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eigenfunctions of fractional singular Sturm–Liouville problem of Bessel 

type by constructing a complete spectral decomposition. We show that all 

eigenvalues are real and the corresponding eigenfunctions are orthogonal. 

Risk upper bounds are obtained and new approximation results concerning 

the spectral properties of the problem are established and rigorously 

justified. 

 

1. Introduction  

The Sturm–Liouville problem was first introduced in a series of foundational papers, published 

between 1836 and 1837. Eigenvalue-type problems attracted the interest of Charles-François Sturm 

(1803–1855), at the time Professor of Mechanics at Sorbonne, who in around 1833 considered heat 

conduction in solid bars. With Joseph Liouville (1809-1882), a math professor at the Collège de 

France, he generalized this investigation to the general behavior of second-order linear differential 

equations. Liouville's later work in mathematical analysis did still more to develop the theoretical basis 

of what is now called Sturm–Liouville theory [1]. 

A Sturm–Liouville boundary-value problem is given by a second-order linear ODE of the form 

Mathematics, physics and engineering have several problems in which Sturm–Liouville makes a 

central role and is the basis for all sorts of analytical and computational techniques. Spectral data, such 

as spectra, spectral functions, scattering data and norming constants are of crucial importance. It is 

well-known in classical theory that for a self-adjoint linear second-order operator the eigenfunctions 

form an orthogonal sequence in A classic result proved that, if the differential equation associated to 

(1) has a properly normalized solution at infinity and another one to minus infinity and these functions 

are asymptotically proportional, it follows that there exists a spectrum. 
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We have generalized the spectral concept of the singular fractional Sturm–Liouville problems in this 

paper. The eigenvalues for the Bessel-type operator with some boundary conditions are shown to be 

real and the corresponding eigenfunctions of distinct eigen-values form an orthogonal system. In 

addition, self-adjointness of the fractional Bessel operator is established, and therefore its spectral 

decomposition is complete and stable. Furthermore, the classical results of Sturm–Liouville theory are 

generalized to fractional setting, stressing the importance and generous use refers to these results in 

establishing the theoretical development of fractional Sturm–Liouville analysis. 
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