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The main findings in existence, uniqueness, stability, blow-up phenomena, and
regularity in the theory of nonlinear partial differential equations (PDEs) over the past
decade are the subject of this paper. Important developments include the resolution of
Onsager's conjecture in fluid turbulence, the construction of finite-time blow-up
solutions in previously unexplored regimes, such as defocusing nonlinear Schrédinger
equations, and the use of convex integration to show that weak solutions for the Navier-
Stokes equations are not unique. Stability analysis has improved our knowledge of

damping mechanisms in fluids and plasmas, while geometric PDEs have offered new
insights into elliptic equations and minimum surfaces. Thanks to innovative techniques
like concentration-compactness, convex integration, and probabilistic methods, the
arsenal for solving nonlinear PDEs has expanded. Notwithstanding these successes,
basic problems such as the global regularity of 3D Navier-Stokes are still unresolved.
The topic is still advancing because to the multidisciplinary integration of concepts,
which presents interesting directions for further study.
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1. Introduction
Over the past ten years, nonlinear partial differential equations (PDEs) have seen significant
theoretical advancements. Nonlinear PDEs constitute the foundation of many mathematical models in
physics, geometry, and other domains, but their analysis is quite challenging. The presence of
solutions, their uniqueness, long-term stability, possible blow-up (singularity development), and
regularity aspects remain central to the theory. By developing new analytical techniques, researchers
have recently achieved significant strides on several of these fronts.
The key advances and discoveries in nonlinear PDE theory over the previous ten years are
comprehensively summarized in this review. These include stability analysis of solutions, existence
and uniqueness results, blow-up phenomenon identification and understanding, developments in
regularity theory, and novel methods that have spurred breakthroughs. We highlight significant
examples from high-impact research as well as significant contributions that have shaped our current
understanding of nonlinear PDEs.
Recently, several researchers have investigated subclasses of analytic and univalent functions defined
via quasi-subordination. New subclasses associated with logistic sigmoid functions in the unit disk and
obtained coefficient bounds as well as Fekete—Szegt inequalities for these classes. Their results
demonstrate how quasi-subordination can be effectively used to generalize classical subclasses such as
starlike and convex functions.[24]
2. Existence and Uniqueness of Solutions
It is crucial to determine whether a particular nonlinear PDE has a solution (existence) and whether
that solution is distinct and constantly dependent on the original data (well-pawedness). Many
existence and uniqueness conclusions for particular equations are provided by classical theory, but
current research keeps pushing into previously unreachable regimes.[1] The finding that nonlinear
fluid equations can admit non-unique solutions in some extreme regimes has been a prominent theme
of the last ten years. The three-dimensional incompressible Navier-Stokes equations (the classical
viscous fluid model) have weak solutions that are not unique in the class of finite energy flows. [3].
This startling no uniqueness result, reached via new convex integration techniques, challenges the
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standard expectation of uniqueness for the Navier-Stokes initial value problem. It has to do with
Navier-Stokes regularity and the open Clay Millennium problem.

It extends previous convex integration constructs for the inviscid Euler equations by De Lellis,
Székelyhidi, and others, which demonstrated the presence of weak solutions that violate energy
conservation and are radically non-unique. In particular, Isett demonstrated that there are Euler fluid
flows with a Holder continuity exponent that lose energy below the required 1/3 threshold, hence
proving Onsager's claim in its entirety [6]. Isett's discovery also implies an extreme kind of nonunique
Ness above that level, since one can generate distinct energy-dissipating vs. energy-conserving
solutions from extremely smooth initial data. These studies demonstrate that well-posedness can fail
for very turbulent or irregular data, which stands in stark contrast to the conventional notion of smooth
solutions.

