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1.Introduction

The study of convergence in generalized structures has played a fundamental role in the
development of modern topology and functional analysis. Classical works, such as Kelley[1] laid
the foundations of general topology, introducing essential notions of convergence, continuity and
separation axioms that later influenced the development of more abstract the frameworks. In
particular, the classical book by Dugundji [2] provides a systematic and rigorous treatment of
general topology, including topological and metric spaces, convergence and continuous
mappings .In addition, Bourbaki [3] contributions to general topology provided further
refinement of convergence concepts and their connection with algebraic and geometric
structures. In the decades that followed, the classical theory of convergence was significantly
expanded by the introduction of approach spaces, a powerful framework that unifies and
generalizes metric and topological structures. Approach theory provides a flexible framework to
describe convergence through distance-like functions, allowing the characterization of Cauchy
sequences, completeness and continuity settings more general than metric spaces. More recently,
Hussein and her students have made substantial contributions to this area. Furthermore, Chu[4]
explored the theory of proximity spaces, presenting early attempts to generalize metric
convergence using nearness relation . In this direction ,Abbas and Hussein [5] introduced new
results in the theory of normed an Approach Space, where the classical normed space structure is

generalized through the approach framework. Their work investigates convergence, Cauchy
sequences and completeness. In another direction, Neamah and Hussein [6,7] introduced #<-
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Normed approach space, presenting notions of #®- convergence and - Cauchy sequences and
establishing the concept of £“- Banach Spaces. These contributions expanded the analytical
tools for studying convergence in generalized metric frameworks. Furthermore, Kadhim and
Hussein [8,9] offered new results of Banach Algebra via Proximit Structure and Approach
Structure, introducing several new algebraic convergence concepts and demonstrating their
applications with in functional analysis. Similarly, Saeed and Hussein [10] developed
fundamental results in normed approach spaces via - Approach Structure, showing that every -
Normed Approach Structure induces a normed structure but not necessarily vice versa. Their
work also provided examples of B-Banach spaces and explored completeness under the f-
Approach. The works of Kream and Hussein [11] introduced random approach normed spaces
and random approach spaces, establishing new types of convergence such as &g- Cauchy and
dg- convergent sequences, and linking these structures with classical Banach spaces. Abed and
Hussein [12] describes of S-proximit space for nonempty sets. The relationship between
approach space and S-proximit space has been clarified , we also discussed the definitions of
Cauchy sequence, cluster point, S-convergent sequence, and S-complete. In this work [13]
Lowen adopts this viewpoint of convergence and focuses on filter convergence.

2. Preliminaries

Definition 2.1([3]). Let X be a non-empty set, and F is a collection of subsets of X is called a
filter on X if it possesses the following properties:

oerF.

(2 IfA,E€ F, thenANE € F.

(3)IfAe Fand A € E, thenE € F.

Example 2.2:

Let X = {1,2,3} then (1) F, = {X,{1,2}} is afilteron 1.
(2) F, = {X,{1},{1,2},{1,3}} is a filter on 2.

(3) F5 = {X,{1,2},{2,3}} is not filter on 3.

Definition 2.3([2]). In metric space (X, d), a filter F is Cauchy filter, if for each € > 0 there
exists 8 € F, @(n,m) < €. Foralln,m € 3.
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3. Convergence in Di-proximit Topological Vector Space

Definition 3.1: Let X be a non-empty set. A function S:2¥ x 2X — [0, o] define on X is said to
be Di-functional if for all A, D, C € 2¥ satisfy the following properties :-

P IfS(A,D) =0 AND # 0.

P, If D =@, then S(A,D) = 0.

P3: S (A, D U C)=min{S (A,D),S (AC)}

P, If D € €, then S(A,C) < S(A,D)

Ps: S (A, D) <S (AE, DY) + ety.

The pair (X, S) is called Di-proximit space . For every A € 2Xand €, y € [0, 0] , we write:

Je (A) ={nEX|§({n},c/l) <e€}.

Definition 3.2: A quadruple (X,S, 3., +) is called a Di-proximit group if satisfy the following :
(1) (X,5,3,) is Di- proximit space .

(2) (X,+)isgroup.

(3) +:X @ X—X such that (n,b) = n +b is Di-contraction.

(4) —: X—>X such that n— - n is Di- contraction.

Definition 3.3: Let (X, S, 3,)is Di-proximit space with two operation (addition and scalar
multiplication ) is Di-proximit vector space if following condition satisfy :-

Foralln,m € Xand{Y €F

(1) (%,5, 3., +) is Di-proximit group .

(2Y-n X

@)Y -(n+b)=Y.n +Y.b

4 @m+b)Y=n.Y +b.Y

5) C-Y)'n=¢-(Y.n).

6)1n =n.

