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Semi-Analytical Treatment of a Coupled Advection-Diffusion—Reaction
System for Spatiotemporal Drug Therapy Modeling via the Triple
Laplace Transform and Adomian Decomposition

Authors Names ABSTRACT
Azhar Mohamed Hajo® This research presents an approximate method for solving a
Ahmed Faroog Qasim” medical application system using the concept of load, diffusion, and

interaction, where the system depicts the concentrations of the drug,
Publication date: 6 /6/2026 diseased cells, and healthy cells in a given tissue. Inspired by biology,

Keywords: Triple Laplace this approach utilizes the triple Laplace transform to convert the problem
transform; Adomian into an algebraic form within the transformation domain. Nonlinear limits
Decomposition Method; . . . .

Nonlinear PDEs: Semi- are handled using the Adomian formula, an iterative method that allows
analytical method for the construction of a solution sequence. After obtaining the general

load formula, three arbitrary cases of functions that satisfy the system
without residues are selected for numerical testing. The results
demonstrate the validity of the method as a tool for generating solution
formulas for medical systems, provided a precise solution is available.

1.Introduction

This research deals with a medical system of four equations of the type of load, diffusion, and
interaction that describe the evolution of the concentrations of two drugs d1 d2 and their effect on two
types of cells, one diseased p and the other healthy g. The model includes the transport limit V - (u;d;)
and diffusion (D;Vd;)and the time-dependent source of drug injection B(t) as well as the growth
limits Fp Fqg and other limits representing the effect of the two drugs represented by the symbols Cp
Cq [7-10]. On the other hand, the solution method depends on two consistent paths, one of which is an
Adomian approach to deal with the nonlinear terms, where the solution is represented as a series
Ynso0 U, [3-5], and the other path is the triple Laplace transform, which in turn works to transform the
differential terms into algebraic terms in the transformation domain for ease of handling [1,2,6].

Motivated by these considerations, this work proposes a semi-analytical approach for solving the
aforementioned four-equation system by combining the triple Laplace transform with ADM to produce
explicit recursive sequences for the solution components. To systematically verify the correctness of
the implementation, we employed three manufactured-solution test cases embedded in Maple codes,
for which the equation residuals vanish symbolically upon substitution, together with pointwise
numerical tests demonstrating the decay of truncation error for finite approximations (e.g., ., dio +
di1 + dy.and py + p; + p2). Accordingly, the proposed framework offers a reproducible setting for
generating reference solutions for verification and for supporting sensitivity and calibration studies in
spatiotemporal pharmacotherapy models.
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2. The model is:[16]

2

224 V(uwdy) = Dy(Ady) + L(diB() — dy) — Aydy

ad;

2% 4 V(updy) = Dy(Ady) + L(d,B() — d3) — Ayd, "
oprP

% T V((w + ux)p) = M, Ap + E,(p) — C,(dy,dy, p)

a
a_z + V((u1 + uz)CI) = M,4q + F(q) — C4(dy,dy,q)
Variables: d1,d2 Concentration of two drugs; p Density of tumour cells; g Density of sensitive
healthy cells. Fields u1,u2 represent load/flow; Di, I'i, Ai represent diffusion, blood-tissue exchange,
and decay, respectively. The functions , Mp,Mgq: cell motility F and C describe self-replication and
drug inhibition.

3. Accelerated Adomian decomposition method (AADM):

The Adomian method is a systematic analytical framework for solving nonlinear differential
equations by decomposing both the solution and the nonlinearity into two convergent sequences. We
write the solution [11]

u= Z?f:oun (2)
and the nonlinearity
N(u) = Z?lozoAn ©)

where A,, are Adomian polynomials. These polynomials are generated by a precise generator formula
[12]:

A = mam N 2 ud)| (4)

nlan
By reformulating the linear operator equation
Lu=Nu)—Ru—g

the limits of the series u,, are determined iteratively through successive linear problems that ensure
consistency with the nonlinear decomposition above.

To speed up convergence and reduce computational cost, Kalle uses partial sums for the solution
Sp = Dieo Ui ®)

The polynomials are calculated directly from these sums. The recursive formula attached to the image
is given as [13,14]:

Ay = N(sp) — X150 4 (6)
This formula preserves the identity N(u) = Y7—, A, and improves convergence.

This approach reduces the number of steps and calculations, thus accelerating convergence. Using the
Adomian method alone and the Olplace method alone demonstrates a difference in efficiency, while
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combining them enhances the efficiency and stability of the solution, easily and efficiently handling
nonlinear terms. This makes this combination the best option for solving nonlinear differential
equations.

