgroup and anti-
fuzzy subgroup and the definition of hesitant fuzzy subgroups , also we re

Definition 2.1 [1,3] A fuzzy subset pof a crisp group G is termed as a fuzzy subgroup of G if for all x,
y € G, the subsequent conditions are satisfied: (i) u(xy) = min{u(x),u(y»)}) (i) u(x~1) =
u(x).Definition 2.2 [1,3] A fuzzy subset pof a crisp group G is termed as an anti - fuzzy subgroup of
G if for all x, y € G, the subsequent conditions are satisfied: (i) u(xy) < max{u(x),u(y)}) (ii)

p(x™t) < ).

Definition 2 .3:- [3]
Let G be a group and p a fuzzy subset of G. Then p is called a fuzzy normal subgroup if
H(Xy)=pun(yx) forallxandyinG .
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Theorem 2.4 [1]: Let Gbeagroupand p afuzzysubsetof G . Then p is called afuzzy
subgroupof Gifandonlyif (xy~ 1) > min{ p(x), u(y) }

Definition2.5 [3]: Let p be afuzzy subgroup of agroup G.ForainG, the fuzzy coset ap of
G determined by a and p is defined by (a p )(x) = p(a~1x) forallxin G.

Definition. 2.6 [ 3]: Let A and p be any two fuzzy subgroups of a group G . They are said to be
conjugate fuzzy subgroups of G if forsome ge G, A(x) = pn( gt x g)forallx € G.
Theorem 2.7 [ 3 ]:Let A and p be any two fuzzy subgroups of any group G . Then pu and A are
conjugate fuzzy subgroups of G ifand onlyif p =21 .

Definition 2.8 [2 ,4 ]: Let G be agroup and h € HFS(G) . Then h is called a hesitant fuzzy subgroup
(in short, HFG) of G, if it satisfies the following conditions, for any x,y € G

1. h(xy) 2 h(x) nh(y).

2. h(x™1) 2 h(x).

The collection of all HFGg in G will be referred to as HFG(G).

Theorem (2.9) [4]: Let Gbeagroupand h € HFS(G) , then h € HFG(G) if and only if

h(xy ™) 2 h(x) nh(y™1), for any x,y € G.

3. Anti-hesitant fuzzy subgroups

In this section we investigate the definition of anti — hesitant fuzzy subgroup and give some
important properties of the anti- hesitant fuzzy subgroups .

Definition 3.1 : Let G be agroup and let h € HF(G) then h is called anti — hesitant fuzzy subgroup
ifand only if : -

1) h(xy) € h(x) U h(y)
2) h(x™1) € h(x).
Forall x,y € G .
Example 3. 2:

LetG = { e, a,b,c }be theklein’s group. h : G — [0,1] be a hesitant fuzzy set with
12

h(e)=[0,11h(a)=[5 .11,

10 4 5
h(b)=[ 5, c 1.h(c)=[12, =]
then easily to see that his anti — hesitant fuzzy subgroup of G.

the following lemma give a new condition for anti — hesitant fuzzy subgroup

Lemma 3. 3: let G be a group. then h € AHFG(G) ifand only if h(xy™1!) € h(x) U h(y) for all
x,y€G
Proof : - suppose that h € AHFG(G) then by definition 3.1.2 we have the result directly
h(xy™) < h(x) Uh(y ™)
c h(x) U h(y),since hx') ch®
So that h(xy~1) € h(x) U h(y)
Conversely suppose that h(xy~1) € h(x) U h(y),
To prove h is anti — hesitant fuzzy subgroup
h(xy) =h (x(y™)™
ch(x) u h@y™)
Also h(x™) = h(ex™1)
=h(xx 1.x71))
< h(xx"1) U h(x)
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< h(x) U h(x) U h(x)
< h(x)
forall x,y € G
So that h is an anti — hesitant fuzzy subgroup .
Proposition 3.4: Let Gbeagroupand he AHFG (G).
Thentheseth,={ x € G| h(x) = h (e) }Form a subgroup of a group G .
Proof : -
h, # @ ,since e € h,

let x,y € h, , toprove x.y 1€ h,
i.e toprove h(x.y 1) =h{(e)
h(x.y ') ch(x)uh(y™
Sh(x)uh(y)
ch(e) uh(e)
Ch(e) . (1)
But h (e) S h (X) iiiiiiieiiiiiieeeiiieeeeiiie. (2)
From (1)and (2 ) wegeth (xy~1)=h(e)
So that xy = € h ,and hence h , is subgroup of G
Lemma 3. 5: Let h be an anti — hesitant fuzzy subgroup of a group G, then : -
1) h(x)=h(x™.
2) h(x™) = h(x)
forallx € G
Proof : -

