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Abstract

This paper studies the concepts of fuzzy Quotient Banach Algebra and introduces definitions to the fuzzy convergence, fuzzy
normed space, fuzzy quotient algebra . It also proves some theorems in this subject.
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1. Introduction

Many mathematicians have studied fuzzy normed spaces from several angles . The concepts of fuzzy norm was introduced by
Katsaras in 1984. This paper introduced some theorems related to  this concept as fuzzy quotient algebra and fuzzy continuity .In
this paper [5] which includes fuzzy Banach space and we circulated it on fuzzy Banach algebra.

2. Preliminaries

This section deals with the basic concepts of algebra, fuzzy Banach algebra and some of their properties.
Definition (2.1): [8]

Let X be anon-empty set. X is called an algebra if :

(1) (X.+.7) is vector space over a field F.

(2) (X.+.°)isaring .

() (Ax) ey = Alx e y) =x = (Ay) forevery x,y € X forevery 1 € F.

Definition (2.2): [1]

A binary operation =: [0,1] — [0.1] % [0.1] is a t-norm if = is satisfies the following condition :

(1) = Is commutative and associative .
(2 a=1=aforall ael[0,1].
(3) a=b=c=d whenever a=c and b =d forall a b.c.d € [0,1].

Definition (2.3): [7]

Let X be vector space over a field F. A function N:X x (0,2) — [0,1] is said to be a fuzzy norm on X if for all x.¥ € X and
t.s =0

(LN, 8) =0 if £=<0.
() Nix.t) =1 iff x=0 forall t=0.

@) N(ix,£) = N (xﬁ) if 120,
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(@) NG +y.t+s) = Nl t) =Ny, s).

(5) N(x.) : (0,0} — [0.1] is continuous .

(6) lim,, . N(x,£) = 1.

The tuple (X.N.#) is called a fuzzy normed vector space .

Definition (2.5): [3]

Let (X.N.=} be a fuzzy normed vector space , a sequence {x,} in X said to

(1) Fuzzy convergent if there exists x € X such that lim,_.. N(x, —x.t) =1 forall £ = 0, i.e. for each = 0 and each t = O.then
exists K € Z*such that N{x,— x.t) =1 —=. Inthiscase, x isthe limit of the sequence {x,} and we denote it by

N-lim, ., x,=x.

(2) Fuzzy Cauchy if for each = 0 and each t = 0 there exists K € Z* suchthat forall n =K and p = 0, we have
N{xﬂw — Xy ,t} =1—z.

(3) Fuzzy normed space in which every fuzzy Cauchy sequence is convergent is said to be complete . A complete fuzzy normed
space is called a fuzzy Banach space .

Definition (2.6): [2]

A nonempty set X is called Fuzzy Banach Algebra if:

(1) ¥ isalgebra..

(2) X is a complete fuzzy normed vector space .

(3) N{xy. ts) = N{x, t) = N{y.s) forevery x.y E X .t.s = 0.

Example (2.7): [4]

Let (X.0I-I7 be a Banach algebra, then

ift =0zl

0
NG.o) = I1 iftslxl

isa fuzzy norm algebra and so (¥.N.=} is a fuzzy Banach algebra .

3. fuzzy Quotient Algebra .

In this section discusses concepts of fuzzy quotient algebra and relationship between fuzzy quotient algebra and fuzzy Banach
algebra and also proves some theorems in this subject .

Let M be any subalgebra of an algebra X over F . Let x be any element of X. The set x+ M ={x +m :m € M } is called a left
coset of M in X generated by x . Let X/M deote the set all coset of M in X/M in X,ie X/M ={x +m:xe X}
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Theorem (3.1): [6]

If M is a sub algebra of algebra X over F. the X/M is an algebra over F for the a addition and multiplication and scalar
multiplication compositions defined as follows :

WD GE+MB@+M =Gk+y)+M forall x.yeX.
QUG+M@y+M =xy+M forall x.yeX .
A0 +M =Ax+M forall A€F forall xeX.
Proof :
Let z.yeX=x+yveEX and x.yv e X.

Also xeX and A e F= ix e X,
Therefore (x + ¥v) + M € X/M and xy + M € X/M also Ax + M € X/M.
Thus X/M is closed with respect to addition and multiplication of coset and scalar multiplication as defined above .
Now first of all we shall these three composition are will defined .
Letx+M=x"+M xx'eMandy+M=y"+M vy el
s+tM=x'+M=2x—x'eMand v+ M=v"+M =y—v" M
Since M isalgebraof X, wehave (x —x )+ (v —yIeM = (x+yv) - (x'+¥)eM

S+ +M=(x"+y)1+ M

Therefore addition in X/M is well defined.
Alsolet x+M=x"+M, x.x' X andlet y +M=x"+ M
vwyeEM=2x—x'eM,y—y' M.
Butx:-y—x" -y =x:y—xy +x-y —x -y =x:-ly—y)+lx—xDy sincex-y—ylx—x)yeM
=x-ly-yl+lx-x)yeEM=x-y—x"-veM
Hence (x -y} + M = (x" - y') + M.
Therefore a multiplication in X/M is well define .

