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In this paper, we apply Bayesian estimation of a series system based on the Inverse
Ramos-Louzada (IRL) distribution on doubly censored data. The three prior
distributions, namely Flat, Gamma, and Jeffrey's priors, are taken with the three loss
functions, namely LINEX, Huber, and Log-Cosh. Mathematical representation of the
reliability function of the series system is made and the estimators are obtained using
Bayesian methods. A Monte Carlo simulation with sixteen cases is performed to
estimate the estimator based on Mean Squared Error (MSE), Pitman Closeness (PC),
and Relative Efficiency (RE). In actuality, the Bayes-Gamma estimator yields
reliability values that are closer to the true system reliability, and the best estimates
can be found using accuracy criteria. Such results support that Bayesian estimation is
efficient for modelling reliability with doubly censored samples.

Cosh Loss Function.

1. Introduction

Reliability approach is known as one of the basic elements in the performance assessment of
engineering and industrial systems. “System reliability” is the possibility that a system is able to
deliver its intended function for an entire period of time when operating in particular conditions. Of
all the system architectures, the series system is considered one of the most sensitive configurations
due to the complete system life being completely attributed to all its parts working normally. The
total failure of the system occurs if one component fails, the concept known graphically as ‘the
weakest link'.

The mathematical basis for examination of such systems was introduced by Barlow and Proschan
(1996), who defined the reliability function of a series system as [1]:

Rsys(t) = l_IP(Xi > t)
i=1

Thus, failure of one component is enough to cause the system failure. The sensitivity of
considering models such as is usually determined to rely on the choice of probability distribution to
estimate failure time.

In this regard, the Inverse Ramos—Louzada (IRL) distribution has recently developed into a
flexible model that can capture reliability measurements, especially those that are observed from an
upside-down bathtub hazard rate, as it is often the case with fine engineering systems. The data
distribution was brought forward by Hassan, et al. (2025) [2], being an appealing parameter to
represent such systems. Application failure time data is frequently limited by time and cost
constraints and, because of time and cost limitations to the first place, the failure time data is often
missing or censored.
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The framework used for this study is based on doubly censored data, that is the type-I and type-I11
censors. The Type-I censoring model terminated before a predetermined period and, consequently,
not all units fail in that time period. In Type-11 censoring, the experiment is stopped once a specified
number of failures are observed. Data of the form also increases the complexity of the likelihood
function and decreases the effectiveness of regular estimation techniques like Maximum Likelihood
Estimation (MLE) especially when analyzing small samples.

The Bayesian framework is utilized to solve these problems as it can integrate both known facts
and observed data to obtain the best estimate accuracy. Other previous studies including Dey and
Maiti (2010) [3], Krishna & Malik (2012) [4], Haddad and Batah (2021) [5], Yadav, et al. (2018) [6],
have provided important contributions in the area of Bayesian estimation under different censoring
schemes. Finally, this proposed work extends the current research trend for the reliability function of
a series of distributed IRL data with doubly censored data under different priors such as Flat,
Gamma, and Jeffreys priors according to the IRL distribution. Choosing the loss function is, of
course, an important part of Bayesian estimation, in particular for asymmetric estimation errors
whose costs of estimation errors are frequently, this is the case in engineering applications. Hence,
three different loss functions are taken into account in this study as the LINEX loss function to
account for asymmetry, Huber loss function to lessen the impact of outliers, and the Log-Cosh loss
function for a contemporary alternative between smoothness and robustness.

The novelty here is the combination of the recently developed IRL distribution with series-based
models and doubly censored data (such as those proposed for the recently proposed system reliability
function) and the original mathematical derivations of the system reliability function (in this case).
Additionally, a broad analysis approach is considered from the beginning to the end by going further
into the Mean Squared Error (MSE) and incorporating the Relative Efficiency (RE) and Pitman
Closeness Criterion (PC), providing a more complete statistical analysis for systems with high
precision that may be valuable.

2. The Inverse Ramos-Louzada (IRL) distribution

In 2025, Hassan, et al. introduced the Inverse Ramos—Louzada (IRL) distribution. Assume we
denote X a random variable that follows the IRL distribution with parameter &, denoted by X ~
IRL(0). The cumulative distribution function (CDF) and the probability density function (PDF) are
given, respectively, by [2]:

O+-—1 1
Fire (x):—(e—l) e x ,x=>0,0 (1)
> 2
©@—-2)0x+1 _1
fIRL(x): 02x3(0_1) e ox X (2)
>0,0>2

The survival function expressed as [7]:

Sire (x) = 1 — Fpgy, (x)

The corresponding survival function of the IRL distribution is expressed as:

56



Journal of Iragi Al-Khwarizmi (JIKh) Volume:10 Issue:2 Year: 2026 pages: 55-75

0+——1
Sire (X) =1— (09+1)e_§ ©)
The hazard rate function is given by [7]:
fire (%)
hiry (X) =
e (%) Sir (%)

Moreover, the hazard rate function of the IRL distribution is given by:

(0-2)0x+1 L
Ox

higy, (X) = 22200 ()

3. Series System Reliability

The reliability of a series system represents the probability that the whole system continues to
operate successfully when its components are connected in a dependent failure structure through the
minimum lifetime. In this study, the lifetime of the strength variable X and the component lifetimes
Y., Y,, ..., Y are assumed to follow the IRL distribution with different parameters. Since the failure
of any component affects the performance of the whole series system, the minimum lifetime
Z =min(Y,,Y,, ..., Y) plays a central role in the derivation. The main objective is to obtain an
explicit analytical expression for the reliability probability Rge,ies = P(X < Z).This derivation
provides a useful mathematical basis for estimating and comparing the reliability of series systems
under the IRL model.

