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Neutrosophic crisp sets have recently gained great importance in
mathematics and in all pure and exact mathematical subdisciplines due to their
significant role in solving real-life problems through the modeling of
mathematical systems, which has contributed to addressing many practical
problems across various fields. Based on neutrosophic crisp sets, the concept of
a neutrosophic crisp topological space has been introduced as a generalization of
classical topology.

In this academic and scientific research on neutrosophic crisp
topological spaces, five neutrosophic crisp topological spaces are
constructed, namely the , the Neutrosophic Crisp Topological Space
generated by a basis (NuCTg), the Neutrosophic Crisp semi-
open %1,2)Topological Space (NuCTs,), the Neutrosophic Crisp
semi-open fl_z)Topological Space (NuCTs,), the Neutrosophic
Crisp  pre-open %1’2) Topological ~ Space(NyCTy,), and the
Neutrosophic Crisp pre-open ?1,2) Topological Space(NyCTp,).
These four neutrosophic crisp topological spaces are constructed
through new definitions of the closure of a neutrosophic crisp set and
the interior of a neutrosophic crisp set. Furthermore, all classical
topological theorems, results, and relations that hold in these five

neutrosophic crisp topological spaces are proved, and illustrative
examples are provided for those that do not hold.

1.Introduction

A. A. Salama, Valeri Kroumov and Florentin Smarandache [1 — 2]introduced the concept of
Neutrosophic crisp sets and defined the neutrosophic crisp topological space. They also presented three
types of neutrosophic crisp sets as follows:

Let B™ = <B;, B,, B; > be a neutrosophic crisp set
Typel:B,NnB, =0 ,B,nB;=0 ,B,NB; =0.
Typell: Bi1NnB, =0 ,BiNnB;=0, B,NnB;=0 and BiUB,UB; =X
Typelll: B_NnB,NnB;=0 , and B;UB,UB; =X
They also defined four types of neutrosophic crisp empty sets and four types of neutrosophic crisp

universal sets as follows:

or =<0,0,X>
X =<X00>

, 07 =<0,X,0> , 03 =<0,X,X>, 0y =<0,0,0>.
, Xy =<XX, 0>, X3=<X0X>, Xy=<XXX>

In addition, they introduced three types of complements. Let H™ =< H';,H',, H'; > be a
neutrosophic crisp set in X. The complements are defined as follows:
Type I . (I’Fn)cl =< I_F]_C, I'FZC, I'Fgc >, Type “ (I_l"no)cz =< I'F3, I'Fz, I'Fl >,
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Type “I (I’Fn’)cs =< I'F3, I'FZC, I'Fl >,

Several researchers have contributed to the development of neutrosophic crisp sets and
neutrosophic crisp topological spaces by introducing new relations, results, and theorems. In [3], new
concepts of neutrosophic crisp closed sets were introduced, including g-neutrosophic crisp closed sets,
ag —neutrosophic crisp closed sets, ga —neutrosophic crisp closed sets, and gag —neutrosophic crisp
closed sets, together with their fundamental properties in neutrosophic crisp topological spaces.
Moreover, new notions such as gag —neutrosophic crisp closure and gag —neutrosophic crisp interior
were defined, and some of their properties were investigated.

In [4], the general approach for generating any stable neutrosophic crisp topology using a basis or the
concept of stable neutrosophic crisp interior was clarified. This interior is closed under finite
intersections but not under finite unions. Conversely, the stable neutrosophic crisp exterior is closed
under finite unions but not under finite intersections. Necessary and sufficient conditions for both
finite unions and finite intersections to be closed were obtained based on the concept of confused crisp
sets.

In this work, five neutrosophic crisp topological spaces are constructed, namely: the Neutrosophic
Crisp Topological Space generated by a basis (NyCTg), the Neutrosophic Crisp semi-
open (; 5 Topological Space (NuyCTs,), the Neutrosophic Crisp semi-open ¢, , Topological Space
(NuCTs,), the Neutrosophic Crisp pre-open %1_2) Topological Space (NyCTy,), and the Neutrosophic
Crisp pre-open %1,2) Topological Space (NyCTp,). All classical topological relations, results, and
theorems that hold in these five neutrosophic crisp topological spaces are proved, and illustrative
examples are provided for those that do not hold.

List of symbols

Symbol Descriptions
NyCs Neutrosophic Crisp Sets
NuCTa2-space  Neutrosophic Crisp Topological Spaces
NyCC—set Neutrosophic Crisp Closed Set
NuCO—set Neutrosophic Crisp Open Set
NyCCL1,2) Neutrosophic Crisp Closure

NyCLntq 2 Neutrosophic Crisp Interior
NuBsi The family of all Neutrosophic Crisp semi — open ELZ), =12
NuBp; The family of all Neutrosophic Crisp pre — open (4 5y, i = 1,2

2.Preliminaries

Definition 2.1 [5]:
Let B® = <B,, B,, B; > and K* =< K;,K,,K; > be two neutrosophic crisp sets in X. Their union is
realized according to the following definition:

Typel: B"uU; K* =< B, UK;,B,UK,,B;nK; >
Type I: B* U, K* =< B, UK;,B, NnK,,B; NK; >

Similarly, their intersection is defined as
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Type I: B*n; K* =<B; nK;,B, NnK,, B; UK; >

Type Il: B* n, K* =< B, nK;,B, UK,,B; UK;>

Definition 2.2 [5]:

For any two neutrosophic crisp sets B* = < B, B,, B; > and K® =< K, K,,K; > in X, We define
the relations between the two subsets as

Type I'B* ¢, K* & B, € K, B, € K,,K; € B,

Type II: B* ¢, B® & B; € K;,K, € B,,K; € B;

Theorem 2.3 [1]:
Consider {'B}":j € J} as a collection of neutrosophic crisp subsets within universe in X. Then

1. The intersection Nj¢, 'B]‘-"’ The following two definitions can be used:

i. Ny; B = <nB;1,n Bj,UBj3 > ii. N,; B = <N Bj1,U Bj3,U B3 >
2. The union Uj¢, 'B]‘-“’ The following two definitions can be used:
i U;; B = <UB;1,U BN Bz > ii. Uz; B = <UBj1,n Bj,,n Bjz >

Theorem 2.4 [5]:

Consider B™ and K™ as two neutrosophic crisp sets of arbitrary type within the universe X. Then

i (BN KM% = (BM2 U, (k)7 (B™ U, K™ = (B™)% ny (K¥)%
i, (B"ny KM% = (BMe U, (k)7 (B™ U, K™ = (B™)% ny (K¥)%
i, (B™c, ke = (K)? g, BN, (B, kM = (RM% , (BY)

Definition 2.5 [6]:
We say that (X, T) forms a Neutrosophic Crisp Topological (NyCT,2-space) when the following
criteria hold:

. P7=<0,0,X>€T,and X} =<X,0,0>€T.

ii. Forany B*, K*€T,theset B*N;K* € T.

iii. IfBY€eTVj€e], thenu;, B €T.
For any B* € T, it is classified as a Neutrosophic crisp open set (NyCO—set), and (B2 is a
Neutrosophic crisp closed set (NyCC— set).

Remarks 2.6:
I. AJ\IUCT%LZ)—space is a topological space equipped with Type | neutrosophic crisp sets.

ii. AJ\IUCTaZ)—space is a topological space equipped with Type Il neutrosophic crisp sets.
iii. AJ\IUCTfl,Z)—space is a topological space equipped with Type 11 neutrosophic crisp sets.

Example 2.7:

Let X ={a, b, ¢, d}, and T = {0}, X7, B*, K*, M}, B* = < {a}, {d}, {c} > K* =< {a}, {b}, {c}>,
M™ =<{a}, @, {c} > are NyCs from Type I. Therefore, (X, T) is a J\IUCT%LZ) —space.
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Remark 2.8:

Let B”‘ be a family of NyCO — set in a J\IUCT(1 »)—space. Then for each j, the set B is one of the
followmg forms: B*; =< B,;,0,Bj; > or B"; =<B;;, 0, B;; >

Proof

Let B% =< By;,B,;,Bs; > #< By;,0,Bj; >

Since, X' =<X,0,0>€T.