Nonetheless, there have been significant improvements in the existence and uniqueness of certain PDE
classes. Researchers obtained global existence and scattering results in dispersive equations (e.g.,
nonlinear Schrodinger and nonlinear wave equations) for large classes of initial data. For example,
Dodson's work in 2015-2016 focused on the defocusing nonlinear Schrédinger equation (NLS) and
solved the long-standing problem of global well-posedness and scattering in the mass-critical situation.
Dodson proved that any initial datum (for the pertinent critical dimension) evolves into a global,
scattering solution for the critical defocusing NLS. [4] Based on the results of concentration-
compactness and induction on energy approaches, this result resolved a long-standing conjecture on
NLS behavior at critical scale. A roadmap for classifying solutions and removing singularities below
particular energy thresholds in the energy-critical domain had been created by earlier work by Kenig
and Merle. This approach has been expanded and improved over the past ten years, resulting in a
nearly full comprehension of global vs. blow-up dichotomies in a number of significant dispersive
equations. In 2018 and 2019, for instance, Duyckaerts, Kenig, and Merle proved the soliton resolution
conjecture in the radial case for the energy-critical wave equation by showing in several papers that all
bounded-energy solutions asymptotically resolve into a superposition of decoupled solitons and
radiation. These significant results verify that long-time dynamics may be fully described (modulo
special "soliton" solutions) and that global well-posed Ness holds for large classes of nonlinear
dispersive PDEs. [21]

Existence theory has also made progress with geometric PDEs and elliptic equations. A notable
achievement in geometric analysis was the proof that there are an infinite number of minimal surfaces
in certain curved regions. shown that there are an infinite number of smooth, closed minimal
hypersurfaces on any compact Riemannian manifold with positive Ricci curvature using PDE
techniques (min-max for the area functional, which leads to solving a nonlinear elliptic PDE). [8]

This greatly improved our capacity to solve the minimal surface equation in complex contexts and
solved a longstanding conjecture of Yau. Under weak data assumptions, researchers discovered new
regularity and existence results in the field of completely nonlinear elliptic PDEs, such as the Monge—
Ampere equation. For example, work by De Philippis, Figalli and others around 2014-2017 on the
regularity of generalized solutions to Monge—Ampere ensured the existence of smooth solutions in
situations that were previously only weakly understood. When combined, these developments show
how the scope of well-posedness has been broadened by contemporary methods in geometry and
analysis: from fluid dynamics to dispersive waves to geometric variational problems, many PDE
models are now known to admit global (and frequently unique) solutions in regimes that were
unknown ten years ago. Research in the field is still driven by a number of fundamental existence and
uniqueness concerns, the most significant of which being the global regularity of 3D Navier-Stokes
equations for arbitrary smooth initial data. [9]

3. Stability Analysis of Nonlinear Solutions

The stability of certain solutions or patterns under perturbations and the long-term behavior of
solutions are important questions that go beyond the presence of solutions. Mathematicians have made
remarkable strides in the past ten years in comprehending the stability of a variety of nonlinear
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processes, frequently establishing connections between seemingly unrelated disciplines such as fluid
dynamics and plasma physics. The thorough investigation of fluid and plasma damping mechanisms,
which is comparable to Landau damping in kinetic theory, has been a highlight.

Demonstrated that phase mixing causes minor perturbations of spatially homogenous plasma
distributions to converge back to equilibrium in a seminal proof of nonlinear Landau damping in the
Vlasov—Poisson system, which was provided little over ten years ago. This served as inspiration for the
study of inviscid damping in fluid mechanics, which is the decay of velocity perturbations in Euler
flows. Small perturbations of the Couette shear flow are asymptotically stable for the 2D Euler
equations on a periodic channel, with velocity fluctuations damping off as time approaches infinity. [1]
This research demonstrated that the Couette flow is nonlinearly stable in a sufficient sense, with
inviscid mixing playing a crucial role. It also required overcoming the possibility of nonlinear
resonance effects (echoes). Subsequent studies have demonstrated that higher dissipation and similar
stability with even faster decay are observed when a tiny quantity of viscosity is present (the Navier—
Stokes scenario at high Reynolds number). By 2017, these concepts had been expanded to three-
dimensional shear flows determined the maximum perturbation size that would prevent a transition to
turbulence by establishing a quantitative stability threshold for 3D Couette flow in Navier-Stokes at
high Reynolds number. [2] Such results are remarkable in rigorously explaining the observed stability
of laminar flows and connecting fluid behavior with the mathematical theory of mixing and spectral
gaps.