Let X ~ IRLD(0,), and let V;,Y,,...,Yx ~ IRLD(8,) be independent random variables. Define
Z = min(Y,,Y,, ..., Yx). The reliability of the series system is

Rgeries = P(X < Z)

Hence
Rseries = dxd
fo fo fi (Of, (2) dx dz
Since
[ # @ ax =R
0
then

Rseries = fooFX (2)fz(2) dz
0

For each component Y;, the survival function is
Sy(z)=P(Y >2)=1-F(2)

Because Y;,Y,, ..., Yx are independent,
P(Z>z)=P(Y; > 2zY, > z..,Yy > z). Therefore
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P(Z>2) =[Sy@]* =[1-F@)]*

Thus
F,(z)=P(Z<z)=1-P(Z > 2z)

and hence
Fz(z) =1—[1-F/(2)]¢

Differentiating with respect to z gives

d
fa(2)=—{1-[1- Fy (2)]*}

Thus

f2(2) = K[1 - [, )" £y (2).
Substituting this density into the reliability integral gives

Rseries = Kj Fy (2)[1— FY(Z)]K_lfY(Z) dz
0

For the IRL distribution, the probability density function is

6—-2)6z+1 1
f(Z;H):Wexp< &), Z>0,9>2.
The cumulative distribution function is
0 + é -1 1
F(Z,H)—?EXp(—g), Z>0,9>1.
Hence
6, + é ~1 1
Fy(2) = —g—7—°exp (_ ﬂ)’
1
(92 - 2)92Z + 1 ( 1 >
1@ =gr, 7 P\ "a,)
and
1
R =—g e (7).

After substitution, the reliability integral becomes

Rseries = KJ Gy (Z)GZ(Z)G3(Z) dz,
0

where
1
G =B (- L)
1(2) -1 exp 0.z
1 K-1
o= |15 o)
2(2) 6, — 1 exp 0,2
and
(92 — 2)92Z + 1 1
oo - (5
2 TC R P i
Let
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. 6 +5 - 1 1
(Z) = —62 1 exp (- @)
Using the binomial expansion
K-1
K—-1 oo
a-at = (") o
= J
j=0
Therefore
K-1 1 J
K—1 ' 0, + I 1 1
= 1) |— %% -
G2(2) Z)( j )( O eXp( 022>
]=
After simplification, the reliability can be written as
Rrone = S ()
series — ( _ 1)(92 _ 1)9 4 (92 _ 1)]' J

The integral I; is

I} ZJ;) Qj (2) dz,

where

(6, —2)0,z + 1 1 1 J a
Qj(Z)— Z3 (9 +§—1)<92+§—1) exp( Z)
Here
1 j+1 6,+(G+1)6,

76, 6, 6,6,
Also

(92+%—1)'=[(92—1)+ij

0,z
Using the binomial expansion again gives

o i
(o 51) = 22 () P

m=0
Hence
j
(6, — 1)’ mn
b=, () " m
=0
where
*(@@, —2)0,z+ 1 1 a;
]jm:f ©; Z3)+nzl (9 —1+E)exp(—?})dz.
0 1
Use the transformation
1 1 1
u—; Z=E dz=—?du.
When z - 0, u » o. When z - oo, u — 0. Thus

® u
]]m == f [(92 - 2)92um + um+1] (91 - 1 +
0

) exp(—a]u) du.
6,
Expanding the integrand gives

= [T+ a4 ot (e
0
where
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Co = (92 - 2)92(91 -1,

6, —2)0
Cl = w + 91 - 1,
01
and
. = 1
2 91'
Using the gamma integral
*© 'n+1
f une_“”duz%, a >0,
0 a
we obtain
rm+1) r(m+2) r(m+3)
Jim = Cowﬁ“ G o + (G N
Therefore

( )(92—1)1 mICOF(m+1)+C F(m+2)+C F(m+3).

m+1 1 m+2 2 m+3
@; a; @;

Finally, the closed orm of the series system reliability is
k-1 (K-1)_CD)
R =K f=0( j )(92—1)1'1_ (5)
(610, - 1)67 Y

OM*

where
j
6, — 1)1 m rm+1) r(m+2) '(m+3)
Z ( ) Co amt1 +G qm+2 + G am+3 |
m=0 ] ] J
with
6, +(G+1)0,
a; = ,
/ 6,6,
Co = (92 - 2)92(91 - 1),
6, —2)86
C1 = w + 91 - 1,
0,
and
C. = 1
2 - 91'
4. Estimation

To verify the efficiency of the estimation of R...s for IRL distribution, 3 estimation

methods Bayesian estimations are derived, as follows:

4.1 Flat Bayesian

Under the assumption of a flat prior distribution, the posterior density is proportional to the

likelihood function. Therefore, the posterior distribution can be expressed as:

(6 | X) & L(8)7() = L(6).