4. Triple Laplace transform

The Laplace transform is applied to three-dimensional partial differential equations (one time
dimension and two spatial dimensions), where the transformation scope is extended to three variables:
s, p, and q.. It is defined for a function f(x, y, t) by the formula [15]:

F®,q,5) = [[f, e™P*e™ e~ f(x,y, t)dxdydt (7)

By shifting this transformation from differential representation to algebraic preference, finding
solutions becomes easier. Therefore, the triplet transformation of the APLAS is a powerful and
efficient tool for solving complex differential equations and initial and boundary value problems, and
combining it with the ADOMEAN transformation for handling nonlinear boundary conditions
accelerates the search for solutions.

Derivatives for the Triple Laplace Transform Starting with the one-dimensional Laplace transform in
time only, treating x, y as constant during integration:

L{w(x,y,0) = [} ™ Syt de (8)
Use integration by parts for equation (10):

Le{u} = s L{u} —u(x,y,0) ©)
Now apply Laplace transform in x, y to both sides (linearity):

Lyyfuet =sU@,q,5) = Lyy{u(x,y,0)} (10)
Let:

Uo(p, @): = Ly y{u(x,y,0)} (11)
So, the final rule is:

Lyyust =sUp q,s) —Us(p,q) (12)
Repeat the same idea, or use the known rule:

Lo{ug} = s?Li{u} —su(x,y,0) —u(x,y,0) (13)
Then apply Laplace transform in x, y:

Lx,y,t{utt} = s?U(p,q,5) — s Us(p,q) — U1 (p, @) (14)
were

Ui(p, @) = Lyy{ue(x,y,0)} (15)

The general rule (fundamental in all Laplace applications) is:
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{28 = snouy - s sm o 2 (x,y,0) (16)

otn k=0 atk

Including Laplace transform in x, y:

an -1
Lyt {OTZ} =s"UP,4,8) ~ 2o S" 7 Un(0,) (17)
where
ak
Uk (pr q) = Lx,y {a_tlkl (xr Y, 0)} (18)

5.Verification for Special-Case Tests and Triple Laplace Transform Outputs

The aim of this research is to find solutions specific to the hypotheses of functions that satisfy the four
equations without remainders used to verify the mathematical formulation of the solution for the
medical system and to ensure the soundness of the applied mathematical work. The selected special
cases provide a precise criterion for this.

5.1 Derivation of the special-case construction and verification

We expand (rewrite) the system (1) to obtain the following form:

dd1 d 9 d d 9%d; | 9%d o 9
5, T (a (dy) + a(dﬂ) +d; (a (w) +55 (u1)> =D, (?21 + ayzl) + =Dy ——(dy) +

d d
5D1 % (dy) + Ty (dyp() — dy) — Aqdy

ad 0 0 0 0 0%d 0%d 0 0
a_tz +uy (a (dy) + 5(d2)> +d, <a (up) + P (u2)> =D, (axzz + 2) + aDz I (dy) +

dy?
d d
5D2 % (dy) + I(dyp(t) — dp) — Azd,

_|_

2t ) (2O 50) +p( S+ u) + S (@ +u)) = M G422

Fp(p) - (Cp,l + Cp,Z)

g_z+(u1+u2)(:_x(Q)+%(Q))+Q<:_x((u1+u2))+:_y((u1+u2))>= My CL+ T+
Fq(q) - (Cq,l + Cq,Z) (19)

Solve the model using the triple Laplace transform and the improved Adomian method by take triple
laplace to both sides of each equation to get system:

ad1 ] 3] d d 9%d a%d
Luye {g +uy (a— )+ (da) +dy (a— (w) + 5 (uo)} = Leye(D: (52 +52) +

) P) a a
5D1 P (dy) + 51)1 P (dy) + Ty (dyp(t) — dy) — A1d4}
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adz d d 0°d d%d
Ly oyt {? +uy (a (d2) + 55 (d2)> +d, < (uz) + - (uz)>} = Lyy,D; (ax; + ?j) +

d d d d
aDz a(dz) + EDZ E(dz) + I (dyp (1) — dy) — A,d5}

Lx,y,t{";—‘t’uul+uz)(;’—x(p)+%(p))+p(§((u1+u2))+;’—y((u1+u2))>}=

9% 02
Lx,y,t {MP(# + ﬁ) + Fp(p) - (Cp,l + Cp,z)}

LiyeGe+ (i) (@ + 55 (@) ) + (j—x(<m+uz>)+;’—y(<u1 +u2)))} =
Lx,y,t{ M, (ﬁ + 6_312) + F, (@) — (Cq,l + Cq,z)} (20)
Using (12) to get system (21)

