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Abstract

In this article we find the cyclic decomposition of the finite abelian factor group AC(G)= ﬁ (G)IT(G) where G = Q,pand m =2",

h any positive integers and Q. is the Quaternion group of order 4m.
(the group of all Z-valued generalized characters of G over the group of induced unit characters from all cyclic subgroups of G) .

We find that the cyclic decomposition AC(Q.n,) depends on the elementary divisor of m

If m=2", hany positive integers , then :
h+1

AC(Q2m)= @1 C,

Moreover, we have also found the general form of Artin characters table Ar(Q,,) when m is an even number .

1. Introduction

Moreover , representation and characters theory provide applications , not only in other branches of mathematics but also in
physics and chemistry .

Fore a finite group G , the factor groupR (G)/T (G)is called the Artin cokernel of G denoted AC(G) , R(G) denotes the abelian
group generated by Z-valued characters of G under the operation of pointwise addition , T (G) is a subgroup of R(G) which is
generated by Artin characters .

A well-known theorem which is due to Artin asserted that T (G ) has a finite index inR(G) i.e, [R(G):T(G)]is finite so AC(G) is a
finite abelian group.

The exponent of AC(G) is called Artin exponent of G and denoted by A(G).
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In 1967, T.Y.Lam [12] proves a sharp form of Artin theorem and he determines the least positive integer A(G) such that
[R(G): T(G)]=A(G).
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In 1970 , K. Yamacchi studies the 2 — part of A(G). In 1976 , G. David [6] studies A(G) of arbitrary characters of cyclic
subgroups.

In 1995, N. R. Mahmood [10] studied the cyclic decomposition of the factor group cf(Qzm,Z)/ ﬁ(QZm) and he found the rational
valued characters table of the Quaternion group Q.

n
In 1996, K. Knwabuez [9] studied A(G)of p-groupsand in 2000, H. R. Yassein [7] found AC(G) for the group @ Z p:
i=1
In 2001 A. M. Ibraheem [3] studied A(G) of alternating group. In 2002, K. Sekieguchi [8] studied the irreducible Artin
characters of p-group.

In 2006, A.S. Abed [1] found in her thesis the Artin characters table of dihedral group D, when n is an odd number. In 2007 ,
R.N. Mirza [12] found in her thesis Artin cokernel of the dihedral group D,, when n is an odd number.

In 2007 A.H. Mohammed [5] found in her thesis Artin cokernel of the dihedral group D, when n is an even number and in 2008
A.H. Abdul-Mun'em [4] found in her thesis Artin cokernel of the quaternion group Q. when m is an odd number .

Proposition (1.1): [11]

If p isaprimenumberand s is apositive integer ,then

1 1 1 ... 1
o 1 1 --- 1
M(C _.)=|0 O 1 ... 1
O O O ... 1]

which is of order (s+1)x(s+1) .

Example (1.2):

Consider the matrix M(Cg4) , we can find it by proposition (1.1)

M (C64): M (Cze):

O 0O 000 o K
O 0O 0O 0o PR K
O 0O 0 O0OkR R R
O 0O R KL R R
OO R R P R R
O R P R R R R
S e e

Itis 7x7 square matrix .
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Proposition (1.3): [11]

The general form of the matrices P(Cps) and W (Cps) are

1 -1 0 0 O 0 0

0 1 -1 0 O 0 0

0 0 1 -10 0 o
P(C,.)= :

0O 0 0 0 O 1 -1

0 0 0 0 O 0 1|

whichis (s+1)x(s+1) square matrix .

W(Cps ): I,,,.Where |, isan identity matrix and

D(C .) = diag{L11, ..., 1}.
p —

S+1

Remarks (1.4): [2]

If m=2" h isany positive integer ,then we can write M (C,) asthe following :

_ t
11
R,(C.) :

M(C,)=
1 1
0 0 011
0 o 0 0 1]

Which is ( h+1)x( h+1) square matrix , R (C,) is the matrix obtained by omitting the last two rows {0,0,...,1,1} and {0,0,...,0,0,1}
and the last two columns {1,1,...,1,0}and {1,1,...,1,1} from the matrix M (Czh) in proposition (1.1).