Under the squared error loss function, the Bayes estimator is given by the posterior mean.

Hence, the Bayes estimator of 6 is obtained as [8]:
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J, 6 m(®1X)de

Orige = E01X) =25 .
Flat ( fo 7T(9|X)d9

For each parameter, we obtain

J, 6 m(6: 1 X) db;
Jy 761 1X)d6;
J, 6, (6, | X) db,
Jy (6, 1X)d6,

0, =E0;1X) =

0, =E@6;1X) =

Hence, the two Bayes estimators are denoted by
o, o,

Therefore, the reliability under the flat prior is expressed as

K 25_(:—01(1(—_1) -1J _

J (@gF)—l)j ©)

R. . = I
series (@gF)—l)(ééF)—l)(ﬁgF))z J(F)
where
j ~(F) j=m
| z (j)(HZ _1) [C rm+1) r(m+2) r(m+3)
J(F) = N\ 0F),—  m+1 " C1(A T, sm+z T2, m+3 )|
m=o (GZ(F)) (aj(Flat)) (aj(Flat)) (“j(Flat))
with
S 9" + (j + DO
Jj(F) 91(p)§2(p) ’
_(A® A7(F) (5(F)
Cory = (05 = 2)B5P (0 - 1),
4(F) 5 (F)
(657 -2)8” -
Cl(F) = ~(F) + 91 - 1,
91
and

Cory = -
(0] 91(F)

4.2 Bayesian under Gamma prior
Under the assumption of a Gamma prior distribution, the likelihood function of 6 is given by [9]:

n (0 —2)0x +1 o 1
L(Q):l—[f(xi|9)oc i= g(zn(e_)lj)cn‘l' )exp<_25>.

=1
Let the prior distribution of 8 be Gamma with parameters a and b, that is,

6 ~ Gammal(a, b),
with prior density
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By combining the likelihood function with the Gamma prior, the posterior distribution of 8 can be
written as

n n
1
(6 1 X) o L(O)7(H) o §4=1-2n(g — 1)™™ H((e —2)6x; + 1) exp (—b@ - Z E)'
i=1 i=1 "
Under the squared error loss function, the Bayes estimator is given by the posterior mean. Hence, the
Bayes estimator of 8 under the Gamma prior is

J, 6 m@1X)de

Jym@1X)do
Accordingly, for the two model parameters, the Bayes estimators are obtained as

é\Bayes—Gamma =E@|X)=

Jy 6, m(6; 1X)do,
Jy m (0, 1X)do;
J, 6, (6, 1 X) db,
S m@,1X)do, |

The Bayes estimate of the reliability function is then obtained by substituting these posterior mean
estimates into the reliability expression. Thus,

6, =E6,1X) =

0, =E(6,1X) =

ﬁBayes = R(él(B)' éZ(B))'
More explicitly, the Bayes estimate of reliability can be written as

K-1(K-1\__(-1)J
K2j=o( j )(agB)—1)j @

Reerios = I.
series (ﬁiB)—l)(agB)—l)(ééB))z j(B)
where
j ~(B j—m
, Z(j>(9§)—1) [ rem+1) rom+2) r(m+3)
j(B) = A\ 0(B) m+1 1(B) m+2 2(B) m+3 |’
= (67) (@e) (%s) (%e))
with
97 + (j + DO
Qi) = ———
j(B) 91(3)92(3)
—_ (B AB) ( 5(B)
Cowmy = (057 = 2)0" (8 - 1),
(‘92(3) B 2)§2(B) 5(B)
CI(B) = ~(B) + 61 - 1,
91
and
c _ 1
2() = 4(B)

1
This formulation provides the Bayes estimator of the reliability measure under the Gamma prior
distribution, where the unknown parameters are replaced by their corresponding posterior mean
estimates.
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4.3 Bayesian under Jeffrey's prior
Under Jeffrey's prior, the posterior density is proportional to the product of the likelihood function
and Jeffrey's prior.

(0 —2)6x; +1) o1
(6 | X) < L(6)7(0) x g2n+1(g — 1)n exp _ZQ_XL

i=1

Therefore, the posterior distribution of the parameter 8 can be expressed as [10]:

J, 6 m(®1X)do

G =E@10= [T @1X)do

Under the squared error loss function, the Bayes estimator is given by the posterior mean. Thus, the
Bayes estimators of the parameters 6,,60, are obtained from their corresponding posterior
expectations and are denoted by 8;, 8, respectively:

fooo 6, (6, | X) do,

AUE)
80U = E(0, | X) =222 ,
! ! [ 7 (6, 1 X) d6,

J, 6, m(6; | X) db,

71X d6,
Substituting these Bayes estimates into the reliability function yields the Bayes estimate of reliability
under Jeffrey's prior, denoted by Rgeyies:

69 = E(6, 1 X) =

K-1(K-1 (1)
i K2j=o( j )<§§]E)—1)j ®
- (9?5)—1)(§§JE)_1)(§§IE))2 lige)

