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ABSTRACT: The aim of this paper is to extend the concept of regional exponential general observability to the case of Neumann
boundary conditions problem in diffusion system. More precisely, for linear distributed parameter diffusion systems, we show that the
sensors characterizations allow to reconstruct the regional exponential state in a sub-region of the considered systems domain.
Moreover, various interesting results associated with the choice of sensors are given and illustrated in specific situations in order
regional exponential general observability notion to be achieved. Finally, we also show that, there exists a dynamical system for
diffusion system is not exponential general observable in the usual sense, but it may be regional exponential general observable.

1. ITRODUCTION

The exponential observation problems in usual sense of distributed parameter systems has received much attention in ref.s [1-
2] and references therein. Recently, this notion was extended to the regional analysis by Al-Saphory, El Jai [3-5] and Zerrik [6] this
notion developed to many concepts in finite time interval or in infinite [7-8]. One of the interested concepts in regional asymptotic
analysis, is the asymptotic observability notion which was introduced and developed by Al-Saphory and El Jai [9-13].

These concepts depend on the observation of the initial state on a given sub-region @ of the system domain f1. The main
reason behind the study of this work there exist some problems in the real world cannot observe the system state in the whole domain,
but in a part of this domain [9,14]. The scenario described by (Figure 1) below, one is interested in reconstruction the state in the green
zone {1 rather than in the entire space [14].
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Figure 1: Observation region {}- with sensor

This problem is represented as regional exponential observation with interested regional state in ¢ of the domain . The
purpose of this paper is to give an extension of the previous work as in ref.s [15-16] to case of Neumann boundary conditions by using
strategic internal sensors. The paper is organized as follow. Section 2 gives an introduction of exponential regional general
observability in diffusion system problems. Section 3 deals with the main results. Finally, the last section illustrates applications of
diffusion systems in many situations of sensors locations.

2. DIFFUSION SYSTEM OBSERVATION

2.1 Problem Statement
Let £ be an open bounded set of ™, with smooth boundary 8% . Let [*.T], for T = * be a time measurement interval and c
be a nonempty given sub-region of 2. We denote @ = @ = ]-.coland I = 38Q =]+, e[, Assume that Z, U, and @ be separable Hilbert
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space where Z = H '(€) is the state space U is the control space and O is the observation space. Usually, we consider I/ = L(0, ==, R¥)

and @ = L'(0, =.R¥}, where » and g hold for the number of actuators and sensors [1-2].We consider the problem described by the
following parabolic diffusion systems

Z(wt) = az(ut) +Buld) 0
Zwo = ) @)
(u.*) =z () 0
Augmented with the output function
y(.£) = Cz(.. ) 2

where z. () supposed to be in H' D} and unknown. The system (1) is defined with a Neumann boundary conditions, E holds for

outward normal derivative [17] and the operator generates & a strongly continuous semi-group (54(t)):=. on Z [2] and is self-adjoint

with compact resolvent. The operators B € L{R*,Z) and C € £(Z.R%) depend on the structures of actuators and sensors [1, 18], see
(Figure 2).

N

Information

Figure 2: The domain of £, the sub-region on «, the sensors locations

Under the given assumption, the system (1) has a unique solution [13],
20 = 5,2, () + 5,0t — DBul@ dr (3)

The problem is that, how to reconstruct exponentially the current state in a given sub-region «, using internal zone or
pointwise strategic.

2.2 w-strategic sensor

This sub-section is to extend sensors characterization notion in ref.[3,15-16], in order that, the diffusion system (1) is
regionally exponentially general observable in Hilbert space H ().

e Sensors are any couple (D;, fi) <=, Where D; denote closed subsets of @2, which is spatial supports of sensors and £ € H " (D;) define
the spatial distributions of measurements on (2.

e The measurements may be given by g sensors (D;. fi}.<z; and then, the output functions are given by the form:
y0.8 = [1 Gy Gy (O]
where [y, (.t v, G t), v, t]]tT is the transpose of ¥(.. £} and then
y(.8) =cz(.,8) = J;L_ 2. ) fwddp = (20, 0. 0w () (4)
when D; = 12 Thus, in the case of pointwise or filament we have
y.t) = €20, = fy 2w £) 65, (u— bldu = (20, £),65,(.) )i () )
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e In the case of internal pointwise sensors and filament, the operator £ is unbounded and some precautions must be taken in [1].
o For z{u, t) = 5,(t)z, (u) defines the operator
K:Z = L'(0, =.R%)
z—= Kz =5,z (6)
then (..t} = K(t)z.. Thus, in the case of internal zone sensors, linear and bounded [7]. The adjoint operator K* of K is defined by
E*y(.t) = ['5°, () C'yl(E,9)ds @
e For the region w of the domain (1, the restriction operator ¥, is defined by