53 d1(s1,52,55) = A1(51,55,0) = Lpe {—{u1 (ai @) +5 (dl)) +dy (ai () + 5 (uo)}} +

9%d 9%d d ad ad ad
Lyy ¢{Dy (ale + ayzl) + 5D1 P (dy) + 5D1 2 (dy) + T1(d1p(D) — dy) — A1d4}

S3d2(81,52,53) — d2(51,52,0) = Ly {—{u1 (i (dy) + i (d2)> + d, (i (up) + % (u2)>}} +

0 92
Lyy ¢{D; (a 2y dz) + = Dz In (dz) t3 Dz _(dz) + [ (dp (1) — dy) — A,d,}

53 P(51,52,53) = P(51,52,0) = Ly {— (@i +u) (@ +50) +p<§((u1 +u,))+

aa_y ((u 1t+tu 2))) - aa_y ((u 1y tu Z,y)p)} + nyt {MP (axz 1;) + Fp(p) - (Cp,l + Cp,Z)}

53 4(51,52,53) = 4(51,52,0) = Ly {— (@ +u) (@ +5@ )+ q(%((ul +u,))+

7wy +u z>))} — - ((uay +u z,y)q)} F Loyl My G2+ + Fy(9) = (g +
Cq,Z)} (21)

Take triple laplace inverse for system (21) and solve for d1 ,d2,p,q to get system:

_ 1 w 3 a a
dl(x,y,t) =L lx,y,t{g {d1(s1,52,0) + Ly, {— {ano(lh (a (dl,n) + P (dl,n)> +din (a (uy) +

0%dyn , 0%dqn

= (uﬂ))}} F Lyl Zio(Dr (22 +528) + 2Dy - (din)) + 35 D1 35 (di) + Tu(das (O =

y
dl,n) - /11d1,n) }}

127



Journal of Iragi Al-Khwarizmi (JIKh) Volume:10 Issue:1 Year: 2026 pages: 123-136

d2(x,y,6) = Ly (- {d2(51,55,0) + Ly e {— {z;;‘;o(ul (ai (d2) + 5 (dz,n)) +dy (ai () +

0%dypn - 0%dyp

aa_y (u2)> ) }} + Lyy {2n=0(D2 ( oxz T ayz' ) + ;_xDz aa_x (dz,n)) + aa_yDz % (dz,n) + I (dZB -

dyn) = A2dz0) 3}

P(ey,0) = L7y il {p(sl, $2,0) + Ly {— Eieo(@r +u) () +55 () ) +

pn(;—x((ul+u2))+%((u1+uz))) }+ Lyy: (D O(MP(a n 4 2 )+ B(®) =

(Cp,l + Cp,Z)) }}}

406y ) = L7y ol (a (51,52, 0) + Ly e {— (o +u2) (5 @) + 55 (an) ) +

dn (aa_x ((u 1t+u 2)) + % ((u 1tu 2))>) }} + Lx.y,t{Z%O:o(Mq (662:; z qn) + K (Q) -
(cq1 +Ca2) 3 1} (22)

Now defining the following formula in a recursive manner:

di0(6,,8) = Ly (= {d1(s1, 52, 0)}) (23)

_ 1 © ad ad 02
dins1(x,y,t) =L 1x,y,t{g {Lyyt {_ {ano(u1 <£ (dl,n) + P (dl,n)> +dip (a (uy) +

) 0%dy, | 8%din d G| ) )
% (%)))}} + Lyyi{ Xn=o(D1 ( axlz + aylz ) + 5D1 % (dl,n) + 5D1 P (dl,n)) + F1(d13(t) -

din) = Aadin) 3} (24)

oo (6, Y1) = Ly (- {d2(s1,52, 0)}} (25)