So, B*; Ny Xt =< By;,8,B3; >. By; U; B3; = XV

However this is not necessarily true under our assumption ( since, Bs; # Bij)

This contradiction that fact that B“"]- is a NyCO — set and should preserve the required structure
intersection.

Therefore, it must be that B;; = By, B*; = < By;,®, Bj; >

Corollary 2.9 [6]:
Let (X, T) be a NyCTq,2 —space, and let ¥ = { H: § is NyCC—set} satisfy the following
conditions: i. [f K*; € ¥ Vj €], then n;; K% € V. i. If B*, K™ € ¥ ,then B* U, K™ € V.

3. Closure of Neutrosophic Crisp Sets (NuCCL(1,z))

This section presents a new type of closure of neutrosophic crisp sets, and a comprehensive
study of its properties in relation to classical topology is conducted. Most properties of classical
topology do not apply to all neutrosophic crisp sets.

Definition 3.1:
Let (X, T) be a NuCTq,2-sSpace, then the closure of neutrosophic crisp set §* = <8,,H,, Y3 >

denoted by NyCCL(12)(8™), and NyCCLy 2)(8™) = {Ny; B+ B, =< Hyj, Hzj, s >} 9 g*; are
NyCC-sets Vjand ¥, < (ng)c Vj, Y€ (M) V), B:°¢ HyVj.

e From definition NyCCL(12)(8™) isa NyCC-set (by corollary 2.9).
e Always NyCCLig2(B™) =Ny H“’j =<n; Hj;,0,U; H;3 >. Because X isaNyCC-set and
satisfies the conditions in definition 3.1.

Example 3.2:
Let X = {a, b, ¢, d}, and T = {0}, X7, B*, K* M"}, B* = < {a}, {d}, {c} > K" =< {a}, {b},
{c}> M™=<{a}, @, {c} > be NyC, from Type I. Then (X, T) is aNUCT(l 2)—Space. Therefore:

i NuCCluz)(B™ = < {a}{d},{c} >) =X} =< X,0,0 >

ii.  NyCCLuz (A" =<{b},0,0>) =X} =< X0,0 >

i, NyCCLz (M7 =<{c}, 0, {a} >) =X} =< X,0,0 >.
iv.  NyCCLz) (M“’ <{a}, 0. {c}>) =X =< X,0,0 >.
V. NuCCLa 2 (K™ =< {c}, {b}, {a} >) =X} =< X,0,0 >.
Vi.  NuCCLezzy (T™ =<{b},{c}, {a,b,d}>) = M =< {c}, 9, {a} >.
Vii. NU‘CCL(I,Z) (@no =<0, @;X >) (Z)n, =<0,0, X>-
viii.  NyCCL1z) X7 =<X,0,0>) =X =< X,0,0 >.
iX.  NyCCLyz) (L*=<0,{b},{a}>) =X =< X,0,0 >.
Example 3.3:
LetX={a, b, c},and T ={07, X}, A™, B™, C"*}, A* =<{a, b}, @, {c} >, B*=<{a, c}, 0, {b} >,
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C™ =<{a}, @, {b, c} > be NyC, from type 1l. Then (X, T) is a J\IU(;'[(1 2)-space. Therefore:
i NyCCLa2)(A™ =< {a,b},0,{c} >) =X =< X,0,0>.
ii.  NyCCLyz) (0" =<{b},0,0>) =X} =< X,0,0 >.

iii.  NyCCLag (€™ =<{b,c}, @, {a}>) = 7 =<{b, c}, 8, {a} >.

iv.  NyCCLyz) (€™ =<{a}, 0,{b,c}>)=X'=<X,0,0 >.

V. NyCClagz (B™? =< {b}, 8, {a c}>) = B™* = < {b}, 0, {a, c}>.

Vi.  NyCCLyz) (U™ =<{c}{b}, {a}>)= C™ “ =< {b, c}, @, {a} >.
vii.  NyCCLaz) (4™ =< {c}, 8, {a, b} >) = 4™ =< {c}, @, {a, b} >.
viii.  NyGClyz) (07 =<0,0,X>) =07 =<9, Q'X >.

iX.  NyGCLz) Xr=<X0,0>)=X=<X,0,0 >.

Examples 3.4:
Let X = {av bv C}v and T = {Q)?! X?v Qn,v Wnﬂ, Enﬂl :Rng}’ Qn’ =< {a’ b}v {C}! X >, W =< X! {b}! {C}>!
E™=<{a, b}, 8,X> R™ =< X,0,{c} > be NyC, from type Ill. Then (X, T) is aNUCTf’llz)—space.
Therefore:

i NyCCLa1,2 (@™ =< {abl{c},X>) =X =< X,0,0 >.

ii.  NyCCLz) (A" =<{b},0,0>) =X} =< X,0,0 >.

ii. NUCCL@Z)(EH" =<X,0,{a,b}>) =X} =< X,0,0 >.

iv.  NyCCL12) (E™=<{a, b}, 0,X>) = Xn’=< X,0,0 >

V. NyGCLegzy (W™ =< {c}, (b}, X>=E"* =<X, 0, {a, b} >.
Vi.  NyCCLeiy ™ =<{c},{b}, {a,c}>) = EM? =<X, @, {a, b} >.
vii.  NyCCL,2y (Q™ “?=<X,{c}{a,b}>) = X} =< X,0,0 >.
viii.  NyCCLiyz) (D™=<{b},{c}, X>) =X =< X,0,0 >.

iX.  NyCClz) (07 =<0,0,X>) =07 =<0,0,X>.

X.  NyCCLyg) XF=<X,0,0>) =X}y =< X,0,0 >.

Corollary 3.5:
Let (X, T) be a NyGT¢, 2)-space, t=1,2,3

I. NuCCL12(X7) = XF =< X,0,0 > iil. NyCCL(12)(97) = 07 =<0,0,%X>
proof (i)

Let {H™ =<H 1, H2j, H3;>:j € J} be the family of NyCC — set such that

X< M)V, < M)V, 0° S Hj V.

ThUS .NUCCL(l 2)(X ) nl] Hm <ﬂ Hl] ﬂ HZ] U HS}

Since X € (H3;)¢.So, 3 € @. Therefore Hs3i=0Vj. Hence U; Hs; = 0.

Since XY is a NyCC—set. Therefore, n; H,; = @.

Since @ € H;;. Thus, X € §,; V j. Therefore, X € n; H;;and N; H;; €X. So, X =N; Hy;.
Hence, NyCCL1,2)(X3) = X7~

The proof of (ii) can be carried out in a manner analogous to the proof of (i).
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Theorem 3.6:
Let (X, T) be a NUCTELZ)—SpaCG, t:1,2,3. If An’ =<< Al' Az,A3 > gi Om =< 01, 02, 03 > ,i = 1,2

Then .NUCCL(I,Z)(AIL) < .NU‘CCL(LZ)(OH’)! i=1,2,2 A™, O™ are any .NU’Cg-
Proof:

Suppose .NU‘CCL(LZ)(AW) = nljj:'na] = <ﬂj :Flj' ﬂj sz, Uj T3j >3 Tn,] are NyCC—sets V J, and

A € (F3p)°V ), Ay © (Fp)C VY, A3 S Fyvj.

Also IEtNUCCL(l,Z)(Ow) = nl] .7'[“’] =<ﬂj .7'[1]', ﬂj }[2]', Uj 7’[31 >3 j‘[n’] areNU‘CC—SetS V_],

0, & (H3)° V], 0, € (H2))°VJ, 0;° S Hy; V.