Proposition (1.5): [10]

The general form of the rational valued character table of the Quaternion group Q,, when m= 2" ,h isany positive integer

and it is given by :

=(Qu)==(Q, )~
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A TH T [T (e ] [ [0 [ [0 o]
0, on 2N 0 Of... [O 0 0 0
92 oh-1 oh-1 -oh-t 0 0 0 0 0
0, oh-2 oh-2 oh-2 _oh-2 0 0 0 0
;9|-2 2 2 2 2 -2 0 O 0
6, 1 1 1 1 1 -1 -1 1
6, 1 1 1 1 1 1 -1 -1
9|+1 1 1 1 1 1 -1 1 -1
0,., 1 1 1 1 1 1 1 1

Where 1is the number of I'-classes of C,, .

Theorem (1.6): [9]

Let M be an nxn matrix with entries in a principal ideal domain R ,then there exists matrices P and W such that :
1- P and W areinvertible.
2- P M W=D

3- D is adiagonal matrix

4 -1f we denote D;; by d; then there exists a natural number m; 0 <m=<n
suchthatj >mimpliesd ;=0andj<m impliesd ; #0 and 1<j<m

impliesd ; |d ;.

2. The Main Results

Theorem(2.1):

The Artin characters table of the Quaternion group Q,, when m isaneven number is given as follows

Ar(Qzm) =
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where | is the number of T'-classes of C,,, and G 1< j <l +2 are the Artin characters of the quaternion group Qap, .

Proof:-

Let g &€ Qom

Case (1):

If H isasubgroup of C;,, =<X>,1<j< | and ¢ the principal character of H , then by using theorem (2.1.5)

oe)_| Cu(9) §¢(hi) f h eHNCL(g)

0 if HNCL(g)=¢
(i) If g =1

D;(1)= |CQ2m(11 = 4m _-2.2m 2|Cczm(1)| o
Ve ot g e A

~2¢p/(1) since H N CL@1)={1}
and ¢ is the principal character where (p} is the Artin characters of C,, .

(i) Ifg= X" andgeH
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@j(9)= ww( )= 4m . since H [} CL(g)={g}and ¢ (g)=1

C. () C(9)
2.2m 2Ce,. (9)
= 9(9)=——"—9(9)=29¢;(9)
SHET RN ) B
(i) Ifg= X" andgeH
Co,, (9)
ayg)= e .
i ‘CH(gX ((P(g)+(”(g ))
=_2M ) since H(M CL(G)={gg"}and ¢ (0)= (g)=1
‘CH(g}
2c.,. (o)
=17 B9y
C. () 9i(9)
(iv) If g& H
®i(g)=2.0= 29/(g)  since H 1 CL(9)=¢
Case (11):
IfH=<y >={1, y RARRTAS!
(i) 1fg=1
@ (1= ‘C%(lj.(p(l): amLim since H () CL(1)={1}
1+1 ‘CH (1X 4

(i) Ifg= X" =y* andgeH

d)lﬂ(g): iom((g))_ ( )= 4Tm-1= m since HﬂCL(g)z{g}and @) =1
n g

(i) Ifg= X" andgeH,ie{g= y org= ¥}
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Ce.. (9 .
@ 1+1 (g ): CQ m(gﬂ (¢(g)+ (9(97 ))
23(“1) =2 since H[) CL(g)={g,9"}and o @)= (gH=1
Otherwise

@ (=0 since H (] CL(g)=¢
Case (111):
IFH=< Xy >={1, XY, (xy ) =y2=x", () =xy°}

()Ifg=1

C;szél»(o(l): 4_m.1=m since H [ CL(1) = {1}

© 1+2 (g):

S—

(ii) If g= (XY)ZZ)’Z:Xm andgeH

@, @)= Cc%((gg))-co(g): since H( CL(g)={g¥and ¢ (g) =1

(i) If g # (Xy)Z:yZZXm andgeH,ie{g= Xyorg= (Xy)s}

=%(1+1) =2 since HﬂCL(g)z{g,g‘l}and ¢(g)=¢(g-1):1

Otherwise
@, _,(@=0 since H [ CL(g)=¢

Example (2.2):

To construct Ar(Q,sg) by using theorem (2.1) we get the following table:
Ar(Qazse) = Ar(Q 2 )=
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Proposition (2.3):

If m=2" , hany positive integers, then the matrix M(Q.,) of the quaternion group Q. is :

2R, (C,,)

M(Qzm)=

o o o o
=)
=)
==
e ) B LR =
N B TR =
e ) B R R =
Ll

Which is (h+4)x (h+4) square matrix, R,(C,, )issimilar to the matrix in remarks (1.4 ).