_ o ) ) a
dz,n+1(X, vt)=1L 1x,y,t{i {Lx,y,t {_ {ano(ul <$ (dz,n) + 2y (dz,n)> + dz,n <a (up) +

aa—y (u2)> ) }} + Lyy e {2n=0(D2 (62122,71 + s, n) +— Dz Py (dz n) +5 Dz 2y (dz n)) + I (dZB ® -
dan) — A2dzn) 3} (26)
po(x,y,t) = L_lx,y,t{i {r(s1,52,0)}} (27)
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pn+1(xr 34 t) = L_lx,y,t{i {Lx,y,t {_ {Z?f:o((u 1 tu 2) ( (pn) + (pn) ) + Pn ( % ((u 1 +

u 2)) + %((u 1t+tu 2))) )} + Lyyt {Zn=o(Mp (axz z pn) + E,(p) - (Cp,l +
Cp,2)) }}} (28)

qo(x,y,t) = L_lx,y,t{i {q(s1,52,0)}} (29)

Qn+1(xr Y t) = L_lx,y,t{i {Lx,y,t {_ {Z?f;o((u 1 tu 2) ( (qn) + (Qn) ) + n ( % ((u 1 +

u 2)) + ((u 1t u 2)))) }} + nyt{Zn O(M (aa,fzn aajzn) + Fq(CI) - (Cq,l +

€2)) } 1} (30)
When
Ap= Cpu=dip By = Cpy =dyp, Gp = Cqu =dqq Hy = Cgp = dyq (31)

Ag =dyiopo, A1 =dy11Po + d1oP1 + d1aP1 s Az = d1oPo + d1op1 + diop2 + diap2 + diope
By = d30p0 , By = d21P0 + daop1 + d101, B2 = dpoPo + daop1 + doop2 + da a2 + da2p2
Go =d10q0, G =d1,1q90 +d10q1 +d11G1, G2 = dy12q0 +d12q1 +d10q2 +d1192 +d12q2
Hy = dj0q0 , Hi = d21q0 + d20q1 +d21q1, Hy = d32q0 + d22q1 +d20q2 +d2192 +da 20,
5.2 General notation and unified setup for the cases

To unify the presentation across all cases, we adopt the following shorthand notation:
S=x+yE=e*Y

Each case is constructed by specifying closed-form expressions for the variables (d,’ d,’ p’ q), and by
defining the transport/advection coefficients (u,’u,), diffusion coefficients (D,’D,), and additional

parameters (ky’ ky 112 A» My M), as well as auxiliary coupling terms (c,1’ ¢pz’ By €17 €2’ Fy ), in @
manner consistent with the adopted formulation and the implemented code.

5.3 Symbolic residual verification criterion

After substituting each special case into the system, residual expressions are formed for each
equation and then simplified symbolically. A case is accepted if and only if the residuals of all
equations are identically equal to zero (a symbolic identity), thereby confirming the correct assembly
of transport and diffusion terms, coupling terms, and the definitions of the composite terms.

5.4 Documentation of the first components from the triple Laplace transform

After passing the symbolic verification, the case is used as a reference to validate the correct
application of the triple Laplace transform and its inversion within the iterative scheme. This is done
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by comparing the first components produced by the symbolic execution (such as dq o, d1 1, d1 2, Do,
p1, P2) With the reference expressions recorded.Note that equations 1 and 2 will give the same results,
as will equations 3 and 4; therefore, we will only present the results of equations 1 and 3 from the
system.

5.5 Tables of special cases and outputs

This section provides two tables: (1) for defining the special cases, and (2) for documenting the first
components produced by the triple Laplace scheme.

Table 1: Definition of the special-case solutions used for verification

Item Case | Case Il Case Il
Definitionof S;E | S=x+y, E=e*Y | S=x+y,E=e**Y |S=x+y, E =e*"Y
di(x,y,t) esin(s) e'E e‘cos(s)
d,(x,y,t) esin(s) e'E e‘cos(s)
p(x,v,t) e'E 2e'E e'E
q(x,y,t) e'E —2e'E e'E

Uy (%, y), Uz (%, )

u1=2E,u2=2E

u1=3E, u2=3E

u1=2E,u2=2E

Dl(ny)'DZ(ny)