Rseries -

j AUE Jj=m
INCEES) r(m+1) r(m+2) r(m+3)
ligey = Z ( ) (9(}5))"‘ Coyry T—mrt + Cue) Tz T Ceum) T3
2

Erpr (@ym) (@ym) (@ym)
with
095 1+ (j + DOY®
a; E = — — )
jUE) 91(]15)92(15)
_ (aUB) AUE) ( AUE)
CO(]E) —_— (62 - 2)02] (91] - 1),
AUE) AUE)
(8P - 2)oy®
Crgp) = +6% —1
1UB) AUE) 1 '
91
and
1

CZ(]E) = 9(/5)'
1
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5. Reliability Estimation under Three Loss Functions for the Series IRL Model

The reliability function of the series system is first expressed in terms of the unknown parameters
0, and 6,. After deriving the closed analytical form, different estimators of these parameters can be
substituted into the same reliability expression. This approach keeps the mathematical structure of
the reliability function unchanged and allows direct comparison between the estimators obtained
under different loss functions. In this section, the reliability estimator is derived under the Log-Cosh,
Huber, and LINEX loss functions.

5.1 Reliability Estimation under the Log-Cosh Loss Function

The Log-Cosh loss function is a smooth and continuously differentiable loss function. It behaves
approximately like the squared error loss for small estimation errors and becomes close to the
absolute error loss for large estimation errors. Therefore, it reduces the influence of extreme
deviations while preserving numerical stability during estimation. For a parameter 6;, the estimation
error is defined as [11]:

Ai = di - Hi, i = 1,2,
where d; is a candidate estimator of 6;. The Log-Cosh loss function is defined by

Lyc(d;, 0;) = log{cosh(d; — 6,)}.
The estimator under the Log-Cosh loss function is obtained by minimizing the posterior expected
loss. Hence,
é(LC) _ ; :
L= argrrtlil'nE[log{cosh(di —-0)} 1 X],i=1,2.
Thus, the two parameter estimators are denoted by
él(LC)' §2(LC).
By substituting the Log-Cosh parameter estimators into equation (5), the reliability estimator under
the Log-Cosh loss function is expressed as

K-1(K-1 j 1 (LC)
K2 (1) o]

RLO §
series (él(LC) 3 1)(§2(LC) B 1)(9\2(LC))2(92(LC) _ 1)]
where
(00 _ Z]: ( j ) (88 - 1)1_m co Tm+ D) o Im+2) o [+ 3)
-t; Py m (gz(LC))m 0 (aj(LC))m+1 1 (aj(LC))m+2 2 (aj(Lc))m+3 ,
Wi

~(LC , A(LC
oo _ 89+ [+ 160
J - A(LC) 5(LC) ’
91 92

CéLC) _ (éZ(LC) _ z)éZ(LC)(éI(LC) _ 1)’

ALO) _ 5\aLO)
cLO _ (92 2)92 pLo _ 1
- §ao +0 ’
; 1
(L) _
C," = 00"

1
5.2 Reliability Estimation under the Huber Loss Function
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The Huber loss function combines the advantages of the squared error loss and the absolute error
loss. It assigns a quadratic penalty to small errors and a linear penalty to large errors. This property
makes it useful when the estimator may be affected by outlying observations or heavy-tailed lifetime
behaviour. For a cut-off constant ¢, > 0, the Huber loss function is defined as [12]:

%(di —6,)%, |d; — 6;] < cy
Ly(d;, 0;) = 1
ci (1d: = 61l 5 cu ). Id; = 01l >

The estimator under the Huber loss function is obtained by minimizing the posterior expected Huber
loss. Therefore,

oM = argminE[Lu(d;, 6) 1 X], =12,
Thus, the two parameter estimators are denoted by
om, i,

By substituting the Huber parameter estimators into equation (5), the reliability estimator under the
Huber loss function is expressed as

k-1 (k-1\ (-1
~(H) KZj:O ( J )(géH)—l)j (H)
= I

Rseries - (él(H) _ 1)(§2(H) B 1)(§Z(H))2 J

. (Q(H) _ 1)] m
[ _ Z (1> 2 c rim+1) ) r(m+2) g 'm+3)

J £a \m (ééﬂ))m 0 (aj(H))m+1 1 (a].(H))m+2 2 W’

~(H . ~(H
a(H)—H"E )4 [ +116M
i A(H) 5(H)
61 02

€ = (89— 2)68 (8 1),

AH) _ 5)\5(H)
C(H) _ (62 2>92 + 9(H) -1
1 - é\(H) 1 4
1
1
(H)
c®=_—_
A (H)
91

5.3 Reliability Estimation under the LINEX Loss Function

The LINEX loss function is asymmetric and is used when overestimation and underestimation do
not have the same practical impact. This feature is important in reliability analysis because an
overestimated reliability value may lead to an unrealistic evaluation of system performance. Let
¢, # 0 Dbethe LINEX shape parameter. The LINEX loss function is defined as [13]:
Lynex(d;, ;) = exp{c,(d; — 6,)} — c,(d; — ;) — 1.