Since 0, € (H3;) Vj, A, €0y, and Ay € (F3)°Vj. Thus, {H;;} € {F5;°}.

Therefore, {#3;} < {F3;}. Hence, U; Hj3 € U; Fjs. ...
Since ﬂj sz = ﬂj :7'[21 = @ . Hence, nj TZ] c nj HZ] and nj HZ] c nj TZ] (2)

Since 0;° S Hy;Vj, A S 035 and A3 € Fy;V j . Therefore, {H;;} € {F,,}.
Hence, n; Fy; € N; Hy; ..(3)

From (1), (2) and (3) we get NyCCL1 2)(A™) S; NyCCL1,2y(0™), i = 1,2
Theorem 3.7:

Let (X, T) be a J\IUCTfLZ)—space and B"™ =<8, Y, U3 > be any NyC,. Then
U™ S, NyCCLig 2y (B™).

Proof : Let {H™=<H 1;, H 2, H3;>: j € J} be the family of NyCC-sets such that

B, € (H3) V], B, € (H2)Vj, Y€ Hy;Vj €]

Thus,

NuCCL12) (B™) =Ny; B*; =<n; Hyj, N; Haj, Uj Ha; >=<n; Hyj, 8, U ()¢ >. By remark 2.8
HY=<Huy, H2,H3> =<H1;,0,H,;,°>Vj €] (by Remark 2.8)

Since Y; € (H3;)° V.

Therefore, U, © H1; V). Hence,B; €n; Hy; V. Also, it's clear that &, 2 @.
Since ¥;° € Hy,Vj and B3 2 Hy;° V). Therefore, 85 2 U; (Hy))".

Hence, 8% <, NyCCL1,2)(8™).

Remarks 3.8:

e Replacing the type-1I inclusion with the Type-1 inclusion causes Theorem 3.7 to fail, as
demonstrated in Example 3.3, where

U™ =< {c},{b}, {a} > &1 NyCClizz) (U™) =C™* =< {b,c}, 0, {a} >.

e Substituting NyGT¢, 5y—space with the NyCT¢; ,)—space causes Theorem 3.7 to fail, as shown in

Example 3.2, where T® = < {b}, {c},{a, b} > &; NyCCL1 2 (T™) = M™? =< {c}, 0, {a} >,
i=1,2.
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e Substituting ]\IUCTfl'Z)—space with the J\IUCT?LZ)—space causes Theorem 3.7 to fail, as shown in

Example 3.4, where J* = < {c},{b},{a,c} > &; NyCCL(12) J™)= E™? =< X,0,{a,b} >,i =
1,2.

Corollary 3.9 : Let (X, T) be a J\IUCTsz)—space, and B™ be any NiCs. Then

I. 8" N1 NyCCLiy 2y (B%)= B ii. 8™ Uz NyCCL(q 2y (B™)= NyCCLq,2y (B"™)
Proof: It's clear by Theorem 3.7.

Theorem 3.10:

Let (X, T) be a NyCT¢, 5y—space. Then K™ =< K;, K,, K3 > is a NyCC- set if and only if
NyCCLa 2y (K™) =K™.

Proof: If NyCCLe1 2y (K™) = K™, then K™ is a NyCC- set by Definition 3.1.

Conversely,

let {H™ =<Huyj, 2, s> :j €]} be the family of NyCC — set such that
. . . c. . . . C .

Kic (M3)°Vj,  K,c (Hy) Vi, Kz € Hyvj e

Thus,

NuCCLaz) (K™) = Ny Y =<n; B 1,0 25U By >=<n; By, 8, U; (H1)¢ > by Remark 2.8.
Since K; € (H3;)¢. S0, K; € Hyj.

Therefore, K, €SN 1 Vj €], andK,2n Hy Vj € ].

Hence, K; =NHy Vj € J.Since K, = Hy= 0 .Hence, K, =NH,Vj € ] (K™ is NyCC — set).
Since K;° € Hy;. S0, K;5° € (Hs)¢.Thus, K3 2 H3; Vj € J.

So, K32UH3jVjeJandK; SUH;; VjE].

Therefore, K3 = U H3; Vj €J. Hence, NyGCLy 2 (K™) = K™.

Remark 3.11:
e Substituting J\IUCTé’z)—space with the J\IUCT%LZ)—space causes Theorem 3.10 to fail, as shown in

Example 3.2, where J\IUCCL(LZ)(M“CZ) =X # M,
e Substituting J\IUCTfl'Z)—space with the NUCTfl,Z)—space causes Theorem 3.10 to fail, as shown in
Example 3.4, where , J\IUCCL(LZ)(W“’CZ) = EM? = W2,

Corollary 3.12:

Let (X, T) bea J\IUCTé,Z)—space and let 8™ be any NyCs.

Then NyCCLiyz)[ NuCCL1 2)(B™)] = NyCCLis,z)(B™)
Proof: It's clear by Theorem 3.10.
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Remark 3.13:

e Substituting J\IUCTfLZ)—space with the J\IUC'[‘%1 2y—space causes Corollary 3.12 to fail, as shown in
Example 3.2, where NuCCLa,2)[ NuCCL 2y (T™ =< {b},{c}.{a,b,d} >)] =X} #
NyCGCLq,2)(T™).

e Substituting NUCTfl,Z)—space with the J\IUCT?LZ)—space causes Corollary 3.12 to fail, as shown in
Example 3.4, where ,
NuCCLa 2)[ NuCCLi2) U™ = < {c},{b}, {a,c} >)] = X} # NyCCLiz2) (™).

Theorem 4.14:

Let (X, T) be @ NyGT(,oy-space,t = 1,2,3, and 8™ = < B, 8, 8; >, R™ = <Ry, Ry, Ry> be any
NyCs. Then NyCCL(g 2y [B™ U, R™] = NyCCLq2)(B™) Up NyCCLeg,2)(R™).

Proof: By definition, Y™ U, R™ = <H1U R, BN R, B3 NR3>.

Since H™ <, §™ U, R™. S0, NyGCLp 2 (8™ S; NyCClLiz[B™ U, R, i = 1,2,

Since R™ S, Y™ U, K™ Thus, NyGCLig 2 (R™) S; NyCCLz)[8™ U, R, i = 1,2.

Therefore, NyCCLiy,2)(B™) Uz NyCCLig2)(R™) S; NyCCLg,z)[B™ Uy R™],i = 1,2 - ()
Now, NyCGCL12)[B™ U, RY] = Ny;J% =<n; dyj, D, U; J55 > and

{J%=<J1j, J2j, J3>:j €]} bethe family of NyCC — set such that

BIUR, € (J5))°VIE], B, NnR, S Jp°VjE] B3NR3)C Ji; V) € ].

Let {H™=<H 1;, H 25, H 3> :j € ]} be the family of NyCC — set

suchthat¥; C (H3))°VJ€], Y, S (Hy)°Vi€], H:°C Hy V€]

So, NyGCLiy2)(8™) =Ny; H™ =<n; Hyj,@,U; Hs; > and let {L™= < Ly, Lo, L3> j € ]} be the
family of NyCC — set such that

R, S (L3)°VjE], R, € (L) VjE], R C Ly;VjE]

Thus, NyCCL(1 2)(R™) = Ny; L“”j =<n; Ly;,0, Uj L3; >

Hence, NyCCL1,2)(B™) Uy NyCClLiq2)(R™) =< (N Hi) v (0 £q;), 0, (U Hz;) 0 (U) Lsg) >,
Since, Y1 U R; € (J3;)°. Therefore, 81 € (J3;)° and R, S (J3J)

Butb,; € (H3;)°and R; S (L3))°.

Thus, {Js5;:j € J} = {H3;%:] € J}n{L5;%:j € J}.

So, N; Js;€ =N {£3;° 0 H3;) € J} e nj Hz;€ 0 (N Ls°).