The stability of coherent structures and nonlinear waves has been another important area. The stability
of black hole solutions, for example, witnessed significant advancements in general relativity (which
may be thought of as a system of geometric PDES). We point out that important progress was achieved
in 2016-2020 in demonstrating the nonlinear stability of the Kerr black hole for tiny angular
momentum, resolving a long-standing hypothesis in the positive.

It has been necessary to create reliable new methods for hyperbolic PDE with trapping geometries in
order to manage the Einstein field equations, a system of nonlinear PDEs, under perturbations. The
stability of solitons and other unusual solutions in classical wave equations has also been a subject of
much research. Numerous studies have investigated the asymptotic stability (scattering) of special
solutions in non-integrable settings and demonstrated the orbital stability of solitons in integrable
models. In essence, the previously mentioned soliton resolution results describe the stable long-term
breakdown of any solution into radiation and solitary waves.[11]

Researchers like lonescu, Pusateri, Alazard, and Delort (2014-2019) obtained global existence for
small perturbations of the zero solution in the full water wave problem by combining delicate
harmonic analysis with energy estimates. This demonstrated that small waves do not break (are stable)
over infinite time. These breakthroughs were made in the context of water waves and fluid surfaces.
The thorough explanation of shock production in compressible fluids is arguably one of the most
striking stability results in nonlinear PDE theory. Shock singularities can be formed from smooth
initial data by solutions to nonlinear hyperbolic equations (such as the compressible Euler equations),
as was known from Riemann's work and research by Burgers and others in the 20th century. But only
recently was the great barrier of demonstrating sustained shock formation in several dimensions
(without symmetry assumptions) resolved.[7]

Christodoulou (2007) first provided a concise explanation of how shocks originate in irrotational (zero
vorticity) flows in three-dimensional fluids. Building on that, Luk & Speck demonstrated that shock
production in 2D compressible Euler flow is stable even in the presence of minor vorticity.[7] They
gave a thorough explanation of the geometry and asymptotic behavior of the solution close to the
forming shock and demonstrated that a wide class of initially smooth, finite-energy solutions generate
a sharp shock singularity in finite time. Managing non-zero vorticity was a major accomplishment of
their work; they developed a novel formulation of the Euler equations and integrated analytical and
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geometric knowledge (eikonal coordinates tailored to acoustic waves, etc.) to regulate the vorticity
during the shock production process.[13]

This work highlights the progress of nonlinear stability analysis and is the first constructive, stable
description of a shock in a system where distinct characteristic wave speeds interact. In conclusion, the
past ten years have produced thorough evidence that the solutions of basic nonlinear PDEs do, in fact,
exhibit a number of anticipated physical phenomena, such as the production of shocks, the damping of
perturbations, and the stability of steady states or traveling waves. These advancements provide
accurate mechanism insights and quantitative rates that are in line with numerical and physical data, in
addition to addressing theoretical concerns. [14]

4. Blow-up Phenomena and Singularity Formation

Finite-time blow-up is an inherent property of some nonlinear PDEs, yet many are benign in that their
solutions exist forever. A key topic in PDE theory is comprehending singularity generation, or the
specific circumstances under which solutions vanish in finite time, as well as the characteristics of the
singularities that arise. Over the last decade, significant findings have been made in the construction
and analysis of blow-up solutions in a number of significant equations, frequently addressing long-
seeming conjectures.