Definition 3.4: A function y:(X,5x, 3.') — (R.Sz 3. such that (X,5¢, 3. and (R,Sz, 3.") are
Di-proximit space is called Di-contraction if v (3. (Y)) €3 (P(Y)) for all Y € X and

eeRt.
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Definition 3.5: A Di-proximit topological vector space (Di-p.t.v.s for short) is Di-proximit
vector space X (over F ) together proximit topology t on X such that the maps (n,m) — n+m

and (¢,n) — ¢ n are contraction from X x X — X and fx X — X.

Definition 3.6: A set E € 2% is claimed to be cluster point in Di-p.t.v.s (X,5,J. ,+,.). If a
disjoint filter exists {F}2, of X for all A € {F}2, such that inf,+ S, (A,E)=0
and infiz+ . e+ Je (A;) S E \which is expressed by {Ai}il — E. We repersented the set of all
cluster points in Di-p.t.v.s by ‘Q(X).

Definition 3.7: A filter {F;};2, of X is referred to as a Cauchy filter in Di-p.t.v.s ( Di- Cauchy), if
each of the cluster point Ej Jm infi g eer e, S:(A,E) =0 and Jim_inf ey 3 (A) <
Ey, for all A € {Fi}i21. A filter {F;}2;in X is claimed to be Di-convergent filter in Di-p.t.v.s if

for each E € ‘Q(X)like that S, (A, E) = 0 and I (A;) € E, forall A; € {F;}2, and ieZ* .

Proposition 3.8: Let's (X,S,, 3 ,+, . )be Di-p.t.v.s, hence the following are equivalents :
1. Di-convergent filter in Di-p.t.v.s.
2.liminfg geopye §T(Ai, E) = 0, lim inf, ¢+ Se(Ai) C E, lim sup,, Ee(F )R, §T(Ai, E) =0
i—oo ! U= : j—oo : i—o00 b U= :
and lim sup 3 (4;) € E.
j—0 :
Proof:
Let's {F;};2, be Di-convergent filter in Di-p.t.v.s.
Hence for all E € 'Q(X) and for all A; < {F}2, like that S, (A,E) =0 and 3. (4) SE, so
infi.;+S.(A, E) = 0, infiez+ ¢ e+ Se (A) S E and sup;ez+ S: (A, E) = 0,
SUDjez+ e et Se (Ai) CE. Thus liminfs Be(F ), ST(Ai, E) =0, liminf, ¢+ 3¢ (Ai) CE,
! : o0 b U= : 1—>00 )

lim SUDZ, fer)e, Sr(Ap E) = 0and lll)rorg SUP, ent Se (Ai) C E .Forall Ae {Fi}i21.

joo00

On the other hand , if condition(2)is met thats liminfs gerryo S:(A,E) =0,
lim inf, ¢+ Se(Ai) c E, limsup,, Be(F )2 ST(Ai, E) = 0 and lim sup, e+ Je (Ai) c E , for all
i—oo - i HPEEEPIEL ' oo '
A € {F}2, Afterward E is cluster point, that's inf,.;+ S;(A;, E) = 0 and infi.z+ ¢ e+ Se (A) S
E. Sothat S (A, E) = 0 and 3.(4;) < E. So {F;}{2, is Di-convergent filter in Di-p.t.v.s.
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Remark 3.9: All Di-convergent filter are Di-Cauchy filter (Cauchy filter Di-p.t.v.s), but the

reverse not true .

Example 3.10: Let's X =R/{0} and S,: 2X x 2X — [0, oo] defined as

o Aj#9 and E=9

S:(A, E)= ) ,
(A, E) infie4, megn — ml Ai#@ and E#0

7 ={ Ac R0} :3n€ Z*,(=,~) A}
be Di- Cauchy filter proximit topological vector space not Di-convergent filter in Di-p.t.v.s.

Proposition 3.11: The following are equivalents if X is a Di-proximit metrizable topological
vector space:
(D{F;}2, is Di-convergent filter in Di-p.t.v.s.
(2) supgequSa(A, E) = 0.Forall A; € {F}2,.
Proof:
Suppose that {F;};2, is Di-convergent filter in Di-p.t.v.s.
Then for each E € Q(X) like that $,(A, E) = 0 and 3. (4) € E.
S:(A,E) = infy, e, inf,csd(m;, m)=0