Hence, U; J53; 2 (Uj }[3]-) N (Uj L3j). ... ()
Itsclear. Nj J,j =N Hyj=0;Ly; =0 ..
Since (B3 NR3)° S Jy;Vj € J.Therefore, ¥, UR“ S Jy; Vj€E].

Thus, Y;° € J;; and R;“ S Jy; V.

But U;° € H;;Vj€JandRs“ S £Ly;Vj € ].So, {Jy:j € ]} ={Hy:] € In{Ly;:] € I}

Hence, ﬂj (71] = ﬂj {:]'[1] N L].]] € ]} - (n] .7{1]) U ( nj Llj) (3)
From (1),(2) and (3) we get
NyGCL1,2)[B™ Uy R™] &; NyCCLg,2)(B™) Uy NyCCLq,2)(R™) .. (i)

From (i), (ii) we get NyCCLq2)[8™ Uz R™] = NyCCLig,zy(B™) Uz NyCCLq 2y (R™).
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Remark 3.15:

e If the type-Il union is replaced by the type-I intersection in the J\IUC’[az)—space, Theorem 3.14
does not hold true, as shown in Example 3.2:

NuCCL( 2 [B® N, T*] = ¢} # NuCGCL( 2) (B Ny NyCCL(1,2)(T™) = E™.

e If the type-1l union is replaced by the type-I intersection in the NUCTfl,Z)—space, Theorem 3.14
does not hold true, as shown in Example 3.3:

NuyGCL(12)[U™ Ny A™] = @Y # NyCCL12)(U™) Ny NyCCLq 2y (A™) = ooz
e If the type-Il union is replaced by the type-I intersection in the J\IUC’[?LZ)—space, Theorem 3.14
does not hold true, as shown in Example 3.4:

NuCGCL(1 2y J™ N1 Q™] = BT # NyCCLy2)J™) N1 NyCCLy 2 (Q™) = E™?,

4. Interior of Neutrosophic Crisp Sets (J\IUCLn,t(LZ))

This section presents a new type of interior of neutrosophic crisp sets, and a comprehensive study
of its properties in relation to classical topology is conducted. Most properties of classical topology do
not apply to all neutrosophic crisp sets.

Definition 4.1:

Let (X, T) be a NuCTq,2—space, then the interior of neutrosophic crisp set 4™ = < Y,,H,, Y3 >,
denoted by NUCI_ILE(LZ)(H“") and .NUC]-n"t’(l,Z) (Hl‘b) :UZj{ 6“3— : 6“‘}- =< 61]', 62]', 63]' >} =] 63’
are NyCO-setVj,and (S;;)° 283 V€], (6;)°2U,Vj€E], (Gj3)° B VjeE].

e From definition NyCLivt(12) (B™) is a NyCO —set.

o Always NyCLnb,2)(H™) = Uy &% = <U; G;,0, n; S3; >. Because @7 is a NyCO — set and
satisfies the conditions in definition 4.1.

Example 4.2:
Let X ={a, b, ¢, d}and T = {07, Xt, B*, K*, M}, B" =<{a}, {d}, {c} > K" =<{a}, {b}, {c}
>, M™ =<{a}, , {c} > be NyG, from Type I. Then (X, T) isa NyGT(,2)-space. Therefore:

i, NyClntz(B* =< {a},{d},{c} >) =07 =<0,0,X>.
il. NUanot’(LZ)(Sn =< {b}, 0,90 >) = @Ilb =<0, Q);X >.

iii.  NyCLntgz) (M7 =<{c}, 8, {a} >) = 6% =< 0,0,X>.

V. NyCLnbaz) (M™=<{a}, 0, {c}>) =0} =<0,0,X>.

V. NuClnbe ) (K =< {c}, {b}, {a} >) =0} =<0,0,X>.

Vi, NyCLnbaz) (L™ =<{ab,d},{c}, (b} >) = M™=<{a}, 8, {c} >
Vii. NU‘CLnot’(l,Z) (@rf =<0,0,X>) = @rlb =<0,0,X>.
viii.  NyCLnbaz) (87 =<X,0,8>) =X} =<X,0,0>.

iX.  NyClntag) (L =<{a},{d},0>)= 0} =<0,0,X>.

Example 4.3:

Let X ={a, b, c}. T ={0}, Xt, A™, B™, C*}, A® =<{a, b}, @, {c} > B*=<{a,c}, 0, {b} >,
C™ =<{a}, @, {b, c} >be NyC from Type II. Then (X, T) is aNUCTfl‘Z)—space. Therefore:
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i NuClntz(d" = < {a,b},0,{c} >)=4"=<{ab}, 8, {c}>
i, NyCLnt (0™ =<{b}, 8,0>) = 8} =< 0,0,X >.
iii.  NyClntgaz (€7 =<{b,c}, &, {a} >) = OF =<0,0,%>.

iv.  NyCLntez) (C* =<{a}, @,{b, ¢} >) = C*=<{a}, &, {b, c} >.
V. NyCLntazy (B*=<{a,c}, @, {b} >) = B™=<{a,c}, @, {b}>.
vi.  NyClnt 2 (Un’ <{a},{b}, {c}>)= C*=<{a}, @, {b, c}>.
Vii. .NUCLn"t‘(l,Z) (An’ =< {C}, 0, {a, b} >) = @rf =<0,0,X>.
viii.  NyCLntq o) (07 =<0,0,X>) = @“’—<® ?,%X>.
iX.  NyClntaz) X3P =<X0,0>) =Xy =<X,0,0>.

Example 4.4:
LetX={a, b, c} T={07. X1, Q™ W™ E™R"}, Q™ =<{ab}, {c}, X > W"=<X, {b}, {c} >,
E™ =< {ab}, @, X >, R™ =< X,0,{c} > be NyCs from Type lIl . (X, T) is a NUC'[‘ELZ)—space.
Therefore:
i NyClnta2) (@™ =< {a,b},{c},X>) =0y =<0,0,X>.
i. NUCLn"t’(l,Z) (An"—<{b} 2, ®>)— E“’:<{a b} ?,X>.
iii.  NyClnbaa (B =<X,0,{a b}>) = 0" =<0,0,X>.

V. NuyCLntagz (E*=<{a b}, 0.X>) = 0" =<0,0,X>.

V. NyClnt 2 W™ =< {c}, {b}, X >) = OF =<0,8,X>.

Vi.  NyClnte o) (S™=<{a,c},{b}, {c}>) =E™=<{a,b}, @, X >.
vii.  NyCLntg g Q™ =<X, {c}{a,b}>) = or =< 0,0,X >.
viii.  NyClnte oy (07 =<0,0,X>) =07 =<0,0,X>.

iX.  NyClnbgz) XT=<X,0,0>)=X}=<X,0,0 >

X.  NyCLnt ) (D™= <X,{c},{b}>)= 07 =<0,0,X>.

Corollary 4.5:
Let (X, T) be a NyCT(, 2)-space, t=1,2,3. Then

i NyClnta (X)) = X3=< X,0,0 > ii. NyCLnb,2)(97) = 07 =<0,0,X>
Proof (i):

Consider {S"; = < &y, &3, S3; > j € J} as the family of NyCO —sets satisfying:
(61j))°20V]), (&)°20V]), (S3)°<SXV]

Thus, NUCLn"t(l,Z)(X?) = UZ] 6“1 = <Uj 61]', ﬂj 62]', ﬂj 63] >
Since (&4,)° 2 @.S0, &;; € XV j.Therefore, U; S;; € X and U; S;; 2 X. Hence, U; S;; =XV j.