Progress has been made a number of significant advances in a series of papers that integrated methods
from fluid dynamics and dispersive equations. They examined the 3D compressible Euler and Navier-
Stokes equations in the setting of fluid equations. In order to create a point singularity with specific
quantized self-similar profiles, Merle et al. (2022a) built smooth finite-energy solutions to these
equations that implode in finite time. In a compressible flow with a certain equation of state, this result
offers the first illustration of smooth beginning data for 3D Navier-Stokes that results in a finite-time
blow-up. [9]

They discovered a Navier-Stokes singularity of type Il (non-self-similar) that results from the fluid
density imploding. First, the compressible Euler equations had to be solved using a self-similar ansatz.
This was done in order to demonstrate that $\mathcal{C}Minfty$ self-similar blow-up profiles for
Euler (for specific quantized speeds of implosion) could be realized dynamically and that they would
persist with viscosity. In addition to providing an example of blow-up in Navier-Stokes, which is
typically difficult to find because of viscosity-induced damping, this tour-de-force analysis completely
describes the singular behavior. It marks a significant breakthrough in the fluids community's
comprehension of the formation of singularities in higher-dimensional flows.[10]

The defocusing nonlinear Schrodinger equation in supercritical dimensions is an apparently opposite
problem that the same authors addressed in a related article. Global solutions are typically predicted
for defocusing NLS (with a power nonlinearity that tends to distribute energy). However, singularity
production is no longer prevented by the scaling of the equation in energy-supercritical regimes
(approximately high dimension or high nonlinearity power). For the first time, demonstrated that
finite-time blow-up does happen in certain high-dimensional defocusing NLS models. In order for the
unique strong solution to explode in finite time, they created smooth, localized beginning data in
dimensions $d \ge 5% (with nonlinear exponent $p$ in a certain supercritical range). It's interesting to
note that the blow-up mechanism they discover differs from the conventional one of a focused soliton
collapsing. Rather, it is a new "cascade" or front blow-up mechanism: in a related hydrodynamic
formulation, the solution's phase gradient compresses and steepens like a moving shock front,
producing highly oscillatory behavior that eventually leads to singularity. Actually, a Madelung
transform is used to transplant the blow-up profile into the NLS from the family of self-similar
solutions of the compressible Euler equations. [10]

This innovative combination of concepts from dispersive equations and fluid dynamics produced the
first formal illustration of blow-up in a defocusing dispersive equation, which had been hypothesized
but never observed before. It emphasizes that supercriticality can propel a solution to singularity even
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in systems with dispersive or dissipative tendencies.
Although these positive examples show that blow-up is feasible, another line of research has attempted
to identify classification and criteria for blow-up vs global existence. Developed in the late 2000s, the
Kenig—Merle approach presented a powerful paradigm: by examining the minimal structure of a
critical PDE (typically utilizing concentration-compactness and "rigidity" arguments), one might infer
a contradiction if the PDE had a minimal-energy blow-up solution.[15]

In several focused critical equations, this technique has been utilized to categorize all potential blow-
up scenarios. In essence, it establishes that every solution either scatters (disperse) or blows up by
approaching a specific known soliton profile. This program has matured during the past decade. For
instance, researchers fully classified type Il blow-up (the delicate case where energy is just at the
threshold of the ground state soliton) for the 3D focusing energy-critical wave equation and
demonstrated that any blow-up must asymptotically rescale a stationary soliton.[21] These findings
offer a kind of taxonomy of singularities: we now know that blow-ups in many equations have a rigid
form (often self-similar or solitonic) as opposed to random wild behavior.

Furthermore, for the past ten years, mathematical proofs of those refined blow-up rates have been
obtained. Numerical and formal studies had long predicted a finite-time blow-up for the 1D focusing
nonlinear Schrédinger (the so-called log-log collapse) and for certain 2D mean curvature flows, etc.
Notwithstanding these achievements, there are still significant unresolved issues with singularity
formation. The most well-known is the unsolved aspect of the Clay problem, the blow-up question in
the 3D incompressible Navier-Stokes equations. Although finite-time blow-up for physical Navier-
Stokes has not yet been demonstrated or disproven, significant progress has been made in figuring out
what a "would-be" singularity may look like and why the conventional approaches don't work. [9-10]
One innovative approach by Tao seen as a more manageable yet structurally sound version of the
Navier-Stokes system (an averaged equation); Tao was able to demonstrate that this toy model does
produce a finite-time blow-up. Despite not being for the original equation, the finding clarifies the
supercritical nature of Navier-Stokes and presents novel approaches (such taking advantage of a
cascade of energy to high frequencies) that may help guide future efforts to solve the actual problem.
Thus, integrating explicit constructive approaches, qualitative analysis, and computational insight, the
study of blow-up phenomena continues to be a dynamic field. The contributions of the past ten years
have significantly increased our understanding of the occurrence and timing of singularities in
nonlinear PDEs, paving the way for the resolution of the remaining enigmas. [11]