Again let x—x'eM AeF=Ax—xJeM=lx—Ax"eM = Ax+ M =Ax"+ M = scalar multiplication in X/M.
Satisfies the conditions of an algebra .

Theorem (3.2):

If M is a closed sub algebra of fuzzy normed algebra X and N(x + M.t} is defined by ;
N(x + M. t) = sup{N(x + m.t):m € M} then:

(1) N is a fuzzy norm algebra on X /M.

(2) If (X.N.=) is a fuzzy Banach algebra, the so is (X /M, N.=).
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Proof:
Toprove if £=10.
Then N(x + M.t) = N{x + M, 0} =0 |
ThusNix + M, t)=0  forall t= 0.
Also whenever x = 0 ifandonlyif t=>0=N(x +M.t) =N +M.t) =1.
Then N{x + M.t) =1 forevery t = 0 and ifand only if x = 0, and
by definition there is a sequence {x,} in M suchthat Ni(x +x,}—1.
So x + x, — 0 = x, — (—x) and by theorem [let x € & iff 3 {x,} in M such that
limy . Nlx -y, t)=117.
Since M isaclosed = i =M = x € M and x + M = M, the zero element of X/M .
On the other hand we have .
Nx+M +y+Mt+s)=N{x+y) + M. t+5)
by defined above we get
=sup{N({(x +¥v) + mt +shme M}
=N((x+m) +(y + m)t +5)
by (4) in definition (2.3) we get
N((x + M)+ (y + M)t +5) = Nix + m,t) = N(y + m. 5)
formeM,x,.yeXand t.5 =0,
Now if we take sup on both sides , we have
N(x+M + G +M.t4+5)=Nx+ M)« Ny +M,5).
Also N((x + M) = (y + M), ts) = N((xy) + M, ts)
=sup{N{(xy) + m.ts) :m e M}
by (3) in definition (2.2) we get
= N((x +m) = (y +m), ts)
=Nix+mt)=(y +ms)
formeM,x,yeXand t.s5=0.
Now if we take sup on both sides, we have
N(Gc+ M)+ &y + M), £s) = N(x + M. #) = N(y + M. ).

Also we have N{A(x + M, £} = N{Aix + M. )
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=sup{N{ix + Im, t):m € M}
=supiN{x + m, ﬁ]:m e M}

_ T
=N(x+M.7). 1% 0.

Therefore (X. N.#} is a fuzzy normed algebra .

Let { x,+M} be a fuzzy Cauchy sequence in X/M . then there exists &, >0 such that =, —= 0 and,
Nz, + M) = (x,, +MLE) 21 -2, .

If wetake n =1 and let ¥z =0 we choose ¥; £ M such that
N(xy— (x;—y, 8} =N {{_ri —x )+ M, t} #(1—&,).
But N(Cey,— %) + M.2) 2 (1 —5,).
Therefore, N(x; — (x;—w ) 8) =1 -5, )01 —5,).
Now suppose ¥,-: has been chosen, ¥, € M can be chosen such that
NGy +vno) = G+ 9 ) 2 Ny — G )+ M) (1 — 5y
And therefore
N(Cepoy + 1) = Gpt 3 8) 2 Q=) » (1—2ny)
Then, {x,, + 7.} is a fuzzy Cauchy sequence in X. since X is complete thereisan in xy suchthat X in x, + 3 — x5 in X |
Ontheotherhand xp + M = (x, + v )+ M =x, + M.
Therefore every fuzzy Cauchy sequence {x, + M} is a fuzzy convergentin X/ M.
Thus X/M is complete and (X/M.N.=) is a fuzzy Banach algebra .
Theorem (3.3):

Let M be a closed sub algebra of a fuzzy normed algebra X. If M and X/M are fuzzy Banach algebra, then X is fuzzy Banach
algebra .

Proof:
Suppose X is a fuzzy normed algebra, and M.X/M are fuzzy Banach algebra .

Let {x,} be a fuzzy Cauchy sequence in X, then {x,+ M} is a Cauchy in X/M. since X/M is fuzzy Bnanch algebra, then
{x, + M} isaconvergesin X/M .

Now to prove x, — x, lett = 0 forall £, £ (0.1} there exists £ € (0.1} suchthat (1 —z,}={1 — ) =(1 —2).
Since {x,} is a fuzzy Cauchy sequence in X, then forall £ = 0 and =; £ (0.1} there exists K; € Z* such that

NG, —x)+mS=1—z  forallnlzK, andme M.

Since {x, + M} is afuzzy converges to x + M, there exists X; & Z* such that
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N((x, — x) -I—m,;:] =1—g foralln=K;, andme M.

Take K = min{K, .K;}

N((x =) +M.8) = NGy —x) + G —x) +m. i+ Ej

=N({(x,—x)+m E:] * N((x;—x) + m,%]
=1 -g)+(1-g)
zl-= forallnz=K.
By theorem (3.2) we get
N((xy,—x) + M, £) = N((x, — x) + m.£) by theorem (3.2) we get
= N((x, —x)t)
=1-—=.
Whenever m = 0 such that m € M .
Therefor x,, — x,{x,,} is a fuzzy converges to x .

Hence (X. N.#) is a complete fuzzy normed algebra .

Then (X.N.=} is a fuzzy Banach algebra .
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