Since @7 is NyCO — set by definition 4.1.
Hence, n; S,; = @. Because X" is NiCO - set by definition 4.1.
Therefore, N; G;3 = @. Hence, NyCLnty 2)(X3) = X7 =< X,0,0 >

The proof of (ii) can be carried out in a manner analogous to the proof of (i).
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Theorem 4.6:

Let (X, T) be a J\IUCTfLZ)—space and let Y%= <Y, Y, 8> be any NyC,. Then
NyClngq,2)(BY) &1 8™,

Proof : Consider {G“’j =< 6,;,6,;,83; >=< ©;;,0,8,;° >:j € J} as the family of NyCO —sets
satisfying: (S1,))° 2Y3Vj, (S2)°28,Vj, G3;° St V]

ThUS, NU‘CLILE(LZ)(H“G) = UZ] Grla] =< U] 61], ﬂj 621, ﬂ] 631 >=< Uj 61], @; ﬂ] (Glj)c >

by Remark 2.8.

Since (&4;)° 285 Vj.So, S3; 23 Vj Therefore, N; S35 2 Y5

Since N G,; = @. Therefore, Y, 2N S;; = @.

Since G;;° €Y, Vj.So, S;; S Y,V j.Therefore, U; S;; € Y,

Hence, NyClnt g 2y (B™) &1 B™

Remarks 4.7:

e Replacing the type-1l inclusion with the type-I inclusion causes Theorem 4.6 to fail, as shown in
Example 4.3, where NyCLnt(q 2y (U™) = C™ =<{a}, @, {b,c} > &, U™ = < {a},{b},{c} >.

e Substituting NUCTalz)—space with the J\IUCT%ljz)—space causes Theorem 4.6 to fail, as shown in
Example 4.2, where NyCLntq 2y (L*) = M™ =< {a},8,{c} > &; L™ =<{a,b,d},{c},{b} >,i=
1,2.

e Substituting NUCTaz)—space with the J\IUC’[?LZ)—space causes Theorem 4.6 to fail, as shown in
Example 4.4, where NyCLntq 2y (™) = E™ = < {a,b},0,X > &; S™ =<{a,c},{b},{c} >,i =
1,2.

Theorem 4.8:

Let (X, T)bea J\IUCTfLZ)—space. Then B™ =< B;, B,, B3 > is a NyCO- set if and only if
NyCLnte 2y(B™) = B™.
Proof: If NyCLnt(q 2y (B™) =B™. Then B™ NyCO — set by definition 4.1.

Conversely,

Let {6”"]- =<6,;,6;;,65 >=< Glj,(Z),Gljc > j € J} be the family of NyCO —sets such
that Gljc =2 B3Vj, szc =2 BZVj, 63jc c 81V]

Thus, NyGLnt(12y (B™) (B™) = Uy 8" =< U; Gy, N; G,), N; G35 >=< U; Sy, B, N; (61))° >
by Remark 2.8.

Since Gljc 2 B; Vj,and B™ is a NyCO — set. Therefore, G3; 2 B3, B3 € N S35and B; 2 n; Gg;.
Also, it's clear that B, = N; Sy = .

Since 63]_C c B1Vj, and Bm 1S aNUCO — set. ThUS, 61] c Blv Uj 61] c B1 and Uj 61] 2 Bl'
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Therefore, U; S;; = B;. Hence, NyClnt 2) (B™) =B™.

Remarks 4.9:

) The validity of Theorem 4.8 fails in the J\IUC’[‘%LZ)—space, as demonstrated in Example 4.2:
B* = < {a},{d},{c} > isaNyCO - set. But NyCLnt »(B") = @7 # B".

. The validity of Theorem 4.8 fails in the J\IUC’[‘?LZ)—space, as demonstrated in Example 4.4:
Q™ = <{ab}, {c}, X>isaNuyCO - set. But NyCLntq 2 (Q™) = 8% # Q™.

Corollary 4.10:

Let (X, T) be a J\IUCTfLZ)—space and let U™ be any NyCs. Then:
NuCLnb g2y [NyCLb (1,2 (B™)] = NyCGLntq 2y (H™).

Proof : Since NyGLnt(q2)(B™) is a NyCO — set.

Hence, NyCLnvt (1 2)[NuCLnvte 2y (B™)] = NyGLnut 1 2) (™) by Theorem 4.8.

Theorem 4.11:
Let (X, T) be a J\IUCTﬁllz)—space, t=1,2,3. And let B* =< Y,,H,,H; > be any neutrosophic crisp set.
Then

. NyCLntz) ™) = [NyCCLe2) (8 )]z
i, NyCCL,2)(B™) = U\IUCLWB(LZ)(HD’CZ)]CZ-
i, [NyCLnb(q 2y (B™)]2 = NUCCL(LZ)(HH"CZ)-
iv. [NyCCL1,2)(B™)]? = NyCLlnt(g 2y (B ),

Proof(i):

Consider {S"; = < &y, &3, G3; > j €]} as the family of NyCO —sets satisfying:

S, 283V, 6,24,V j, G3°cH V]

Hence, NyClnt(y 2)(B™) = Uz; &% = <U Sy;,n &;;,n G35 >. ..(1)

Also {6“"].62 =< B3, S;j, ©1j > :j €]} be the family of NyCC—sets such that
B3C6°Vj €], H,C6,°Vje], Yi126;V] €]

Therefore, NyCCLizy(B™7 =< U, .8, >) = N;,;8%% =<n; &3, N; &,;, U; &5, >,
Hence, (J\IUCCL?LZ)(HWCZ))CZ =<U; Gy, N; Sy;, N ;G35 >.

)

From (1) and (2) we get NyCLivty 2) (™). = [ NyCCLia 2 (8™7)] .

Proof(iv):
Let {S"=<S1j, Sy, S3>:j €]} be the family of NyCO — sets such that
S, 283V, G,,°2H,Vj, &3, cH V]

Hence, NyCLnb 1 2) (8 ) = U,; 8" = <U 6,0 &,;,n G3; >. (D
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Also {&™; = < G3;,6,;,8,; >:j € ]} be the family of NyCC — sets such that

ng 61]CVJ € ], Hzg GZJCVJ E], H3263]’C.
Therefore, NUch(l,Z)(H IL) = nl] Gn’jcz =<n] 631', n] 621', Uj 61] >,
Hence, (NUC(;L(I,Z)(H IL))CZ = <Uj 61]” ﬂ] 621', ﬂ] 631 >. (2)

From (1) and (2) we get [ NyCCLq2)(F ™) = NyClnb(q 2) (U ).
Corollary 4.12:

Let (X, T) bea ]\IUCTELZ)—space, t=1,2,3. And let Y™, R™ be any neutrosophic crisp sets. Then

NuCLntg 2y [B™ Ny R*] = NyCLngq 2y (B™) Ny NyClng g 2)(R™)

Proof: It is clear based on Theorem 3.14 and Theorem 4.11.

Remarks 4.13:

Replacing the type-I intersection with the type-1 union in the NUCT%l_Z)—space causes Corollary 4.12 to
fail, as shown in Example 4.2:

NyCLnbeq z)[M v yy LM = X0 # NyCLnbq 2y (M S IVH NuClngq 2y (LY) = M™.
Replacing the type-I intersection with the type-1 union in theNUCTfLZ)—space causes Corollary 4.12
to fail, as shown in Example 4.3:

NuCLlnet(g,2) [U™ Uy A™] = A™ # NyCLnt(q 2y (U™) Uy NyClnetg 2y (A™) = C™.
Replacing the type-I intersection with the type-1 union in the NUCTfl_Z)—space causes Corollary 4.12
to fail, as shown in Example 4.4:

NuyCLnt1,2)[ S™ Uy Q"] = XT # NyCLngq,2)(S™) Uy NyClntq2)(Q™) = E™.