5. Regularity Theory and Partial Regularity

The regularity theory of PDEs—knowing how smooth (or rough) solutions might be and under what
circumstances one can guarantee further regularity is closely related to both the potential of blow-up
and concerns of uniqueness. Results like as the Caffarelli-Kohn—Nirenberg theorem (1982) for
Navier—Stokes provide the foundation for the theory of partial regularity, which demonstrates that
solutions are smooth outside of a possibly small unique set. Mathematicians have advanced these
concepts recently, frequently in novel contexts like nonlocal or geometric equations.[12] [13]

Although the whole regularity problem in three dimensions is still unresolved, conditional regularity
criteria for the incompressible Navier-Stokes equations have gradually improved. For instance, new &-
regularity criteria have been established: intermittency or scaled energy conditions that, if modest
enough, make a weak solution smooth at a point. Scholars such as Sverdk and Tao have investigated
situations in which a slightly stronger control is assumed (such as slightly supercritical integrability
constraints on vorticity), and they have demonstrated that no singularities arise under those
assumptions. These shed light on the types of calculations required to avoid blow-up, but they do not
address the overall issue. Additionally, partial regularity has been proven for related models.
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The Caffarelli-Kohn—Nirenberg approach was generalized to show that suitable weak solutions are
smooth outside a small singular set even when only fractional diffusion is present in the case of
fractional dissipation (e.g. Navier—Stokes with a fractional Laplacian), confirming that the structure of
singularities is similar to the classical case. Regularity theory has witnessed strong extensions of
classical methods in elliptic and parabolic PDEs. The basic elliptic regularity problem for linear
equations was resolved in the 1950s by the De Giorgi—Nash—Moser theorem; current work extends
such estimates to fully nonlinear and nonlocal equations. [13].

For example, partial regularity for a family of active scalar equations was previously demonstrated.
[14] A possible resolution of regularity for a problem regarded as a 2D counterpart of 3D Euler was
hinted at by Caffarelli, Chan, and Vasseur , who explored a model of supercritical SQG (surface quasi-
geostrophic equation) and obtained Holder continuity of solutions under specific conditions [15]. It
was necessary to create nonlocal analogues of Schauder and Calderon-Zygmund estimates for
fractional PDEs, which have operators such as $(-\Delta) Malpha$. Among others, Caffarelli and
Silvestre made important contributions that produced a toolset for these issues: a notable example is
the extension method for the fractional Laplacian, which recasts a nonlocal equation in R™ as a local
degenerate elliptic equation in R™*1, allowing the use of standard elliptic regularity techniques. During
the last decade, this approach has been refined and applied to various fractional obstacle problems and
porous medium equations, yielding new regularity results (such as €% regularity of free boundaries
in fractional obstacle problems). Allowing the use of standard elliptic regularity techniques. During the
last decade, this approach has been refined and applied to fractional obstacle problems, yielding new
regularity results. [15-17].

Regularity in Monge-Ampére equations and optimum transport is another area of advancement. The
Monge - Ampére equation, det D> u = f, is notoriously nonlinear; regularity of its convex solutions
under minimal assumptions was a major open problem. Around 2014, De Philippis & Figalli proved
that any convex solution of det D? u = 1 in {R}" is actually twice differentiable almost everywhere,

a result that implies Wlf,zc'l} R™ regularity. [12] Under strong convexity assumptions, this was a major
improvement over the previous C* theory. Since then, Figalli and others have continued to
investigate partial regularity of Monge-Ampere and related transport PDEs, obtaining, for instance,
C®  continuity of solutions under relatively weak conditions on the data (improving our
understanding of the singular set structure of these solutions). These developments, along with Figalli's
research on the stability of solutions to the Minkowski problem and other geometric PDEs, contributed
to his 2018 Fields Medal recognition.