¥ tH'(Q) — H' ()

E— ¥uz=2zly, ®)
where z |, is the restriction of the state z to w.
Definition 2.1: An autonomous diffusion system associated to (1)-(2) is exactly (respectively weakly) «w-observable if:
Imy K*=H"(«w)  (respectively Tmy K° = H'(w).).
Definition 2.2: A sequence of sensors (D, fi).2;z, are -strategic if the diffusion systems (1)-(2) are weakly w-observable .

The concept of w-strategic sensor has been extended to the regional boundary case as in [19]. Assume that the set {q:'ﬂ J-} of

eigenfunctions of H (12} orthonormal in H '{w)} associated with eigenvalues 4, of multiplicity % and suppose that the system (1)
has [ unstable modes. Then we have the following result.

Proposition 2.3: For the diffusion system (1), let sup %, = r, then suite of sensors  (D;. fi).2iz, are w-strategic if and only if :
l.g=sr

2.rank Gy =%, ¥, n= ", ...] with

Bion i .
a:"“ﬁ{.]}ﬁfﬂﬂ in the zone case
Gi’! = ':Gn:][_i' = aﬁ'nj . . . (9)
™ (b;) in the pointwise case

Proof: The proof of this proposition is similar to the rank condition in ref. [5], the main difference is that the rank condition
rank G, =%, ¥n. n= 1", ..

for the proposition (2.1) need only hold for
rank G, =%, ¥n, n=",...].

That means, when the rank is held for every n = *. 7, ..., then, obviously held for n =",...J where | is finite number.
(]

3. DIFINITIONS AND CHARACTERIZATIONS

Regional exponential general observability concept in diffusion system needs to extend some notions of an exponential
behaviour (stability- detectability- estimator) in Hilbert space H "(&s) as ref.s [12-13].
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Definition 3.1:A Semi-group is regionally exponentially general stable by the operator T4 in H (&) or (g -stable) if, for every

initial state z.(.) € H' (), the solution of the autonomous system associated with (1) converges exponentially to zero when t — o2,
where T € H'(2) an operator with T, = ¥, T, is defined by v(u. ) = T, z(. t).

Definition 3.2:The diffusion system (1) is said to be exponential general stable on H () or (ez_-stable) if the operator T,,4 generates
a semi-group which is («z_-stable). It is easy to see that the diffusion system (1) is wz_-stable if and only if, for some positive constants
Fy and g,

Isr s, 00y S Foe™™ £2 (10)

If {STEJ,&]] t=. IS @wg_-stable, then, forall z..J € H ' (12}, the solution of autonomous diffusion system associated with (1) satisfies
Iz oy =0 87 0020 My ) = Fue™fllz, Iy, (11)

and then
limg_, . 12(t) 0 gy = - (12)

Definition 3.3: The diffusion systems (1)-(2) are said to be exponential general detectable in H ' (w)or ( wz_-detectable) if there exists

an operator H,:R% — H'(w) such that (T,A —H,C) generates a strongly continuous semi-group (3r.z, (E2)e=. which is
wg_-stable.

Definition 3.4: For the diffusion systems (1)-(2) consider the dynamical system

%('u, t) = Low(u t) + G ult) + H, v t) @

%{mﬂ = - T (13)
wi, ) =w, () n

where L, generates a strongly continuous semi-group (5; (t)}):=. which is stable on Hilbert space W, G, e L£L(R".W) and
H,, e L (R%, W).The diffusion system (13) defines an wz_-estimator for x.,Tz (w.t) if

(1) timp o My, Tzl £ — wipn £) ey =
(2) xoT maps D(4) in D(L,) where z(u. t) and wix. t) are the
solution of the diffusion systems (1) and (13).

Definition 3.5:The diffusion systems (1)-(2) are regional exponential general observable in w (wg_- observable) if there exists a
dynamical system (13) (@ z_-estimator) for the original system.

We can extend definitions 2.1 and 2.2 to the case of general observability for regional general decomposed diffusion systems
[16],where £ =z Bz and £ = =z, + z s with £ € p(T, A) Z, e D(T,A,), Z, e D(T, A, ) asin [16].