Corollary 4.14:

Let (X, T) be a NyCT(, 2)-space, t=1,2,3.1f A™ <; 0™, i = 1,2 then

NyCLntq,2)(A™) S; NyCLntq,2)(0™), i = 1,2.
Proof: Since A™ <; O™,i = 1,2,50 O™ c; A™,i = 1,2. by Theorem 2.4.iii
Thus, by Theorem 3.7, we get J\IUCCL(LZ)(OMZ) Ci NyCCL,2) (A™2),i = 1,2.

Therefore, [NyCCL(1,2)(A™)2]% &; NyCCliq,2)(0™)2]% .
Hence, by Theorem 4.11, we get NyCLnbq2)(A™) S; NyClnteq,2)(0™), i = 1,2.

Theorem 4.15:
Let (X, T) be a J\IUCTfLZ)—space and let 4~ = < H,,Y,, Y5 > is any neutrosophic crisp set, then

NuClnb,2)(B™) &; NyCCLy2)(B™),i=1,2.
Proof: It is clear based on Theorem 3.7 and Theorem 4.6.
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5. A Neutrosophic Crisp Topology Space generated by Basis (NyCTp )

In this section, a new definition of neutrosophic crisp topology is introduced by constructing the
neutrsophic crisp topological space generated by a defined basis.

Definition 5.1:

Let (X, T) be A J\IUCTELZ)—space, t=1,2,3, be a neutrosophic crisp topological space. The basis of
the neutrosophic crisp topological space is denoted by the family Ny, and it is defined as follows:
NuP = { NyCLneb(q,2)(M™) : M™ is a neutrosophic crisp set}. Then Ny is called a neutrosophic crisp
topological basis.

Definition 5.2:

The neutrosophic crisp topological space NyC'T g Was constructed. This is the smallest neutrosophic
crisp topological space generated by the basis Ny, which is defined in Definition 5.1.

In Example 5.3, it is shown how to obtain the smallest neutrosophic crisp topological space NyCTp
generated by the basis Nyf.

Example 5.3:
Let X = {a, b }and T = {07, X7, Q™ W™}, Q™ =<0, @,{a} > W™=<{a}, @, @ >, be NyCs from
Typel. Then (X, T) is a NyGT(y,2)-space. Therefore:

1. NyClnt ) (Q™ =< 0,0,{a} >)=0Y. 2. NyClntgzy (W™ =<{a}, @, 0 >) = 07.

3. NuClntaz) (A=< 9,0,{b} >)=0} 4. NyClntez) (B™ =< {b},0,0 >)= Q™.
5. NyClntaz) (€™ =< 9,{b},@ >)=07. 6. NyClntz) (D™ =< @,{a},® >)=07.
7. NyClntugz) (E™ =< 0,X,0 >)=07. 8. NyClnt(yz) (F* =< {a},{b},0® >)=07.
9. NyClntyay (6™ =< {b},{a},® >)=0Q". 10. NyCLnty,2y (H™ =< 0,{b},{a} >) =07.
11. _NUCLILE(l 2) (In" =< 0, {a} {b} >) @m 12. .NU‘C]-not’(l,Z) (]n,, =< {a}, @, {b} >) :erb.
13. NUCLDFE(LZ) (K™ =< {b},@,{a} >)= Q™. 14, NUCLH"t’(l,Z) or=< 0,0,0 >) :Q)rlb-
15, NyClntq 2 (@m =<0,0,X>) = 0. 16. NyClntaz) X7 =<X,0,0 >)=X}.

Thus, Nyf = {07, XTI, Q"}. Hence,NUCTB:{(Z)n‘, 1 Q™).

6. A Neutrosophic Crisp semi — open ELZ)Topological Space (NuCT,), i =1,2.

In this section, a new definitions of two neutrosophic crisp topological spaces, NyCT;, and
NuCTs,, are introduced by constructing the neutrosophic crisp topological spaces generated by the
sub-bases Nyfs, and NyBs1, respectively.

Definition 6.1:
Let (X, T) be a NUCTfl 2)-space, t=1,2,3. Then M'™ <, X} is called neutrosophic crisp semi —

open (1 2y ifand only if M™ < NyCCLq 2 (J\IUCLm(l 2) (M“’)) The family of all neutrosophic
crisp semi — open (112)denoted by NyBs, such that
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NuBsi = {Mn" S X7 M™ S NyGClg) (NUCLHOE(LZ) (Mn"))} and NypBs; is a neutrosophic
crisp topological sub-basis.

e The neutrosophic crisp semi — open %1’2) topological space NyCTs, was constructed. This is the
smallest neutrosophic crisp topological space generated by the sub-basis Ny;fs;.

Definition 6.2:

Let (X, T) be a J\IUCTELZ)—space, t=1,2,3. Then M™ <, X M™ is called neutrosophic crisp semi —
open fl,z) ifand only if M™ <, NyCCL 2 (J\IUCLn,t,(LZ) m “")). The family of all neutrosophic
crisp semi — open fl,z)denoted by NyBs, such that

NuBs, = {Mn’ S, XY I M™ S, NyCCl o (NUCLM?(LZ) (Mn"))} and Nyfs; is a neutrosophic
crisp topological sub-basis.

e The neutrosophic crisp semi — open 51,2) topological space NyCTs,was constructed. This is the
smallest neutrosophic crisp topological space generated by the sub-basis Nfs..

The following example illustrates how to obtain the smallest neutrosophic crisp topological spaces
NuCT;, and NyCTs, generated by the sub- basis Ny, and the sub- basis NS5, respectively.

Example 6.3:
Let X = {a, b, c}and T = {07, X, A™, B*, C™ D"}, A™=<{a}, {b},{c}> B™=<{a}, 0, {c}> C"=
<{c}, 8, {a,b}> D“=<{a,c}, @, B> Then (X, T)isa NyGT(,,— space.

Therefore, NyBs, ={E™, C™G™ X', 07}, E*=<{c}, 0,{a}> C*=<{c}, 0, {a, b} >,

G™=<{a, b}, 0, {c}>

NuBsz = {E™, F™ C™G™ Xy, 07}, E™ =< {c}, {b},{4} > F*=<{c}, @, {a} >, C*=<{c}, 0,
{a,b}>,G™=<{a, b}, 2, {c}>.

Hence, NyCT,, = {07, X7,E™ C™G™Q"}, E~=<{c}, 8,{a} > C*=<{c}, @, {a, b} >,
G*=<{a, b}, 0, {c}> Q™ =< 0,0,{a,c} >.

NuCTs, = {03, X1, E™, F™C™ G™ Q"}, E™ =<{c}, {b},{a} > F™=<{c}, @, {a} >,

Cv=<{c}, @,{a, b}> G*=<{a b}, @, {c}> Q™ =< 0,0,{a,c} >.

Theorem 6.4:

Every neutrosophic crisp semi — open %1,2) IS a neutrosophic crisp semi — open 51,2)-
Proof: Assume M™ =< My, M, M; > is a semi—open (; 5.

Thus, M™ S;  NyCGCLli 2y (NUCmt(l,Z)(Mm)) = Ny FY =<n; Fj1, 0 ,U; Fjz >.

Therefore, M; CU; Fj;, M, S @, Mz 20n; ?js. Because, M, € @ so M, = @ thus,

M™ S, NyCClis z) ( NuGlink 2)(M™)). Hence, M™ is semi — open % 5.
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Remark 6.5:

The converse of Theorem 6.4 is not true, as illustrated by the following example:

Let X = {a1 b }l T = {@n’y T’y me Wm}! Qn’ :< @1 ¢I {a} >’ Wnp = < {a}a @1 @ > be NU‘C§-
Therefore, (X, T) is a J\IUCT%LZ)—space. Hence, G™ =< {b},{a},® > s classified as semi —
open ¢, ,), but it does not qualify as semi— open {, ,.

Theorem 6.6:

Let A™; be neutrosophic crisp semi— open fl’z)sets, s =12,V j €].Then Uy; A“]_is a neutrosophic
crisp semi —open {; ») set, s = 1,2.