Proof :
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By theorem (2.1) we obtain the Artin characters table Ar(Q,,) of the quaternion group, and from the proposition (1.5) we get

*

the rational valued characters (= (Q.r)) table of the quaternion group .

Thus , by the definition of M(G) we can find the matrix M(Q.,) .

M(Qzm)= Ar(Qzm). (= (sz))_l

(2 2 11 1 1]
02 2 2 111
00 2 2 111
“lo 0 o0 021111
000 0 01111
000 000101
011 1 10011
011 111001
i 111 1]
2R, (C,n ) 1111
1111
000 01111
000 00101
011 10011
0 11 1100 1]

Which is (h+4)x (h+4) square matrix .
Example (2.4):
Consider the quaternion group Q,s¢ , We can find the matrix M(Q2s6)
by using two ways :

First : by the definition of M(G)

213



1*@‘ Journal of Iragi Al-Khwarizmi Society (JIKhS) Year 2018  pages: 205-219

Volume:2 Special issue of the first international scientific conference of Iragi Al-Khawarizmi Society 28-29 March 2018

M(Q 256 ) =M(Q 28 ) =Ar(Q 8 ) . (=(Q ¢ )"

o 0 0 0 0 00000 0 _%56 Yose Yose Yoo Yase
256 256 0 0 O 0 0 0 0 0 O Tase Jass a6 Vase Jss
128 128 128 0 0 O 0 0 0 0 O 0 ‘%23 %28 %28 %28
64 64 64 64 0 0 0 0 0 0 O 0 0—%4%4%4
32 32 32 323 0 00000 7
|16 16 16 16 16 16 0 0 0 0 Ofs ° 0 0 %2%2
8 8 8 8 8 8 80000 0 0 0 0‘%6
4 4 4 4 4 4 4000 0 0 0 0 0
2 2 2 2 2 2 22200 0 0 0 0 0
128 1286 0 0 0 0 0 0 0 2 O 0 0 0 0 0
128 128 0 0 0 0 0 0 0 0 2| | o 0 0 0 0
0 0 0 0 0
%56 %84 %84 %84 %84 %84—
%56 %84 %84 %84 %84 %84 2 2. 2. 2. 2.2 2. 11 1 1
%28%92%92%92%92%92 02222221111
Yo Yo Yo Y Ko M| 00222221111
%2%8%8%8%8%8 00002221111
%6%4%4%4%4%4228888521111
Te M2 M2 Mo M He 00000001111
o ¥ % % X% lloooooooo01o01
0%—%%—%% 01111110011
01111111001
o K K K K K|
o B K A Hh Kl

Which is 11x11 square matrix .

Second : By proposition (2.3)
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11 111 1 1]
0111111
0011111
R(Cy)=[0 001111
0000111
0000011
0 0000 0 1]
Whichis 7 x 7 square matrix .
Then

[ 11 1 1]

2R,(C,) 1111

1111

1111

M(Q 8 )= 1111

1111

1111

00 0 00001111

00 0 00000101

01 1 11110011

0 1 1 1111100 1]
(2 2222221111
02222221111
00222221111
00022221111
/100002221111
00000221111
00000021111
0000O0O0O0I1111
0000O0O0O0OO0OT1T071
01111110011
01 111111001

Which is 11x11 square matrix .
Proposition (2.5):
if m=2" , hany positive integers then the matrices P(Q2y,) and W(Q,,,) are taking the forms :
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0 O
PC,,) : :
P(Qom)= 0 0
-1 1
0 -1
00 - 01
10 0 0 0 1
And

i 0 0 O]
0 0O

Ih+1

(Qam)= Do
0 0O
0 1 1 -1 1 1 00
o -~ 0 1 010
0 1 -1 -+ -1 -1 0 0 1]

Where |h+1 is the identity matrix, they are (h+4)x (h+4) square matrix

Proof :

By using theorem (1.6) and taking the matrix M(Q,,) from proposition (2.3) and the above forms of P(Q»y) and W(Q,,) then

we have :

P(Qzm) -M(Qzm) - W(Q2n) =
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2 000 - 00O0TO
2 00 - 00O00O0
00260 00O0T@P0

0 00O 2 000
0 00O 0100
0 00O 0010
0 00O 0 001

= D(Qzm) = diag{2,2,...,2,1,1,1}
Which is (h+4)x (h+4) square matrix .