Taking the posterior expectation and minimizing it with respect to d; gives the Bayes estimator
under the LINEX loss function as
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o = —C—lLln[E(e_CLei 1X)],  i=1.2

Using the posterior density proportional to the product of the likelihood function and the prior
density, the estimator can be written as

W — —lln f1oo e~ % L(6,)m(6;) db; {12
i - 00 , L= 1,4.
CL J; L(6)m(6;) db;

Accordingly, the two LINEX estimators are denoted by

5(L) 5(L)
6,", 0,
By substituting the LINEX parameter estimators into equation (5), the reliability estimator under
the LINEX loss function is expressed as

—1(k-1\ (1J
k §{=01( j ) NOERY
(L) (82-1) o

Rseries = (9\1(1‘) _ 1)(9\2@) B 1)(@2(1‘))2 J

where
i (W _ YT
[0 _ Z (1 ) (6" -1) cofm+1) -y Im+2) o) [(n+3)

J £a\m (éz(L))m 0 (aj(L))m+1 1 (aj(L))erz 2 W’

with

a(L) ; AL
L0 P+ 4119
j 50050

¢ = (8 = 2)60 (8 - 1),

)

50 _ 5\
C(L)—(a2 2)8, +60 1
L Q) 1 ’

1
1
w
e = .
0
91

The three reliability estimators preserve the same analytical form of the derived series system
reliability. The only difference is the method used to estimate 6, and 6,. This makes the comparison
between Log-Cosh, Huber, and LINEX estimators direct and mathematically consistent.

6. Simulation Study

Monte Carlo Simulation of R for the IRL Distribution (Doubly Censored Data)

6.1 Data Generation Scheme

In this study we consider only one type of censored data: Doubly Censored Data (Double
Censoring) scheme. This type combines both Type-I censoring and Type-Il censoring and thus is
more realistic to practical reliability cases where observations are limited by both time constraints
and fixed numbers of failures.
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Based on the IRL distribution, the simulation procedure was carried out in order to estimate the
bounded reliability of the series system under this censoring mechanism.

6.2 Estimation Procedures and Sample Configurations

Three Bayesian prior distributions were considered: Flat Prior, Gamma Prior, and Jeffreys Prior.
In addition, three different loss functions were applied: LINEX Loss Function,  Huber Loss
Function, and Log-Cosh Loss Function

This produced six main Bayesian estimation methods used for estimating the bounded reliability
function. To study the effect of sample size (n) and Monte Carlo replications (m) sixteen simulation
cases were constructed from all possible combinations of:
(n) = {10,30,50,100}, m = {10,30,50,100}). The simulation cases are given as follows:

e Casel:n=10m=10

e Case2:n=30,m=10

e Case3d:n=50m=10

e Cased:n=100,m =10

e Case5:n=10,m =30

e Caseb:n=30,m=30

e Case7:n=50m=30

e (Case8:n=100,m =30

e Case9:n=10,m =50

e (Casel0:n =30,m =50

e (Casell:n=50,m=250

e (Casel2:n=100,m=>50

e (Casel3:n=10,m =100

e Caseld:n=30,m =100

e (Casel5:n=50,m=100

e (Casel6:n =100,m =100

For each case, the estimation procedure was repeated mmm times, and the bounded reliability
estimator

Rs.ries Was calculated using all Bayesian methods under the doubly censored scheme only.
6.3 Performance Evaluation Criteria
The performance of the estimators was evaluated using three statistical criteria:

1- Mean Squared Error (MSE) [14]: It is defined by:
~ 2
MSE(Rp) = E [(RB —Ryp) ]
Smaller MSE values indicate better estimation accuracy.

2- Pitman Closeness (PC) [15]: for Rye ies1 relative to Rgepieso i defined by:
PC(RserieslfRseriesz) = P(leeriesl - Rseriesl < |Rserl’e52 - Rseries')-
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Higher PC values indicate a better estimator.

3- Relative Efficiency (RE) [16]: It is defined as:

RE (ﬁseriesi) =

MSE(Ryey)
MSE (ﬁseriesi) .

Where R, is the reference estimator (typically the one with the minimum MSE). Larger values
indicate better efficiency.

6.4 Simulation Results and Discussion

Table 1: Reliability Estimation value of R = 0.306918259 for Double data simulation when