Proof: Since A™; V j € ] be neutrosophic crisp semi —open {, , set,s = 1,2,V j € J.

Thus, A“’] C; NuCCLg, 2)(NUCLmt(1 2)(A™))) i = 1,2,V j € ].Therefore,
Uy; A™ ; SiY2; [INUCCLY 2y (NuCLntazy (A™N] S [INGCCLY 5)[Uz; NuCLnte 2 (A™))]

S; NyCCLgz2) [NUCLM?(H) (UZJ A" )] =12
Hence, Uy; An"]. Si NuCCL,2)[NuClnt(q 2)(Uy; An"j)] i=12

Remarks 6.7:

e If A%and B™ are two semi — open %1,2) sets, then A™ n; B™ is not necessarily semi-open %1,2),
as shown in Example 6.3. In particular, if E™ =< {c},®,{a} >, and G™ =< {a, b}, @, {c}>, then
E™ Ny G* =< @,0,{a,c} > isnot semi-open (; 5.

e If A~ and B™ are two semi — open %1,2) sets, then A™ N; B™ is not necessarily semi-open %1,2),
as shown in Example 6.3. In particular, if E™ =< {c},0,{a} >, and G™ =< {a, b}, 0, {c}>, then
E™ N, G™ =< 0,0,{a,c} > isnot semi-open ?1,2).

Theorem 6.8:

If (X, T)isa NUCTfljz)—space. Then every neutrosophic crisp open set is a neutrosophic crisp semi-—
open (j,y, s = 1,2.

Proof : Let B* =< By,®,B;° > be a NyCO — set. So, NyCLnk1 2y (B™) = B™ by Theorem 4.8.
Thus, NyCCLi12)(NyCLnt(pzy (B™) = NyCClLigz)(B™).

Therefore, B® =< B;,0,B,° > S; NyGCLi2(B™),i =12

Hence, B" S; NyCCLy,z)(NuyClinty 2y (BY)). i = 1,2,

Remarks 6.9:

e Theorem 6.8 does not hold in the NUCT%llz)—space , as illustrated by the following example:
LetX={a, b} and T={07, X7, Q™ W"}, Q™ =<0, ®,{a} > W™ =<{a}, @, ® > be NyC,.
Therefore, (X, T) is aNUCT%llz)—space. Hence, Q™ =< @, @,{a} >is classified as NyCO — set, but
it does not qualify as semi—open ¢; 5y, s = 1,2.
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e Theorem 6.8 does not hold in the NUCT?LZ)—space , as illustrated by the following example:
Let X={a, b}, and T={07, X, A"}, A™=<{a}, @,X >be a NyC;.
Therefore, (X, T) is aJ\IUCT?LZ)—space. Hence, A™ =<{a}, 0,X > is classified as NyCO — set, but
it does not qualify as semi—open ¢; 5y, s = 1,2.

7. A Neutrosophic Crisp pre — open él’z)Topological Space (NuCTy,) i =1, 2.

In this section, two sharp neutrosophic topological spaces, NyCTp, and NyCT,, are
constructed, which are generated by the sub-bases Niy5p; and NySp-, respectively.

Definition 7.1:
Let (X, T) be a NUCTﬁllz)—space, t=1,2,3. Then M™ <, X7 is called neutrosophic crisp pre—

open %1,2) ifand only if M™ S; NyClntq 2y ( NyCCLq,2y (M“")). The family of all neutrosophic
pre —open (; ydenoted by NiyBp; such that
NyBp: = {M“’ S XT M Cy NUCLn’t’(l,Z)( NUCCL(LZ)(M“’)) }

e Nyfp; is called a neutrosophic crisp topological sub-basis.

e A Neutrosophic Crisp pre— open %I_Z)Topological Space (NuCTp,)is the smallest sharp
neutrosophic topological space generated by the sub-basis Ny8p; -

Definition 7.2:
Let (X, T) be a J\IUC’[fLZ)—space, t=1,2,3. Then M™ <, X" is called neutrosophic crisp pre—

open %1,2) ifand only if M™ <, NyCLntqz) ( NuCCL 2y (M “’)). The family of all neutrosophic
pre —open ¢, ,denoted by Ny, such that

NypBp2 = {Mn” S X7 M™ S, NyClnga,z ( .NUCCL(LZ)(MIL)) }

e Nyfp- is called a neutrosophic crisp topological sub-basis.

e A Neutrosophic Crisp pre— open %1‘2)T0p010gical Space (NuCTp,)is the smallest sharp

neutrosophic topological space generated by the sub-basis Ni;8p.,.
The following example illustrates how to obtain the smallest sharp neutrosophic topological spaces
NupBp. generated by the sub- basis Nyfp; -

Example 7.3:
Let X={a, b, c} and T = {0}, X", H3,H3 }, H3s =<{a}, {b},{c} > Hy =<{a}, 0, {c} >
Then (X, T)isa J\IUCT(}IZ)—space. Therefore,

n n n n n n n n n n n n n n n n n
H-‘1 ’ H-‘2 ’ H-‘3 ’ H-‘4-' H-‘S ’ H-‘6 ’ I_F7 ’ H-‘8 ’ I_F9 ’ I_FlO' I—Fll’ I_FlZ' H113’ H114-' I_l—‘16’ I—F17' I_l—‘18’}

Nupp:1 = {
H%0, K21, Hoo, Hgs, Hy Hgs, Hgg, H;

Hence,
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NuCTy, = {

And

n n n n n n n n n n n n n n n n n

I—1—‘1 , I—FZ , H13 ) I—F4' H-‘S ’ I-F6 ’ I—F7' H-‘8 ’ H-‘9 ’ I—F10' H-‘ll' I—F12' I-F13' H—‘14' I—l—‘16' I-F17' I—l—‘18'}
n n n n n n n n n

I—FZO' H-‘Zl' I—FZZ' H-‘23' I—F24-I—F25' H-‘26' I—F27' H-‘19

n n n n nrn n n n n n n n n n n n
I—1—‘1 , H12 ) I—FS , H-‘4-' H-‘S I-l-‘6 ’ I—F7' I—FS' H-‘9 ’ I—F10' H-‘ll' I—F12' I-F13' H—‘14-' H—‘16' I-F17' H—‘18’

NuBp2 =

T, n n 1 n o n n n I I n 13 n I, n
H‘20' H‘Zl' H‘22' H‘ZS' H‘24»H‘25' I-F26' I_F27' I_FZS' H‘29' H‘BO' I_F31' H‘32' H‘33' H‘34' I'F35,
n 1, n n n n I n I n n 1 n 13 n
H‘36J H‘37' I-F38' H‘39' H‘40 H‘41' H‘42' H‘43' I_F44' H‘45' I_F46' I_F47' H‘48' H‘49' H‘SO' I'F51,
1, n n n n n n n 1% n 1
k H‘52' H‘SS' I_FSS' H‘56' H‘57H‘58' H‘59' H‘60 ’ I_F61' I-F62' I_F63' H‘64

(|10 HE HS, 1 WHTS 1, 1, M9, Hio Hy g M 1 H Y, )

NCTy, = § oz oo s Wt o e T e oo Mo o s e s
36’ 37 38’ 39 40** 41> 427 43 44 45 46’ 47 48’ 49 50’ 51’ |

L H's,, H's3, H'ss, H'sg, H's, H'sg, H'so, Hgg , H'g1, Hg,, Hgs, Higs , Ho, H'sy )

Such that

HT =< {a},9,{b} >
H? =< {b},0,{c} >
Hg =<0,0,{c} >
H1;=<{a},0.{b, c}>
HY, =< {a,c}, 9, {b}>
HY, =<{a,c},0,0 >
HY. =<0,X,0 >
H3e =< {b},{c},{a}>
H3; =<{c},{b}{a}>
HY, =<{c},{a},0 >
H} =< @,{c},{a} >
His =<{b,c},{a}, 0>
H'go =< {b},{a, c}, 0>
H'g3 =< @,{c},{a,b}>
H?, =< 0,{b},{a,c}>
HZ, =< 0,{a,b},0 >