(1)h(x)=h((x"')"'ch(xY,
But h (x )< h(x), by(2) of definition (3.1.1)
Sothat h(x 1) = h(x).
2 ) The proof is by inductiononn .
If n =1 thenitisclear h(x) < h(x) .
Ifn=2then h(x2)=h(x.x)c h(x)U h(x),
Sothat h( x?) < h(x) .
Now suppose that h (x"" 1) < h(x),
Nowtoprove h(x") c h( x)
h(x™) =h(x"1.x)
ch(x™) U h(x),
c h(x)U h(x)
= h(x)
Sothat h (x™) < h(x)
Lemma3.6: LetG beagroup and h € AHFG(G) ,if forall x,y€eG ,h(x) < h(y)
.Then h(xy)=h(x)U h(y)
Proof : -
Supposethat h(x) ) < h(y),

Sothat h(y) = h(x‘l.x.y )gh(x‘l)uh(x.y)
= h(x) U h(x.y)
h(y)c h(x) U h(x. y)
and since h(x) ch(y) ,
sothat h(y) ch(xy)c h(x) U h(y) =h(y)
hence wehave h(x.y) ch(x)u h(y)

and h(x) U h(y)= h(y) ch(xy)
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sothat h(xy)=h(x)uU h(y)
Lemma 3.7:Let G beagroupand h € AHF G (G).then the set
H={x € G| h(x)= {0} } iseither empty or subgroup of G
Proof : -
suppose that x,y € H
Hence h(xy ) ch(x)Uuh(y™1)

= h(x) U h(y)

={0}u {0} ={0}
Hence xy~* € H andso H issubgroup of G
Lemma 3.8:LetG beagroupand h € AHFG(G) .if h(xy ) =0 then h(x) = h(y) .
Proof :-

h(x)=h(xy'y) = h((xy 1) .y)

c h(xy Hu h(y)
=QUh(y) =h(@)

1

Sothat h( X) < h(Y) (1)
By the same way ,wecanprove h(y) < h(x) .....ocooeeeeen i, (2)
From (1) and (2 ) ,wehave h(x) = h(y)

Lemma 3.9 :-

Let G beagroupand h be hesitant fuzzy set ofagroup G .if h(e) =@ andif h(xy™?!) =
h(x)Uh(y) Forall x,yeG .Then h € AHFG(G)