91 = 5, 92 =4
Cas Bayes Gamm | Bayes Jeffre | Bayes Fla
e yes_ yes_ yes_ LogCosh Huber LINEX Best
a ys t
no.
1 0.30091921 0.42716557 0.446;4489 0.17959498 0.1811911 0.17&;7051 Bayes_aGamm
) 0.33317919 0.41694504 0.4300536 | 0.1797799 | 0.1809427 | 0.1795172 | Bayes_Gamm
0 8 3 4 a
3 0.35075486 0.42416244 0.43577396 0.17%8208 0.18%9471 0.175235584 Bayes_aGamm
4 0.35166638 0.41606048 0.4226330 0.17?)7954 0.18(;9177 0.17%5279 Bayes_aGamm
5 0.33616968 0.42924718 0.4434040 | 0.1797401 | 0.1808596 | 0.1794720 | Bayes_Gamm
4 1 8 6 a
6 0.36727760 0.41796567 0.4254837 | 0.1795696 | 0.1806080 | 0.1792858 | Bayes Gamm
3 2 2 9 a
7 0.37486165 0.41593241 0.42272110 0.17915236 0.18%5348 0.179;2363 Bayes_aGamm
8 0.38306488 0.41653599 0.4218390 | 0.1795258 | 0.1805263 | 0.1792377 | Bayes_Gamm
8 2 0 9 a
9 0.34349174 0.42520800 0.43725670 0.17€:)L6283 0.18(()57249 0.17%3536 Bayes_aGamm
10 0.37835821 0.41981264 0.42?7537 0.17%5417 0.18(15317 0.1722557 Bayes_aGamm
1 0.38659970 0.41856272 0.4232173 | 0.1794945 | 0.1804626 | 0.1792044 | Bayes_Gamm
4 4 1 2 a
12 0.39479448 0.41932356 0.42?60461 0.17985017 0.18(()34660 0.175;2095 Bayes_aGamm
13 0.35728043 0.43371967 0.4427764 0.175;6518 0.18(;7295 0.17%3764 Bayes_aGamm
14 0.38884787 0.42267423 0.4212637 0.1725213 0.18(;5084 0.1732312 Bayes_aGamm
15 0.39298783 0.41703040 0.4203480 | 0.1794261 | 0.1803914 | 0.1791324 | Bayes_Gamm
8 0 4 4 a
16 0.40216239 0.41879259 0.42171669 0.1724208 0.18(;3844 0.175;1247 Bayes_aGamm
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Table 2: Accuracy criteria value of R = 0.306918259 for Double data simulation when 6, = 5,6, = 4