Definition 3.6:The diffusion systems (1)-(2) are exactly (respectively weakly) general observable or {wz-observable ) if:
Imy K" =Z, (respectively Tmy K* = Z.).

Definition 3.7:A suite of sensors (D, fi}.;z4 are « general strategic or (wg-strategic) if the diffusion systems (1)-(2) are weakly g -
observable.

Thus, in this section is related to, present the sufficient condition of regional exponential general observability concept in diffusion
system.
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Theorem 3.8:The diffusion systems (1)-(2) are twz_-observable by the dynamical system (13), if the following conditions hold:

(1) There exist M € L(R%,H '(w)) and N € L(H "(w)) such that

MC +NT, =1 (14)
T,A—L,T, =H,C
) I and G, =T B (15)

Proof: For x (u. t) = T, z{u. ) and wiu.t) solution of (13), denote
Q{‘U_. t:] :.r{‘u_. t:] _.H"{‘u.l t:l.

We have

de dx dw
=T Az{y. £) + T, Bult)
—L wlu, t) — G ult) —H, vy t)

=Lyelut) — Lox(u. t) + T, Azlu, )

—H, v t) + T Bult) — G ult)

=1L, elut) + [T 0z{u, ) — L T, z(u.t)
—H,Cz(u t)] + [T,B — G, Ju(t)
=Lyelut) +[T,A—L, T, —H,Clz{u,t)
+[T,B -6, lult) = L elu.t)

Consequently, efu, ) = 5;_(£le(+, £} where e(+,t} = Tz (u} —w. (&), Since the operator LT, generates a strongly continuous
semi-group {5z (£))e=. which is wg_-stable, then by using equation (10) we obtain

|| E(I‘IJ-' t:] " H‘.:,;,_.:, = 'F;_, g—E;_t

&, {t:l " o (&)’

and therefore lim,__. elu. £} = -,

Consider now 2y, t} = My (u, t) + Nw{w, £, then we have

Fut) = 2(u. £) — 2u. t)
= zl{p. t) — My(u. t) — Nwly. t)
=z, t) — MCz(y, t) — NT,z(u, )

+N[T,z(u, £) — wiy, £)]
= N[T,z{u. t) — wly, )
= Nlx(y, t) — wlu t)]
= Nelu. t).

Consequently we have lim,_. || 2(u.t) — z(u.£) || ,» . =+ Thus, we have lim, . || T,z(u.£) —wlu.t) || ,» . =+ and the

dynamical system (13) is wz_-estimator. Finally the diffusion systems (1)-(2) are wz_-observable.
]

Remark 3.9: From the previous theorem (3.1) we can deduce the following results:
1. Conditions (14) and (15) in theorem (2.10) guarantee that the diffusion systems (1)-( 2) are wg_-observable.

2. If a diffusion system which is £1z_-observable, then it is «z_-observable.
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3. If a diffusion system is e z_-observable in @, then it is wz_-observable. In every subset e of e, but the converse is not true. This may
be proven in the following example:
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Example 3.10: Consider the diffusion system:

dz 'z 'z

= TN _E{'“”'“"ﬂ +E{u.,,unﬂ Q

3

a_i(?;'-,?’.u,t] = T (16)
(e ) = 2 (uy L i) 0

and suppose there is a single sensor (b;. &) with D; = {b;}. The output function

y(®) = [ zQuop.t) 6Qu, — by, — b )du, dyu, (17)

. a’ a' .
Where 2 =]+, a,[ x1+.a,land b; € 0 are the location of sensors (b;, &, ). The operator A= (5,7 * 3,7 generates a strongly continuous

semi-group (55(t)):=. on Hilbert space H '(12) [20]. Consider the dynamical system

dw 'w 'w
E':,u-,,unt:] —m(,ﬂ-,ynﬂ +m{,u.,,uni':] Q
+HE{“I|L|UIJ.“TJt:] _z{llul.llu'r.l:]}
E'h'{ :] _ - (18)
ar ??l.l??'r.lt - e
wlp, e ) =w, (U, u) n

where H € L (R%,H'(Q)) and C:H"'() —= RY are a linear operator. If n(b, — &),/ (f —a.) and m(b, — e}/ (8, —a,) € H for
nom € ['....J}, then the sensor (b;. &5 ) is not strategic for unstable sub-system of (16) and therefore the diffusion systems (16)-(17)

are not detectable in £ [20]. Then, the dynamical system (18) is not estimator for the diffusion systems (16)-(17) [1]. Here, we consider
the region @ = la,. B[ % la,.8.[ = 1+, a,[x ]+.a.[ (Figure 3) and the dynamical system:

- ’

Figure 3: D_%jin f, Region @, and @iition & of the internal pointwise Sensor.

dw 311-1' 311-1'
E(,U-,,unﬂ —E{IU-JIUT,t]+mQU-J,UTJf] Q
+Hmc{1ﬂ-"{'uulur.l£] _z{ul.llll-’lr.l:]} (19)
dw
5, henet) = L
wilpypet) =w, (uy,pd 0

where H,, € L(R®. H '(w)). If n(b, —a,)/ (F —a,) and m(b, —a,)/(B, —a,) €N for every m.m = V,...]J, then the sensor
(b;. 8y, is w-strategic for the unstable subsystem of (16) [18] and therefore the diffusion systems (16)-(17) are c-detectable, that means

lim,_ . =l £} —wiw )l 0, = * [12]. Finally, the dynamical system (19) is w-estimator for the diffusion systems (16)-(17).
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4. APPLICATION TO SENSORS LOCATIONS

In this section, we present an application of the above results to a two-dimensional diffusion system defined
on@ =1]+a[x].a/l bytheform

az 3z 3z

E{'UIJ'MTJt:] _m{uu.“'r.lt:] +m{uu,‘u1’!t:l .Q

iz —. - (20)
av'i?;l.,?;l”ﬂ = T

2y, pe ) =20 (U, uy) 0

together with output function by (4) and (5) .Let @ = la,.f.[ % la..8,[ be the considered region is subset of 1+.a,[x1+.al,
@, = *.a,; > *, and the eigenfunctions of system (20) are given by

¥ — &

0i Ui ) = T osin (5700) cosime (570 @)

Bv—any By—ory

associated with eigenvalues

[1 -i-1 .
Ay = _(i&_w + i&_m,]n . (22)
The following results give information on the location of internal zone or pointwise w- strategic sensors.

4.1 Zone Sensor Case
Consider the systems (20)-(2) where the sensor supports &' is located in £2 . The output (2) can be written by the form
y() = [, %{y.,y,,t]f{u.,y,]dy.dy, (23)

where D' = {1 is the location of the internal zone sensor and f € H (D). In the case of (Figure 4), the eigenfunctions and the
eigenvalues

h r
a; D‘\ az} AN a; b

™ [o] fol 0

z
i _- i m- il

r

a [ ' gl ! s ____- 0

o ! . | | i i — _

1 B Moy oy 0 o B My g, O oy gy M o

Figure 4: Domain Q, Sub-region «, and Locations of Internal (Boundary) Zone Sensor.

are given by (21)-(22). However, if we suppose that

[Br—en)

R is not even integers. (24)
LEy—Gy ]

then » = " and one sensor may be sufficient to achieve wg_-observability [12]. In this case, the dynamical system (13) is given by

aw _a% 3w
= wopot) = ” (.. bt +o (o ppy. ) Q
+ H, (= z(u ), fi (@) > —Cwly, t)) (25)
dw
E(n.,n”ﬂ = T
w{.u.,.u,,'] =w.{,u.,.u,:] )]

the measurement support is rectangular with

235



Journal of Iragi Al-Khwarizmi Society (JIKhS) Year 2018  pages: 229-239

Volume:2 Special issue of the first international scientific conference of Iragi Al-Khawarizmi Society 28-29 March 2018
D=y, —Lop, +L]x[u L +1]en (26)
If fu is symmetric about &, = ., and f: is symmetric about u: = u.,,then we have the following result.

Proposition 4.1: The systems (20)-(23) are not c2z_-observable by the dynamical system (25) if

L., —ay) J —Ex)

isi i= T ..,
ey W oo s integers for some 1.

In the case of boundary zone sensor, the system may be given by

. T T
) = 5 ) + 5 op ) 9

E aul

+Hmli¢: Z{‘U; t:];ﬁ{,u:] }H1:FE:J_ Cl"""’{“* t:]:] (27)
dw

E{n.,ﬂ,,ﬂ =
w gy, i, *) = w (i) 0

and the output function (2) is given by

-

y® =t Z@onet)flnnddn.dy, (28)

where [ = 81 js the support of the boundary sensor and f & H'(T}).The sensor {D.fimay be located on the boundary in
r=[n., -1y +1I]x{a] then we have
i , =]

(- ]
[Bv—an)

Proposition 4.2: If f, is symmetric about 7. = 7., ,then the systems (27)-(28) are not wg_-observable if is integers for every

LY=i=]
When the sensor is located in T = [, — I, @] x {+}U{a.J = [+, 7., + I,]< 812 (see fig.3) we obtain the following result.