proof :- h(y ™)) = h (e y 1 )
ch(e) Uh(y™ ')
= h(e) Uh(y)
=@ Uh(y) =h()
similarly h(y) < h(y'),
Sothat h(y) =h(y~1)
Now h(xy) = h(x(y=})"")
c h(x) U h (y'l)
=h(x) U h(y)
Thus h € AHFG(G)
Definition 3. 10 : Let G be a group and we define the binary operation o and the unary operation
(inverse ) on theset AHFG(G)
By (hiohy) =n {hy (y) U hy(2z)|y,z €G,yz=x},
and hil(x)=h; (x " Dforall xeG
The operations o is called the product of h ; o h ,,and h 7'the inverse of h .
Theorem 3.11:-let G be agroupthen h € AHFG(G) ifand only if h the following are holds :-
1) hoh2h
2) htoh
Proof : -
suppose that h € AHFG (G),then
(heh)(x) =n {h(y)Uh(z)|y,zeG,yz = x }
=h(y.)U h (z,) forsomey,.z, =xandy,.z, €G
2 h(x)
Since h(x) =h(yz)c h(y)Uh(z)
Conversely , suppose hoh 2 h
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Then Nn{h (y)Uh(z)|y,ze€ G, yz=x} 2 h(x).
= h(y)U h(z) 2h(x) for somey,z € G,yz = x .
= h(y)U h(z) 2 h(yz),
Thus h € AHFG(G).
Theorem 3.12: Let Gheagroupand h,,h, € AHFG(G) then h,oh, € AHFG(G) ifand
onlyif hjoh, =h,oh,
Proof : - Suppose that h; o h, € AHFG(G)
Then hioh, =h7jloh3?
=(h2°h1)_1=h2 ohy
Conversely supposethat h;oh, =h, oh;
hyohychitoh3?
=(hyohy) '=(hyohy)™ "
Sothat (hqioh, ) '2h ;0h,
Thus h,oh, € AHFG(G)
Theorem 3. 13: Let h,h, EAHFG(G)then h,;Uh, € AHFG(G)
Proof : -
Let x,y €G,
(hiUR))(xy ™) =hi(xy ™ )Uh,(xy~ ")
Q(h1(x)th(Y))U(hz(x)Uh1(Y))
:(h1(x) U hz(x)) U (h1(3’) U hz(Y))
= (h1 U hz)(x)) U (hy U hy)(»))
Then hy Uh, € AHFG(G)
Corollary 3.14
Example 3.15
Let Z beagroupand h,, h, : Z — p[0,1] are two anti — hesitant fuzzy subgroups defined as
follows : -

_ [0.2,0.8] if x € 2z
ha(x) = { @ otherwise

_ [0,05] if v € 3z
ha (y) = { @ otherwise

Then we can easily seethat h; Nnh, is not anti — hesitant fuzzy subgroup of Z .
Now we introduce a new definition on anti - hesitant fuzzy subgroup
Definition 3.16: Let Gbeagroupandlet h € AHFG(G), Then hiscalled normal anti —
hesitant fuzzy sub group (inshort, NAHFG(G) ), if h(xy) =h (y x)forall x ,y €G.
Example 3. 17

Consider the general linear group of a degree n, GL(n, R). Then GL ( n, R) is not abelian
Let I, be the unitmatrixin GL (n,R) . We define the mapping
h: GL(n,R) - p[0,1] asfollows: -

[

] if M is not triangular matrix .

)

h(M) =

Wl Ul =
Nk, WIN

, = | if M is triangular matrix
foreach I, # M € GL(n,R) ,and h(I, ) =10, 1].

Then we can easily seethat h € NAHFG(GL(n,R) ) .
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Proposition 3. 18: Let Gbeagroup,Let h; € HFS(G) and leth, e NAHFG (G), then
hyoh, = h,oh,

Proof :

Let x € G then (h; o hy)(X) = Nyoy, [ h1(y) U h,(z)]

Ng=yz [ N1 (y) U h(y~ ' x)]

= ﬂx=y(y-1x)[h1(Y) U h,(xy 1')]

[since h, € NAHF(G) ]
= Nyyy-txy[h2(xy™* ) U hy(y)]

(hy o hy)(x)

ThUS h1°h2 - hzohl

Proposition 3. 19: Let Gbeagroupandlet h € NAHFG(G) , then G, isnormal subgroup of
G.Where G, = {x € G: h(x)=h(e) }.

Proof :

From proposition (3.1.6) that G, is asubgroupof G and G, # @ .

Let x €Gy and let y € G. Then

h(yxy 1)=h((yx)y 1)[since he NAHFG(G)]
=h @ '(yx))

h((y~ty)x)

h (x)

h(e). [since x €Gy ]
Thus y x y~1 €Gy, .
So Gy is anormal subgroup of G .

Remark 3. 20: The converse of proposition (3.2.4)is need not to be true general in the
following example .

Example 3.21:Let G={ e, a, b, ¢ } bethegroup in which is given by :-
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and h be a hesitant fuzzy set of G defined by :
h(e)=h(a)=[0,117,
h(b)=(0,1],h(c)=[0,1)

then we can easily cheek that h is a hesitant fuzzy subgroup of G .
Moreover Gp= {e, a} is normal subgroup of G, but h(ab) =h (b )=(0,1]+# [0,
1] =h(ba)=nh(a),thus his not normal anti — hesitant fuzzy subgroup of G .
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