9 > W W w —
5 2| 23 | 3% | =% 8 z = o
hd = 3 Im N Im - 3 (@] o m 9
MS | 0.0060254 | 0.0318689 | 0.0369921 | 0.0161236 | 0.0158091 | 0.0161859 | Bayes_Gamm
E 8 8 4 5 3 9 a
0.6515384 | 0.4546153 | 0.3828461 | 0.4048461 | 0.4833076 | 0.2509230 | Bayes_Gamm
1 PC
6 8 5 5 9 8 a
3.2064017 | 0.5438562 | 0.4578825 | 1.1500699 | 1.1744810 | 1.1453442 | Bayes_Gamm
RE
6 5 8 8 3 7 a
MS 0.0231459 | 0.0262616 | 0.0161663 | 0.0158713 | 0.0162333 | Bayes_Gamm
0.0058849
E 7 9 5 6 4 a
5 PC | 06650000 0.4740000 | 0.4085384 | 0.3873076 | 0.4648461 | 0.2329230 | Bayes Gamm
0 6 9 5 8 a
2.6874148 | 0.6259145 | 0.5425290 | 0.9293562 | 0.9480589 | 0.9252034 | Bayes Gamm
RE
4 1 2 9 4 8 a
MS | 0.0069613 | 0.0236469 | 0.0263344 | 0.0161560 | 0.0158703 | 0.0162229 | Bayes_Gamm
E 1 5 3 9 8 7 a
0.6557692 | 0.4636923 | 0.3939230 | 0.3975384 | 0.4756153 | 0.2433076 | Bayes _Gamm
3 PC
3 1 8 6 8 9 a
RE 2.2708692 | 0.6142323 05436985 0.9346899 | 0.9529018 | 0.9305195 | Bayes Gamm
3 1 7 1 7 a
MS | 0.0062459 | 0.0208789 | 0.0233197 | 0.0161620 | 0.0158774 | 0.0162302 | Bayes_Gamm
E 3 7 8 6 3 3 a
0.6579230 | 0.4830000 | 0.4147692 | 0.3825384 | 0.4606153 | 0.2283846 | Bayes Gamm
4 PC
8 0 3 6 8 2 a
2.3766394 | 0.6570589 | 0.5802351 | 0.8712723 | 0.8882700 | 0.8672893 | Bayes Gamm
RE
4 8 9 6 4 7 a
MS | 0.0059770 | 0.0281484 | 0.0321049 | 0.0161757 | 0.0158918 | 0.0162441 | Bayes_Gamm
E 5 9 7 9 1 3 a
0.6696153 | 0.4737692 | 0.3910000 | 0.3973076 | 0.4753076 | 0.2432307 | Bayes_Gamm
5 PC -
8 3 0 9 9 7 a
2.9603996 | 0.5680219 | 0.4885415 | 1.0453858 | 1.0654404 | 1.0406639 | Bayes Gamm
RE
5 1 8 1 2 4 a
MS | 0.0085921 | 0.0193531 | 0.0210870 | 0.0162187 | 0.0159550 | 0.0162911 | Bayes_Gamm
E 8 1 8 5 6 6 a
0.6484615 | 0.4858461 | 0.4063076 | 0.3896153 | 0.4685384 | 0.2352307 | Bayes_Gamm
6 PC
4 5 9 8 6 7 a
RE 1.6425037 | 0.6864491 | 0.6236779 | 0.8339750 0.8490293 0.8299261 | Bayes_Gamm
6 4 3 6 7 a
7 |\/I1:S 0.00%0856 0.0118316 0.01962299 0.0162303 0.01539734 0.0133036 Bayes;Gamm
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0.6436923 | 0.5060000 | 0.4262307 | 0.3785384 | 0.4577692 | 0.2242307 | Bayes_Gamm
PC -
1 0 7 6 3 7 a
RE 1.4876896 | 0.7202852 0.6623157 0.7989408 | 0.8130258 | 0.7950010 | Bayes_Gamm
4 9 5 8 7 a
MS | 0.0097152 | 0.0170883 | 0.0182690 | 0.0162296 | 0.0159755 | 0.0163031 | Bayes_Gamm
E 5 7 3 4 3 6 a
0.6469230 | 0.5095384 | 0.4293076 | 0.3776923 | 0.4563076 | 0.2235384 | Bayes_Gamm
8 PC -
8 6 9 1 9 6 a
1.3588978 | 0.7393847 | 0.6866294 | 0.7825760 | 0.7962477 | 0.7787003 | Bayes_Gamm
RE
9 4 1 8 6 4 a
MS | 0.0056405 | 0.0259952 | 0.0293864 | 0.0162039 | 0.0159255 | 0.0162740 | Bayes_Gamm
E 6 6 2 6 8 3 a
0.6841538 | 0.4986153 | 0.4158461 | 0.3810000 | 0.4596153 | 0.2267692 | Bayes_Gamm
9 PC
5 8 5 0 8 3 a
RE 3.4818160 | 0.6952669 | 0.6061571 | 1.1618658 | 1.1835193 11565316 Bayes_ Gamm
1 6 5 9 1 a
MS | 0.0087311 | 0.0176241 | 0.0190175 | 0.0162254 | 0.0159740 | 0.0162984 | Bayes_Gamm
E 7 3 1 4 6 4 a
0.6664615 | 0.4959230 | 0.4130000 | 0.3853846 | 0.4640000 | 0.2309230 | Bayes_Gamm
10 | PC
4 8 0 2 0 8 a
1.5404248 | 0.7243276 | 0.6656214 | 0.7933978 | 0.8070941 | 0.7895001 | Bayes_Gamm
RE
8 1 1 6 9 1 a
MS | 0.0098281 | 0.0167675 | 0.0178281 | 0.0162374 0.0159915 | 0.0163115 Bayes_Gamm
E 1 7 9 4 a
0.6512307 | 0.5007692 | 0.4150769 | 0.3836153 | 0.4636153 | 0.2294615 | Bayes_Gamm
11 | PC
7 3 2 8 8 4 a
1.3289461 | 0.7471099 | 0.6980872 | 0.7740135 | 0.7871005 | 0.7701499 | Bayes_Gamm
RE
9 5 1 7 4 7 a
MS | 0.0105422 | 0.0159438 | 0.0167834 | 0.0162354 | 0.0159905 | 0.0163100 | Bayes_Gamm
E 1 1 8 7 4 4 a
0.6596153 | 0.5110000 | 0.4250000 | 0.3767692 | 0.4558461 | 0.2220769 | Bayes_Gamm
12 | PC
8 0 0 3 5 2 a
RE 1.2066663 | 0.7717994 | 0.7293383 0.7565528 0.7693191 | 0.7527418 | Bayes_Gamm
2 1 8 6 8 a
MS | 0.0056134 | 0.0271557 | 0.0304168 | 0.0161977 | 0.0159242 | 0.0162679 | Bayes_Gamm
E 2 1 8 2 5 8 a
0.7041538 | 0.4846153 | 0.4016153 | 0.3876923 | 0.4656923 | 0.2333076 | Bayes_Gamm
13 | PC -
5 8 8 1 1 9 a
3.0490048 | 0.5692449 | 0.4999655 | 1.0063869 | 1.0249904 | 1.0017082 | Bayes_Gamm
RE
5 8 9 8 7 9 a
MS | 0.0093560 | 0.0171167 | 0.0182293 | 0.0162304 | 0.0159797 | 0.0163044 | Bayes_Gamm
E 5 1 8 7 9 9 a
0.6676923 | 0.5116153 | 0.4244615 | 0.3796153 | 0.4590769 | 0.2247692 | Bayes_Gamm
14 | PC
1 8 4 8 2 3 a
RE | 1.4095469 0.7355858 | 0.6859928 | 0.7799519 | 0.7933940 | 0.7760615 | Bayes_Gamm
9 5 2 6 8 a
15 | MS | 0.0099685 | 0.0152481 | 0.0160003 | 0.0162546 | 0.0160093 | 0.0163296 | Bayes_Gamm
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E 5 2 1 7 5 6 a
0.6666153 | 0.5238461 | 0.4370000 | 0.3676153 | 0.4475384 | 0.2130000 | Bayes_Gamm
PC
8 5 0 8 6 0 a
RE | 12529562 0.7920363 0.7511858 | 0.7382269 0.75(;7181 0.7314834 Bayes;Gamm
MS | 0.0112166 | 0.0149029 | 0.0154386 | 0.0162559 | 0.0160110 | 0.0163315 | Bayes_Gamm
E 6 6 4 3 5 3 a
0.6583076 | 0.5196923 | 0.4366153 | 0.3696923 | 0.4488461 | 0.2153846 | Bayes_Gamm
16 | PC
9 1 8 1 5 2 a
1.0960813 | 0.8059347 | 0.7753019 | 0.7324551 | 0.7448340 | 0.7287082 | Bayes Gamm
RE 5 1 9 8 4 1 a

Table 1 presents the estimated reliability values for the true reliability: R = 0.306918259 when
6, = 5,0, = 4 under doubly censored data simulation. The results clearly show that the Bayes-
Gamma estimator consistently produced the closest estimated values to the true system reliability
across all sixteen simulation cases. This indicates that the Bayes-Gamma loss function provides
strong robustness and stability in reliability estimation, especially under doubly censored samples.