Example(2.7):

Consider the quaternion group Qs:, ,by proposition (2.3) we can find the matrix M(Qs;,) and from proposition (2.5) , we find
the matrices P(Qs12) and W(Qs1o) :

Where Qs12 = Q 29

PQ,)-M@Q ). W(Q,)=

11000000000 0][222222221111
01 -10 0 000000 0/|022222221111
00 1 -10 000000 0/l002222221111
00 0 1 -100 0000 0/l0002222211171
00 00 1 -100 000 0/l0000222211171
00 000 1 -1020 00 0/|0000022211T171
00 0000 1-10200o0|looo0oo000221111|
00 000001 -1020 0/|0000000211T171
00 000000 1 -1-11/{0000000071T1T1]1
00 0000 O0O0UO 010 -1/|000000000°T10O0]1
00 00000000 1 -1/]011111110011
00 00000 O0O0UO OGO 1//01111111100 1
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O kP OO OO O o o+ o
O Fr OO OO O O Frr O o
O P OO OO O Fr O o o
O kP OO O O Fr O o o o
O Fr O O O Fr O O o o o
O r O O Fr O O O O O O
O kP O P OO O O o o o
R P P O O O O O O O O

0
0
0
0
0
0
0
0
0
1
0
0

Or OO0 OO0 OO0 OoOOo o o
P OO OO0 00O oo o o
O OO0 o000 OoONOO O O
O OO0 o0 ONOOOOO O
O OO0 ONOOOCOOO O
O 0O ONOOOOCOOOO
O OFr OO0 OO0 OO O o o
O R OO0 OO0 OO0 oo o o
B O 0O 0O OO0 OO0 OO o o

O O O O O O O oo oo onN
O O O O O OO oo o N o
O O O O O OO oo N oo
O O O O O O O O N O o O
O O O O O O N OO O o o

O O O O O O O o o o O -

0 -1 -1 -1 -1 -1 -1 -1 -1 1| |

= diag{2,2,2,2,2,2,2,2,2,1,1,1}

Which is 12x12 square matrix .

Theorem (2.8):

If m=2",h any positive integers then the cyclic decomposition of AC(Qay) is

h+1
AC(Q2m)= |@=1 C,

Proof :
By using proposition(4.2.4) we find M(Q2) and by proposition(4.2.6) we have P(Q.,) and W(Q2r)
Hence
P(Qam) -M(Q2m) - W(Qo) =diag{2,2,...,2,2,1,1,1}
=diag{d,, d,, ds,..., dp, An+1, Ons2, Anez, Anealt
Then by theorem(3.4.10) we have
h+1
AC(Qam)= |®:1 C,
Example(2.9):

Consider the groups Qazres  , Q131072 Quo4ss7s » Qe7108869, Q268435456,theN :
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15
1- AC Qgy765) =AC (Qz“") - i(-:BlCZ
17
2— AC (Q131072) =AC (Q217) =i@1C2
20
3- AC Qyo4gs76) =AC (sz") - i6:91C2
26
4— AC Qe710309) =AC (szﬁ) - i@lcz

28
5— AC (Q6435456) = AC (szg) - i@lcz

s oalddall

3 g gl Ay Ll 5030 ¢ 255 222 M5 G = Qup lotie AC(G)= R (G)/T(G) el g a4 5 s 30 ) 5 5 sy Uik Cinl o 3
(i i 5all 8 e 30 AaY) (adl 5l (pa inall Gadl 5l 5 503 e G 5y 3l Aasacall aiill 3 A gaall adl 5l JS 5 5a3) 4m ds

43 lan s G m 222l 4 5¥1 a8 e acind AC(Qyp) 50l A ilall 45 3all o) Liaa

h+1
s m Ledie Ar(Qup) ) Uad) s Jgaad dalall dapall Las 5 N AC(Qo)= @ Cpt (M cnge rnuane h e =27 S 13
i=1
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