= SUPgeq(x) infmiE A inf, cp d(mi, m): 0

= SUpgequSa(AL E) = 0.
On the other hand , if condition(2) is met that's

SUPgequoSa(A, E) = SUPgen(x) INfim,e4, inf,esd(m;, m)=0

Proposition 3.12: If {F;};2, is filter in X and (X, S¢S+, . ) is Di-p.t.v.s, then the filter in(X, &)
is Cauchy filter if and only if it is Di-Cauchy filter in(X, S; S+, .)
Proof:
Let’s {F;};2, is Cauchy filter in (X, d).
Then for each € > 0 theremay 8 € F,d(n,m) < €. Forallnm € 8.
S:(A,E) = infy, ¢4 infy e d(n;, m) = 0.Forall A € {F}2,.
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Since {E € F: 5. (A,E) = 0 < e} = 3(4)), such that 3.(4;) < E.
Then {F;};2, is Di-Cauchy filter in (X, S: .3t ).
Reversely ,Let’s {F;};2, be Di-Cauchy filter in (X, St .St )

For each of the cluster point Ek’ihinoo infg, g eqryc2, Se(Ay Ex) = 0 and lim_inf cy+ S(A) c By
Then infg g ez, Sc(AyEx) = 0and inf . cqe 3 (4)) € By

§T(Ai, Ek) inf, ek, inf d(nl,mk) = 0,then

my €k
Then for each € > 0 theremay 8 € F,d(n,m) < €. Foralln,m € R,
Consequently {F;};2, is Cauchy filter in (X, d).

Theorem 3.13: Let’s (X, S; ,Se,+, . ) be Di-p.t.v.s and let {Fi}i21and {J;};2,be Di-convergent
filter in (X, S; S+, .) between E and § , in that order. After that,
(1) {F; + J;3}72, is Di-convergence filter to E + S.
(2) {¢ 7,32, is Di-convergence filter to {E.
(3) {F,J;}i2, is Di-convergence filter to ES.
Proof:
(1) Let’s {F;}24, {J}2, is Di-convergence to E, S such that
{Fi+J}2. = (v p= n;+m; : n; € F,m; € J;}.
{(E+S}={n+m:nefmeS}
Since {F;};2,is Di — convergence to E.Forall A € {Fi}i2, and
lllglo iani'Ee{T‘i}& S:(AE) = Olllglo inf, e+ Se (A) S E lll)rg SUP4, fe(r2, S:(A,E) =0,
andilirglo supe e+ Je (A) € E
And since {J;}{2, is Di-convergence to S.For all L; € {7,372
lim infg, gez,je0, S.(L,S) =0, lim inf g+ 3(L) € S'lll,% SUPL, Se(F 2, S¢(L;,S) =0and
lllro% supe e+ e (L) € S.
liminfg ¢ ccr, 32, inf, 4, manEd(nl,n) =0 and hrn inff, secr, 3, infy, ep, inf Egd(mi,m) =0

1—)00

Consequently

llm inf$S (A +L,E+ S) = hm infmin{inf, e 41, 10604 megss d(n + m;,n+ m)}
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S .hm lnf mln{lnfni+miEAi+LilnanE d(nl + mi' n)' lnfni+miEAi+[‘ilnmeS d(nl + mi’ m)}

i—0o
< 1132 inf min{infnieAiinanEd(ni, n) + infy, esinfcg d(mi, n),infnieAiinmes d(ni,m)
+inf, ep infes d(mi,m)} = 0.
Thus }Lrorg infST(Ai + Li' E+ S) = 0 and 1ll)rorg sup ST(Ai + Li' E+ S) =0 and
lll)rorg SUPe eqt (A + L) = lll,r?o sup.eqr {E+S€ FiS(E+SA + 1) <e}
= lim supe g { infr 4 meg s mied; oo, d(n+mn+m)<e

< lim sup, g+ { infycginfyes d(n, 1) + inf,eqinf, o, d(m,m;)} <e

< lim sup, e+ [{ infpeginfy s, d(n, 1)} < € +infyeginfy, f, d(m,my)} <el.

< IILT, supe eqt [ Se(A)+ (L]

< lim sup, e+ S(4) + lim sup, eg;+ 3(L;) S E4S.
And lim inf, g+ Se(A; + L) € E +S.

[00]
i=

Then {F; + J;}._, is Di-convergence filter to E +S.

(2) Let’s {F;} is Di-convergent filter to Eand ¢ € F like that {(7—"1} ={{n;: i€ Z*}.

So Forall A; € {F;}72,

llirglo infg 5 e, S:(A,E)=0, ll_zg inf, cq+ Sc(A) € E, 11_1)13(} SUP4, 6 eF )2, S:(A,E) and

ll_}gl Sup  ex+ Se(Ai) CE
lll)roré ianpEkG{ﬂ}{’% ST(A’E, E) = lll)rorcx’ iani'EkE{Ti}iogl inf nieAiinf neEd(ni'n) =0,
Then lllglo infiA;.ZEke{T;}f& S:(¢A, ¢E) = lll)rorg inffAi'fEkE{Ti}fil inf 7, eg4,inf (nE(Ed((ni’ {n) =0,
Consequently 115510 infe4 ¢t crpe, S:(¢A;, ¢E) = 0and lllglo SUP 4, ¢t e 3%, S:(¢A,CE) =0
11_1)1;} inf [ cqp+ SE(ZA'i) c ¢E and 11_1)1;21 SUp ¢ eq+ Se((Ai) c (E