In conclusion, regularity theory has expanded over the past ten years, with traditional techniques such
as harmonic analysis, geometric measure theory, and iteration (De Giorgi iteration) being effectively
applied to new equations and situations, even though full regularity (global smoothness) of solutions
for many nonlinear PDEs is still elusive. The findings frequently demonstrate that, if singularities are
present, they are limited to extremely tiny sets (of measure zero or codimension at least 1 or 2, etc.),
while solutions outside of those sets show excellent regularity.[18]

In addition to advancing our theoretical knowledge, this frequently supports the reliability of empirical
and numerical findings of smooth solution behavior. These regularity insights also feed back into
uniqueness problems; for instance, convex integration formulations of no uniqueness depend on
permitting extremely low regularity solutions, while higher regularity can occasionally imply
uniqueness of solutions. Regularity theory, which connects many of the topics covered in this study, is
still a fundamental component of nonlinear PDE analysis.[3] [19]

6. Novel Analytical Techniques and Trends

An arsenal of innovative analytical techniques that has grown dramatically in recent years is what has
enabled the aforementioned accomplishments. The method of convex integration, which has
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transformed our comprehension of fluid equations, is arguably the most acclaimed new instrument in
nonlinear PDE theory. De Lellis and Székelyhidi (c. 2009-2012) were the first to adapt convex
integration to Euler's equations, drawing inspiration from Gromov's $h$-principle in differential
geometry. This technique has been refined and used over the past ten years to create solutions with
specified attributes that were previously believed to be unattainable.[20] Convex integration gradually
satisfies the PDE requirements by piecemeal solution construction and “patching™ oscillatory
disturbances at various scales. It made it possible to create Euler flows with random energy dissipation
(Onsager-critical solutions) and, subsequently, to produce shocking illustrations of nonunique Navier-
Stokes weak solutions. [3] The method has also been applied to other systems, such elasticity or
compressible Euler, where wild solutions are constructed. Convex integration, despite its very
nonconstructive character, has been shown to be a potent counterexample machine and is primarily to
blame for the current paradigm in PDE pertaining to nonunique Ness.

The rigidity and concentration compactness theorems are the focus of another significant collection of
methods. These were developed by Kenig, Merle, and associates and are now the norm for solving
wave and critical dispersive equations. The concept is to assume that there is a minimal blow-up
solution, extract a limiting object using concentration-compactness (profile decomposition), and then
use a "rigidity” argument (typically a virial identity or a unique continuation principle) to demonstrate
that the limiting object must be trivial, thereby ruling out the scenario. As previously mentioned, the
development of this method over the past decade, including the channels of energy inequalities and the
energy reduction strategy over time sequences, was essential to demonstrating soliton resolution in
certain situations. These techniques demonstrate the effective combination of nonlinear functional
analysis (for compactness arguments) with harmonic analysis (for profile decompositions). A
combination of analytical and numerical approaches has been developed for the investigation of
singularity development.[21]

Merle et al.'s blow-up works, for instance, use asymptotic analysis of sensitive inner-outer gluing.
They use verified numerical estimates to check spectral conditions (ensuring the stability of the
produced profile) and rigorous perturbation arguments (gluing an inner self-similar blow-up profile to
an exterior smooth solution).

This combination of computation and analysis is a trend that allows for rigorous demonstrations of
conjectured behavior by using computers to help verify conditions that are hard to show by hand.
Additionally, we observe the introduction of dynamical systems viewpoints, which regard the
approach to singularity as a trajectory in function space where stable and unstable manifolds with
certain self-similar solutions can be used to characterize it. This point of view has been useful in
characterizing the "codimension” of blow-up, or the number of conditions that must be adjusted in
order to arrive at a single solution.[9] [10]

New techniques have also been developed for handling very irregular or random inputs. In PDE,
probabilistic methods—also known as probabilistic well-posed Ness—have become more popular.
Researchers have demonstrated that problems that are ill-posed in a deterministic sense can almost
certainly be well-posed by randomizing the initial data or adding randomness to the equation (resulting
in stochastic PDEs). For instance, supercritical dispersive PDE with random initial data has been
shown to have a global existence using invariant measure methods and probabilistic Strichartz
estimates, which would explode for some deterministic data. [25]