Proposition 4.3: suppose that the function flr,is symmetric with respect to 1. =1.,, and the function flr.is symmetric about
Ly =) . —av)

- L - . .
Ny = 7.,. Then the systems (27)-(28) are not wz_-observable if P and e integers for every i, ' =i =],

4.2 Pointwise Sensor Case

Let us consider the case of pointwise sensor located inside of fl. The system (20) is augmented with the following output
function:

¥ = fo Z Gope 6 — by — b)dp,dpy (29)

where & = (b,, b;]is the location of pointwise sensor as defined in (Figure 5)

b
Y . o 'y
sy ¥ a;z LY az
b
By | = \. by “ Ba |l 2
- _“! i _“- T
. i
o i i I > o I | ] i N
ay Bi By = oy F1 b1 ey 0 oy B1 ay

Figure 5: Rectangular Domain £1, and Locations &, @ of Pointwise Sensor.
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If (B — ) /(B —a,) & @, then v =" and one sensor (b. &) may be sufficient for wg_-observability. Then, the dynamical system
is given by

w _ 3w &
< opnt) = ” (e ) + ” (woptd Q
+ 3, (20, b t) — Cw(u,t))
311'{ :] _ - (30)
I e B =0 &
wilu, e ) = w () 1

Thus, we obtain the following proposition:

Proposition4.4:The systems (20)-(29) are  wz_-observable by the dynamical system (30) if ilb, —a,)/(f — ) and
jlbe — & J/ (B — a.), is not even integers for every i, ' = i = .

Consider where the observation, in the case of the filament sensor, on the curve o = Im(¥) with ¥ € C '(+.*} (Figure 4), then we
have the following result

Proposition 4.5:1f the observation recovered by filament sensor (z. &) such that it is symmetric with respect to the line & = (&.. &, ],
then the systems (20)-(29) are @ _-observable by (30) if i(b, — .}/ (8, — .} and j{b. — .}/ (8. — &), is not even integers for all

P= ).

And the case of the boundary pointwise sensor, the system (20) with Neumann boundary condition, so we can study the sensor { k. )
is located on 812 (figure 4). The output function is given by

y(e) = [ E(ﬁlunnﬂﬁ(n. — by — by ddnds (31)

Then we can obtain.

Proposition 4.6: the systems (20)-(31) are @z _-Observable by the dinamical system (30) if ilb, —a,}/(f, — &) and
jiby — @, )/ (B, — a.), is not even integers for every i, ¥ < i < ],

Remark 4.7: From this work, we can extend to the following:
1. Case of mixed boundary conditions [1].
2. Case of disc domain 2 = (D, "} and w = (*.r,) where w =0
and * = ry, ="' [10].
3. Case of one dimensional systems with pointwise or zone sensors as in
ref.s [21, 5,8].
e G ISy Lamy) HUa 8 le sl 40 gan) o g 55 Allese s W Aiaial ) A elall san il AL o seia w55 5n Aiadl 43 )5l 038 (he Caagl) 1 paliional)
Cre pandl g Qi c@lly e Ala) Al ) Con Aadai¥) Jlae (e 4 S Ailaie 8 2] A oLy Balely pranst Cilaall Gailiad o)) i a3 sill SLEEY) daday)

Alia o Lol ¢y ¢ |yl s, Ailaial dpad) dalall aaliall ALE (33 oy S 3a0ne Vs & Canm gy Caghae ) Cllaaal) Lals Aasi pall 5 aleiaSU 5 _ydiall il
. Aadaial Aala) 2! 320Liall W e (560 38 (S5 calall inalls ) dalal) saalitall G e L) Uil Uaalion Ll

5. CONCLUSION

The regional exponential general observability in diffusion systems has been developed in this research and presented some
sufficient condition of & z_-observability in connection with the Neumann conditions and strategic sensors. It allows us to avoid some

"bad" sensor locations. Thus, the obtained results are applied to two-dimensional systems and various cases of sensors are considered
and examined. Many questions are still opened, for example, the problem of finding the optimal sensor location ensuring such an
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