Then {¢F,;} Di-convergence filter to { E.
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(3) Let’s {F}2,,{J;};21be Di-convergent filter to E,S, like that {F.J,} ={Vv h=n,.m;: i€
z*}. Since {F;}{2,is Di — convergence to E then for each E € ‘Q(X) such that Sr(Ap E) =0,
S(A) cE.
Since {J;}21is Di — convergence to S then foreach S € Q(X), S;(L;,S) = 0, 3(L;) < S. Put
P = ES and n,m € P such that
ST(AiLi, P) = inf nymyesf, ANE nmepd(nimi, nm) = 0.
Thus S, (AL, P) = 0 and 3. (AL) € P.

Then {F,J;} is Di-convergence filter to ES.

Definition 3.14: A Di-p.t.v.s is known to Di-complete if each Di-Cauchy filter is Di-convergent

in (% 8, S+ . ).

Theorem 3.15: A Di-p.t.v.s (%, S;, S, +,.)is Di-complete space if and only if (X, S4, S, +,.) is
complete.

Proof:

Let’s {F;}i2; be Di-Cauchy filter in (X, S, .3+ . ), then it is Di-Cauchy filter in
(X,54 S +,.) by Proposition 3.12.
Given that (X, S; .S+, . )is Di-complete, so for everyone E € ‘Q(X) like that S.(A;, E) = 0 and
S (A) € E. So S.(A,E) = S4(A, E) =0, then (X, 54,3, +,.) is complete.

Reversely, Let’s {F;}72, be Di-Cauchy filter in (X,54 e, +,.) .
Since (X,54,3c+,.) is  complete. Forall Aie {F;}72,, S4(A,E)=0 and I (A;) SE.
Consequently
SUPEen(x) Sd(Ai, E): 0. Forall Ai € {F}2,
Then {F;}{2,is Di-convergent filter in Di-p.t.v.s (X,5., 3., +,.).

Then X is Di-complete.

Example 3.16: Let’s ‘R be a set of real number with usual topology, defined by

§.: 2% x 2% — [0, 0]
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0 A E are unbounded
$(AE) =] o Az0E=0
inf,c4inf,cgln —m| A Eare bounded

and

R
S (A)={0

infpepqginf c4ln — m|

A is unbounded
A+0
Ais bounded

Then (R, S4 S, +,.) is Di-complete proximit toplogical vector space.
Solve:- Fori € Z*, forall A; € {F}2,

0 Ai' Ek unbounded
S.(AyB) ={ A+ 0,6 =0

1nfnieAimfmie Eklni — mi| A;, Exare bounded

and

R
Se (Ai) =19

infpe4infyeq [n —m|

A; is unbounded
A#0p

Ai is bounded
Let’s {Fj}i2; be

Di-Cauchy filter , for each of the
lim infz

cluster point Ej
e i'EkE{Ti}fgl ST(AII Ek.) =0 and 1lkll>rcl>o infe eRnt SE (Al) c Ek

(i) If £ < % is unbounded, lim infy g, (e, S<(Ay Ex)= 0 and lim inf ¢ e+ e (4)) < Ey.

iani'Eke{?i}iogl S‘[(A’lﬁ Ek): 0 and infieZ+,E ent Se (Al) c Ek

@) If Ai, Ek are bounded |,

lll)% lanl’Eke{?l}:ﬁl ST(AII Ek) = lll)rolg lann,EkE{ﬂ}fﬁ1 lnntEA’llnfmle Eklnl - m1|: 0 and
lll)rorg inf . eq+ e (4) = lll)rg inf . eq+{Ex € F : S;(A, Ey) < €}

=lim inf ¢ e+ inf g4 inf, cq [n —m|
im0 1
|ni — mi| <e ,foralli,keZ*,€>0 and 3, (Ai) c Ek- For all Ai € {Ti}fir
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Then {F;};2,is Cauchy filter in(R ,d),but R is complete. Then {F;};2,is Di-convergent filter in R,
for everyone E € ‘0(R) like that |n; —n| = 0. Then inf,, ¢, inf,cg|n; —n| = 0, Sa(A;, E)=0
and 3. (4) cE.

Thus {F;}2, is convergent on (X,S4 3. +,.) then (X,54 3 +,.)is Di-complete proximit

topological vector space.

4. Conclusions
In this paper , we proved every Di-convergence filter are Di-Cauchy filter of Di-proximit
topological vector space. Moreover , we deduced that Di-complete of Di-proximit topological

vector space and his relationship with (X, S4, S, +,.) .
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