These findings show a broadening of approaches, even though they are marginally outside the
deterministic theory that this review concentrates on. For example, Hairer's theory of regularity
structures is the outcome of the cross-pollination between stochastic analysis and PDE theory. In fact,
Hairer presented a completely new framework for the rigorous solution of extremely singular
stochastic PDEs, such as the KPZ equation. This framework also contributes to deterministic
techniques by offering fresh approaches to the interpretation and renormalization of perturbation
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series. In 2014, Hairer was awarded the Fields Medal for his work, which demonstrated the
transformative power of novel concepts in expanding the classical bounds of PDE theory. [5]

The growing use of Fourier analytic tools and microlocal analysis is another significant trend. PDE has
been impacted by the solution of several long-standing issues, such as the restriction conjecture in
harmonic analysis.[22] Some nonlinear PDE arguments have been made simpler or better by
decoupling and related improvements in harmonic analysis; for example, shorter proofs of global well-
posed Ness for periodic NLS at critical regularity have been produced. Further advancement has also
been made in techniques such as multiplier approaches and Carleman estimates, which have an impact
on control theory and inverse issues for PDEs by allowing for unique continuation solutions under
weaker assumptions.

Last but not least, a reoccurring topic over the past ten years has been the increasing interplay between
many fields of mathematics in solving PDE problems. These days, methods from geometric analysis,
probability, harmonic analysis, and even topology (e.g., knotted vortex lines or topological constraints
in fluid flows) are often used to inform PDE research. The result is a more comprehensive
understanding of nonlinear equations. For example, ideas from entropy and information theory have
influenced the evaluation of hypo coercivity in kinetic equations, whereas gradient flow patterns
(derived from optimal transport) have given new insight into diffusion equations. This
transdisciplinary fertilization has given researchers more tools to tackle difficult PDEs. [20]

7. Conclusion

The theoretical landscape of nonlinear PDEs has undergone a substantial transformation throughout
the past ten years. We have witnessed the resolution of long-standing conjectures, such as Yau's
conjecture on infinitely many minimal surfaces and Onsager's conjecture on turbulence, as well as the
resolution of issues that were previously thought to be practically unsolvable, such as stable shock
formation and the creation of new blow-up examples in defocusing equations. General theory has
progressed in tandem with these particular discoveries: we now have a better understanding of the fine
structure of solutions and their singular sets, the mechanisms that stabilize solutions or cause them to
become singular, and the requirements for well-posed Ness versus ill-posed Ness.

Importantly, this advancement has created new opportunities rather than exhausting the sector. The full
global regularity of 3D Navier-Stokes or 3D Euler, the exact behavior of singularities in higher-
dimensional wave maps or general relativity, the uniqueness of weak solutions in various systems, and
many more are just a few of the significant open problems in nonlinear PDEs, which continue to be a
thriving and important area of mathematics. There is hope that these issues can be solved thanks to the
developments over the last ten years. Mathematicians now have access to previously unheard-of tools
thanks to the invention of potent methods like convex integration, concentration-compactness, and
regularity structures as well as the cross-disciplinary integration of concepts. Furthermore, current
findings frequently offer a framework for addressing similar issues; for example, techniques for
analyzing fluid instabilities may be modified for plasmas or elastic media. In conclusion, over the past
ten years, the theory of nonlinear PDEs has advanced significantly, leading to a more profound and
sophisticated comprehension of existence, uniqueness, stability, singularity generation, and regularity.
The significance of nonlinear PDEs in both pure mathematics and the modeling of intricate natural
events has been reinforced by these developments, which are the result of the cooperative efforts of a
large group of scholars. As we advance, the combination of fresh concepts and methods is expected to
spur additional discoveries, potentially resolving some of the industry's most difficult problems. This
fascinating path will surely continue in the years to come, revealing even more of the complex web of
behavior that nonlinear differential equations encode.
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