Theorem 7.4:

HY =< {b},0,{a} >
Hy =< {c},0,{b} >
HY, =<{a},0,0 >
H1,=<{b}.0.{a c}>
Hs =<{b,c},0,{a}>
HY, =<{b,c},0,0 >
HY, =<0,0,X >
H3, =< {a},{c}, {b}>
H3, =<{a}{b},0 >
H3s =< 0,{a}, {b} >
H3, =< 0,{c},{b} >
Hs =< {a,b},{c}, 0>
H'2, =<{c},{a b}, 0>
H'5, =< 0,{b},{a,c}>
HY; =< 0,{a},0 >
Hy, =< 0,{a,c},0 >

HY =< {a},0,{c} >
H7? =< 0,0,{a} >
HY, =<{b},0,0 >
H15=<{c}.0{a b}>
HY, =< 0,0,{a,b} >
HY; =< 0,0,{a,c} >
HY, =<0,0,0 >
H'3; =< {b},{a},{c}
H3; =<{b}{a},0 >
H%y =< 0,{a},{c} >
HYy; =< {b},{c},0 >
H37 =<{a,c},{b}, 0>
H?, =< 0,{a, b}, {c}>
Hgs =< @,{a}, {b, c}>
HZy =< @,{b},0 >
Hg; =< @,{b,c},0 >

HY =< {c},0,{a} >
Hg =< 0,9, {b} >
HY, =< {c},0,0 >
Hs=<{a b},0,{c}>
HY, =<{a,b},0,0 >
H%, =<0,0,{b,c} >
H7g =<{a},{b},{c}>
H3, =<{c},{a}, {b}>
H3s =<{a}{c},0 >
HY =< 0,{b},{a} >
Yy, =<{c},{b},0 >
Hys =< {a},{b,c}, 0>
H's, =< @,{b},{c} >
H'gs =< 8,{b,c}, {a}>
HZ, =< 0,{c},0 >
HZ, =<0,X,0>

Every neutrosophic crisp pre — open %1,2) IS a neutrosophic crisp pre — open %1,2).
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Proof: The proof is similar to that of Theorem 6.4.

Remark 7.5:
The converse of Theorem 6.4 is not true, as illustrated by the following example:

LetX={a, b} and T = {07, X7, Q™, W"}, Q% =<0, 0,{a}> W™ =<{a}, @, @ > be NyC,.
Therefore, (X, T) is a J\IUC'[‘%LZ)—space. Hence, D™ =< @,{a},® > is classified as pre — open %1,2)’
but it does not qualify as pre — open ¢, 5.

Theorem 7.6:

Let A™; be neutrosophic crisp pre — open fl_z)sets,s =1,2,vj €].Then Uy; A“jis a neutrosophic
Crisp pre — open ¢; 5y Set, s = 1,2

Proof: The proof is similar to that of Theorem 6.6.
Remarks 7.7:

o If A>and B™ are two pre — open (; 5 sets, then A™ n; B™ is not necessarily pre-open {, ,), as
shown in Example 7.3. In particular, if Hy =< {b},0,{a} >, and Hg =< @,,{b} >, then
H} N, Hg =< 0,0, {a, b} > is not pre-open {, 5.

o If A>and B™ are two pre- open ¢, 5, sets, then A™ n; B™ is not necessarily pre-open ¢, ,), as
shown in Example 7.3. In particular, if H} =< {a},@,{b} >, and Hy=<{b}, @, {a} >, then
HT N, HY =< @,0,{a,b} > isnot pre-open f .

Theorem 7.8:

If (X, T)is aJ\IUCTfLZ)—space. Then every neutrosophic crisp open set is a neutrosophic crisp pre——
open 51,2)' s=1,2.

Proof : Let B* =< By, 0, B;“ > be NyCO — set.
So,B" =< B1,8,B;° > S; NyCCL1 2 (B™),i = 1,2.

Therefore, B™ = NyClnnt( ») (B™) S; NyGLngy 2 (NU‘CCL(I,Z)(BH’)) =12
Hence, B® S; NyClnt 2)(NyGGL 2y (B™).i = 1,2.

Remarks 7.9:

e Theorem 7.8 does not hold in the NUCT%llz)—space , as illustrated by the following example:
Let X ={a, b,c},and T ={0}, XI, A™, B™, C™, D"}, A* =< @, 0,{a,c} > B*=<{a}, 0, 0 >,
C™ =<{a}, @,{b} >, and D™ =<{a}, {c},{b} >. be NyC,.
Therefore, (X, T) is a J\IUCT%LZ)—space. Hence, D™ =< {a}, {c},{b} > is classified as NyCO — set,
but it does not qualify as pre — open ¢; 5y, s = 1,2.
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e Theorem 7.8 does not hold in the NUCT?LZ)—space , as illustrated by the following example:
Let X ={a, b,c }, and T = {07, X, A*, B™, C,D™, E"}, A~ =< X,0,{a,c} >,
B* =< {b},0,X >, C* =< {a},0,X>, D™ =< {a},{b},X >, E™ =< {a,b},0,X >,bea
NUC§-
Therefore, (X, T) Is aNUCT?LZ)—space. Hence, D™ =< {a}, {b},X > is classified as NyCO - set,
but it does not qualify as pre — open f1,z)» s=1,2.

Theorem 7.10:

Every neutrosophic crisp open set is a neutrosophic crisp pre — open %1,2).

Proof:

Let B* =< B,, B,,B; > be aNyCO - set and let {F™;= <F 1j, F 5, F 3> j € J} be the family of
NuCC —set suchthat By € F3;°Vj, B, S Fy;Vj, B © Fy,vi.

Thus, NyGCL 2)(B™) Ny F* =<n; Fjy,0; Fjp U Fiz >.

Now letand {€" = < S5, S3j, S3; >: j € ]} be the family of NyCO — set such that
Gy  2U; F3;Vj, Gy 2N F3Vj, G35 €n;FiyVi.

Therefore, NyCLntg; 2y (NuGCLe 2y (B™) = Uz 8" = <U G,;,n ;5,0 S >.

Since, ©,;° 2 U; F3; Vj,and By S F3;°Vj. Thus, F5; € B;° V. So,U; F3; € B, “.

Since, B;“ € {&,;}. Therefore, (N; S4;)° < B;“. Hence, B, S U; Sy;. ..(1)
Since Gy°2N; Fy;Vj,and B, S F,;°Vj . Thus, F,; € B, . So,n; F,; € B,*

Since B, € {G}. Therefore, (U; G5)° 2 B,". Hence, B, 2 n; S;. ..(2)
Since G3° € n; Fy;Vj and By S Fy;Vj. Thus, B3 € n; Fyj.

Since B;° € {S3;}. Therefore, (U; G3)° 2 B;“. Hence, B; 2n; G3;. ..(3)

From (1), (2) and (3), we get B* <, NyCLiet(y 2y (NuCGCLq 2y (BM).

8. Conclusions:

In this study, four neutrosophic crisp topological spaces were constructed through new
definitions of the closure of a neutrosophic crisp set as well as new definitions of the interior of a
neutrosophic crisp set. Moreover, all classical topological theorems, results, and relations that hold in
these four neutrosophic crisp topological spaces were proved, and illustrative examples were provided
for those that do not hold.

In future work, these four neutrosophic crisp topological spaces may be employed to study other
general topological concepts, such as separation axioms, compact spaces, and Lindel6f spaces. In
addition, further investigations of these six spaces may be incorporated into future scientific research
(see [7—11]) within the framework of neutrosophic crisp topological spaces, which may lead to the
development of new theorems, novel results, and innovative concepts.
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