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Abstract:

On the aim and properties of asymptotic sequences, in this paper we introduce the concepts asymptotic sequences in fuzzy
metric space. Also, we conclude a concept convergent in space and to study relationship between uniformly continuous and asymptotic
sequences. Finally, other properties were investigate in the asymptotic sequences.
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1. Introduction:

In 1965, the concept of fuzzy sets was introduced by Zadeh [5]. With the concept of fuzzy sets, the fuzzy metric space was
introduced by I. Kramosil and J. Michalek [4] in 1975. Helpern [9] in 1981first proved a fixed point theorem for fuzzy functions. Also
M. Grabiec [7] in 1988 proved the contraction principle in the setting of the fuzzy metric spaces. Moreover, A. George and P.
Veeramani [2] in1994 modified the notion of fuzzy metric spaces with the help of t-norm, and fuzzy matric space are studied by more
authors (see[8]).

In this paper we introduce the concepts asymptotic sequences in fuzzy metric space. Also, we conclude a concept convergent
in space and to study relationship between uniformly continuous and asymptotic sequences. Finally, other properties were investigated
in the asymptotic sequences.

2. Preliminaries:
Definition(2.1),[1]: Let X be an arbitrary set, a fuzzy set M on X isa function from X to I Let /* ={M:X —1I}.je. M eI¥

Definition(2.2),[1]: A binary operation =: [0.1] % [0,1] = [0.1] is a continuous (t-norm) on the set [0.1] if = is satisfying the
following conditions :

(TN-1) a=b = b=a forallab € [0,1] (ie. *= iscommutative).

(TN-2) a=(b=c)=(a=b)+c forall a.b.c €[0,1],(i.e. =is associative).

(TN-3) ax1 = a foralla e [0.1].

(TN-4) If b.c € [0.1] suchthath =c then a# b= a= c foralla e [0.1] , (i.e. * is monotone).

Definition (2.3),[8]: Let X be a non-empty set, * be a continuous t-norm on[(.1].

A function M:X = X (0,02} — [0.1] is called a fuzzy metric function on X if it satisfies the following axioms:
forallxy,ze Xand forallts = 0

(FM-1) M (x,v.t) = 0.
(FM-Z) M {_r, ¥ t:] =1 & x = ¥.
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(FM-3) M (x,v.t) = M (y.x.t) .

(FM-4) M CGe,y.t +5) = M (x,z.t) = M (z,y.5).

(FM-5) M (x, y.2): (0,c0) — [0.1] is continuous.

Definition (2.4),[8]:  Let {X. M.} be a fuzzy metric space. Then

A sequence {x, } in X is said to be convergent to = in X if for each

re(0,1) andeach t = 0, thereexist k € Z* suchthat M (x,.xt)> 1—r forall n>k (orequivalent
limy . M (xpuxt) = 1),

A sequence {x,} in X is said to be Cauchy sequence if for each r € (0.1) and each ¢ = 0, there exist k € Z* such that
M (xpxpm.t)> 1—rforall n.m = k (orequivalent limy ..M (xx.t)=1),

Definition (2.5),[2] : Let {X.M.=) and (¥.M.*) be two fuzzy metric space . The function £: X — ¥ is said to be continuous at #; € X
if forall » £ (0.1} and t = 0 there exist 1 € (0.1} and s = 0 such that forall x € X

M(x,xgs) >1—n  implies M{flx), flxht) =1 —r
The function f is called a continuous function if it is fuzzy continuous at every point.

Definition (2.6), [8]: A function f from fuzzy metric space {X.M,.=} to (¥.M..} issaid to be uniformly continuous if for each
0 =r=1andt = 0thereexists 0 = = 1 and s= 0 such that

M, (f(x), Fly). ) = 1 —r whenever M, (x, v,5} = 1 —,.
3. Main Result:

Definition(3.1): Two sequence {x,} and {¥,} in fuzzy metric space [X.M.=) is said to be asymptotic sequences denoted by
(bxpd = {3,3) | if they satisfy the following condition : forall 0 < =<1, t =0 thereexist k € Z* such that

My t) =1 —r forall n=k.

Theorem(3.2): {xnL{v,} is asymptotic sequences in fuzzy metric space iff limy MGy, t) =1
Proof: Suppose {xn} = {¥,}

Foragiven 0 <r < 1,t =0 thereexists k € Z* suchthat M{xp. 3.t} =1 —r

Thus 1 — M(x,.0.t) <7 forall n >k

Therefore  limy,_ Mx .. 8) =1

Conversely : If lim,_ M(x,y.t) =1

then forevery 0 <+ < 1,t= 0 there exists k € Z* such that

1-Mxv.t) <rforalln =k .