On the other hand, Table 2 shows the accuracy criteria results based on MSE, PC, and RE. It can
be observed that the Bayes-Gamma estimator achieved the best performance in most cases according
to all three criteria. It provided the smallest MSE values, the highest Pitman Closeness probabilities,

and the largest Relative Efficiency values. Therefore, the simulation results recommend that:

e Bayes-Gamma is the best method for obtaining reliability estimates closest to the true value.
e Bayes-Gamma is the best estimator according to statistical accuracy criteria.
These findings confirm that Bayesian estimation under doubly censored data provides highly reliable
and efficient results for series system reliability modelling.
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Reliability Estimates of the IRL Series System
True reliability value: R = 0.306918259

Simulation Case

~ Bayes_Gamma - Bayes_Flat ~ Huber
Estimator
+ Bayes_leffreys ~- LogCosh  —+ LINEX

Figure 1. Reliability Estimates of the IRL Series
System under Doubly Censored Data
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Figure 2. Absolute Error of Reliability Estimates
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Figure 3. Mean Squared Error of Series Reliability
Estimators

Pitman Closeness for IRL Series Reliability Estimators
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Figure 4. Pitman Closeness of Series Reliability
Estimators
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Relative Efficiency for IRL Series Reliability Estimators
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Figure 5. Relative Efficiency of Series Reliability
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Figure 8. Average Relative Efficiency of
Reliability Estimators

Figure 1 compares the estimated reliability values obtained from the six estimation methods
across the sixteen simulation cases. The true reliability value is R = 0.306918259. The Huber, Log-
Cosh, and LINEX estimators remain very close to the true value, while Bayes-Gamma, Bayes-Jeffreys,
and Bayes-Flat give larger estimates. The Huber estimator shows the closest overall behaviour to the
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true reliability value. Figure 2 presents the absolute error between each estimated reliability value and
the true reliability value. The smallest errors are obtained by the Huber, Log-Cosh, and LINEX
estimators. Among them, Huber remains the most stable and closest in most simulation cases. The
Bayesian prior-based estimators show larger deviations from the true value. Figure 3 shows the MSE
values for all estimation methods across the sixteen cases. Bayes-Gamma gives the lowest MSE in
most cases, which indicates stronger numerical accuracy according to this criterion. Huber, Log-Cosh,
and LINEX produce close MSE values with small differences among them. Bayes-Flat and Bayes-
Jeffrey's show relatively higher MSE values in several cases. Figure 4 displays the Pitman Closeness
values for the competing estimators. Bayes-Gamma achieves the highest PC values in nearly all
simulation cases. This means that Bayes-Gamma has the highest probability of being closer to the true
reliability value compared with the other estimators under this criterion. LINEX records the lowest PC
values among the methods. The comparative efficiency values of the 6 estimators are given in Figure
5. Further, Bayes-Gamma proves to be the best, particularly in small and moderate simulation
scenarios. We confirm its efficiency criterion-based superiority with this result. The rest of the
approaches exhibit lower and more enduring RE values, in several cases Huber is slightly better than
Log-Cosh and LINEX. The average MSE for all simulation cases is presented in Figure 6. Bayes-
Gamma appears to achieve the lowest average MSE, and so has the best overall accuracy based on the
mean squared error criterion. Bayes-Flat and Bayes-Jeffrey's have the highest average MSE values by
far. Huber, Log-Cosh, and LINEX are all close, with a slight advantage of Huber. Average PC values
for all estimators are shown in Figure 7. Bayes-Gamma achieves the highest average Pitman
Closeness, indicating that Bayes-Gamma performance is better in comparative closeness. After that
comes Bayes-Jeffrey's, followed by Huber and Bayes-Flat. LINEX has the lowest average PC value,
suggesting it performs worse under this criterion. Average relative efficiency for all the estimators are
expressed in Figure 8. Bayes-Gamma has the highest average RE, indicating its better efficiency for all
the simulation scenarios. Huber, Log-Cosh, and LINEX exhibit intermediate and similar efficiencies.
Bayes-Flat and Bayes-Jeffreys are significantly less efficient than Bayes-Gamma.

7. Conclusion

In this paper, a Bayesian framework was developed to estimate the bounded reliability of a
series system based on the IRL distribution, under doubly censored data. The reliability function was
derived in closed form, and Bayesian estimators were obtained under Flat, Gamma, and Jeffrey's priors
using different loss functions. In simulation we observed that the Bayes-Gamma method obtained the
most stable reliability estimates closer to the true value R = 0.306918259. The Bayes-Gamma
performed the best based on MSE, PC, and RE criteria.
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