D, = 2E, D, = 2E

D, = 2E, D, = 2E

D, = 2E, D, = 2E

kl(x,y),kz(x,y) kle, k2:E k]_:O, k2:O k]_:E, k2:E
A =—(BE+1), 1 M=—HlE+1),2 A =—@BE+1), 2
M Ay | T TEEFD A A =R, 4 4 = —EE ), 4
=h =4 =4
1 1
=Mp - =Mp
dlBrdZB dlB_dli dZB_dZ dlB=d1' dZB=d2 dlB _dl; dZB _d2
¢, =Ep, c ¢, =Ep, c
Cp1,C p1 p2 ¢,y =Ep, c,, = E p1 p2
p1 Cp2 = Esin(s) p TP TP | = Ecos(s)p
F,=2Ep+cy; F,=2Ep+cyq
E, : p+ Cro Fy =cpr+cpatp P p+ Cro
cqleq, Cq2 —F —F cqleq, Cq2
Cau Caz = Esin(s) q Tt T 2 = Ecos(s) q
F,=2Eq+cs;; FE,=2Eq+cp
F, I q_|_ Cor Fg=cqtcq2tq 9 q+ Cor
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Table 2: First components produced by the triple Laplace scheme

Case | dio(%,y) | dia(xy.t) dia(x,y,t) Po(x,y) | p1(xy,8) | p2(x,y,t)
Case || sin(x i 1o x+y x+y t2exty
Gin) | +y) tsin(x +y) | St*sin(x+y) | e te -
Case ll x+y x+ 1 t2eXty
e te*™” —tlexty 2eXty 2te*ty

(exp) 5 t°e
Caselll | cosCx | oo %tzcos(x ey ey |
(cos) + ) y 2 5

5.6 Numerical results for the special cases:

Table 3 (Case I (sin)): Abs error of d1 and p at t=0.1.

X y Abs error d1 Abs error p
0 0 0 0.000170918
0.1 0.1 0.0000339562 0.000208759
0.2 0.2 0.0000665586 0.000254980
0.3 0.3 0.0000965076 0.000311433
Table 4 (Case Il (exp)): Abs error of d1 and p at t=0.1.
X y Abs error d1 Abs error p
0 0 0.000170918 0.000341836
0.1 0.1 0.000208759 0.000417521
0.2 0.2 0.000254980 0.000509959
0.3 0.3 0.000311433 0.000622866
Table 5(Case 111 (cos)): Abs error of d1 and p at t=0.1.
X y Abs error d1 Abs error p
0 0 0.000170918 0.000170918
0.1 0.1 0.000167511 0.000208759
0.2 0.2 0.000157426 0.000254980
0.3 0.3 0.0001410647 0.000311433
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5.7 Graphical representation of numerical results

d1_approx=d10+d1 112 (3D) att=10

d1_exact (3D) at t=10

d1_approx - d1_exact| (3D) &t t=.10

A1_sppeox

p_exact 3D)att=.10

p_approx=p0+pl+p2 (3D) att=10
lp_approx - p_exact| (3D) at t=.10

00012~

00010~

0.0008—

0.0006—

0.0004—

0.0002—

Case l :

Figurel: Three-dimensional diagrams showing both approximate and exact solutions and the
magnitude of error for the two variables d1 and p for the first case.
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Case ll :

p_approx=p0=pl=p2 (3D) att=10

p_exact (3D)ar =10
Ip_approx - p_exact| (3D) a t= 10

d1_exact (3D) at t=.10
\d1_approx - d1_exact (3D) & =.10

d1_sppeox - d1_exact| (3D) at =10

00012~

0.0010~

dl_exaet |
00008~
Jere_di|

0.0006—

0.0004—

0.0002—

Figure2: Three-dimensional diagrams showing both approximate and exact solutions and the
magnitude of error for the two variables d1 and p for the second case.
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Case Il :

d1_exact 3D) att=.10

d1_approx=d10+d11+d12 (3D) att=.10

d1_approx - di_exact| (3D) a =10

0.00016—
0.00014—
000012

0.00010—

y 06
x

08 08

p_exact (3D)att=.10

p_approx=p0+pl+p2 (3D) att=.10
|p_approx - p_exact| (3D) at t=.10

Figure3: Three-dimensional diagrams showing both approximate and exact solutions and the
magnitude of error for the two variables d1 and p for the third case.

6.Conclusions:

Our numerical results for the three special cases at t=0.1 show that the Triple Laplace transform
Adomean transformation is a powerful method and tool for solving this type of equation and medical
system. The absolute errors of the dependent variables remained within 10°(-4) at the test points,
reflecting the regular behavior of the solution, as in the case of exponential choice. On the other hand,
the comparison between the sine and cosine functions reveals expected differences in errors depending
on the spatial structure of the solution. The errors in p are higher at certain points due to the
complexity of the interaction/source boundaries. Finally, our results confirm the validity of the method
as a semi-analytical tool capable of handling load, diffusion, and interaction systems in mathematical
medical modeling.
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