Thus M(x.y,.8) =1 —r forall n =k

Hence {x,}={y.1}.

t

Example (3.3): Let ¥ = {x,:x,isconvergein [0.1]}, let a=b=ab forall a. b € [0.1] and M{x,. ¥, t)

t+En—¥nl
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Forall 0 <=+=<1.t=10

1 2
Let x, ={1+ ;} nez*and ¥, ={1 +;}i’!E2_

4

limy M x v, £) = —|—1—-|r+ Il =1
Then {x,} = {1,
Theorem (3.4) : Let f:(X.M,.=} = (¥.M,.) be a function between two fuzzy metric space , then the following are equivalent :
(1) f is uniformly continuous.
() If {x,) and {¥,} are asymptotic sequence in X then {f(x,J} and {f(y,J)} are asymptotic sequence in ¥.
Proof : (1) = (2)
Let {x,} and {w,} are asymptotic sequence
Forall 0 ==+ <=1 .t= 0 thereexist 0 <=7 =<1 .5 = 0 such that
My (F (), f(3).8) = 1 —» Whenever M, (x,y.5) =1 —n
Since {x,} =131 thereexist k € Z¥ suchthat M,(xv,.5) =1—n
= M (f(x,) flydt) =1 —r
Hence {f(x,J}and {f(y,)} are asymptotic sequence and therefore
Flen )l = {Flyd}
2= 1)
Suppose f is not uniformly continuous
Thereexist 0 =<r=-1, t=0forall 0 =<=n =1, 6 5= 0 suchthat
M (x,y,5) >1—n but M (f(x). fG3).6) =1 —+»
Since Lx,} =1y} thereexist k € Z* suchthat M,(xv,.5) =1 —m forall n =k
But {f{x,)} and {f(»,)} are not asymptotic sequence (which is contradiction). Hence f is uniformly continuous.
Theorem (3.5) : Let {x,} and {¥,} be two convergent sequence in fuzzy metric space with the same limit iff {x,}={w,} .
Proof: (=) Let {x,] and {¥,} be a convergent sequence in (X, M,=)
Forall 0 <+ =1 and = 0 ,thereexist 0 =7 =< 1 suchthat 1 —nl=1—-nl=1—7r

Since x, — x , there exist k; € Z7 such that
M (_rﬂ,.r,%) >1—-n forall n=k
Since ¥, — x there exist k; € Z* suchthat M {}-‘n,_r, 5) =1—-n foral n=k;

Taking k = max{k,, k;}
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Now: M{x,v,.tl =M {xﬂ,x,g) *M{yﬂ,x,g:] =1-n)+0-n)=>1-r forall n>k

Hence  fxpl={w]}.

Conversely:  suppose x, — .

Let 0 <=r=1.t=0 thereexist 0 ==v =1
Suchthat (1 —n) =1 —n)=1—-+

Since ¥, = ¥ ,thenforall 0 <<n < 1.£>0 suchthat M {yn,y,%) =1—-n
Now: My, 8) 2 M (xpys) = My D) 2@ -nds(l-n)>1-r

= x, — ¥ Which is contradiction because the converge is unique
Hence x=1x¥.

Theorem (3.6): (=7 is an equivalence relation on X .

Proof: Let tx,t. 0w ).z, X

Forall 0 = r =1 thereexist K € M and forall n =k

(i) Since Mxpx,t)=1=>1-r

Therefore  {x,}={x,]

(i) If {xu} = {¥,} we have to prove (¥} = {x,]

Since {xpt=1v,} = Mlx, vy, >1—r

But MUxp. vt} = M (v xp.t)

= M{yn,_rﬂ,t:] =1—-r

Hence f{w,}= {x,).

(iii) Suppose {xn}={¥,} and {y,} = {z,}

We have to prove {x,} = {z,}

Let 0 =+ = 1, = 0 there exist @ = = 1 such that
A-rn)sl-n)z1-r

Since Lt =1w) = Mx vt =1—n

But {v,} = {z,} = M{y,.z,.8) =1—n

Now Mix,z,.t) = M vt =My znt) 21—l =0 —-n) =1 -+

Hence {x,} =1z}
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Theorem (3.7) : I {x,} {3} be asymptotic sequence in fuzzy metric space and let {xp,}.{y,} are two subsequence of {x,}.{ym} ,
then {xp, } = (i, }

Proof: Let {x,,} .{ya,} aretwo subsequences of {x,}.{v,}

We have to prove {xnk} = v, }

Let 0 ==r =1, t=>0thereexist 0 <=mn = 1 such that

Q-nl=l-nls-nl=1-r

Since tx t=1{wmt= Mx, v.tl =1—n forall n =k

Now: M (.3, .t) = M (xn_u,xﬂ,gj . M{xﬂ,yﬂ,%) * M3 Y D)
z21-nl=s0-nl=l-n)=1—rforall ny =k

Thus  {xn} = Omgd

Theorem (3.8) : In fuzzy metric space if {xn} = {v,} and {wypl ={z,}, then Lxpwyl = lyz,k

Proof: Forall 0=<»=1 and t=0  thereexist 0 <n <1 suchthat 1 —-n)={1-nl=1-r

Since {xn} =1y}, thenthere exist k, € Z°

implies M (xn,yﬂ,é) =1 —n forall n =k

Since {w,} =1{z,} = thereexist k; e Z*

suchthat M (wy, 2, 5) = 1 = foralln > k,

Taking & = max{k,, k;}

Now: ﬂd’{xﬂwﬂ,yﬂzﬂ, Flz M (—rw}’w%) = M {szw%)
=1l-nl=00-n)=1—»foral n =k,
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