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In this work , We have introduced a new conformable fractional derivative operator,
named as the T,  operator, which depends on two parameters a, 8 in (0,1] with a # f,
and based on this operator we propose an extended conformable fractional integrating
operator which is called T, z. We investigate some essential properties involving the
commutators, non-commutativity relations when iterating the extended operator, and
have represented the extended operator as a combination of ordinary differential
operators and single-parameter conformal derivatives. To show that this methodology
has some real utility we employ the g% ,-integral transform on a Conformal Fractional
Integro-Differential Equation (CFIDE) which describes a viscoelastic damped system.
The novel extended fractional method provides an effective analytical and series-based
technique for the treatment of challenging fractional order integro-differential and
boundary-value problems.

1. Introduction

Fractional calculus has proven to be a valuable tool for modelling of memory-dependent and non-local
dynamic systems in real physical applications including viscoelastic material behaviours, signal
processing, anomalous diffusion processes. The standard definitions of fractional derivatives, like that
of Riemann-Liouville and Caputo derivatives, have also non-local features and the fractional
derivatives of constants are not equal to zero making, that on many occasions the treatment of
analytical problems becomes increasingly more difficult.

In order to overcome these drawbacks, local fractional derivatives were proposed. Khalil et al. [7]
introduced a limit-based conformal fractional derivative of order a in (0,1] for a function f: [0, ) —

R as:

flx+ext™) = f(x)

&

Ta(f(x)) = !51_1;%

This definition satisfies usual properties of binomial, quotients as products rules and identity
T, (k) = =0 for any constant k. This groundwork was also generalized and extended to fractional
calculus problems, by Abdeljawad [1].

Integral transforms are crucial to the solutions of differential, integral equations. Let us mention also
classical transforms such as the Fourier transform (Bracewell [3]) and certain generalized integral
transforms (Davies [5]). These include the Sumudu transform defined by Watugala [9] and the
Sumudu transform of a distribution space studied by Fethibin and Ahmed [6], the Elzaki transform
defined by Tarig [8], and duality studies among integral transforms by Chauhan et al. [4]. Recently,

Fadhil and Geem [10] the generalized g,,,, -transform to a function f(x) as:
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o)

gin(F ) =5 | e~ F(x) x*dx = Fy(s) ,a € (0,1]

0

where s is a positive constant. This integral transform has operational properties which facilitate the
study of conformal fractional operator forms.In this article, we define a new two-parameter extension
of the conformal fractional derivative operator

To5(f (1)) = To (T (f (1))
a, B € (0,1] be a two parameters with a # 8

and we prove some properties of T, z We prove its basic properties, non-commutative nature and
operational form. At last, we apply the extended operator T, z and gi,, -transform to solve explicitly
series solution of a Conformal Fractional Integro-Differential Equation (CFIDE), which is motivated
by viscoelastic damping systems.

2. Fundamental concepts
2.1 Definition [1]:
The conformal fractional of order one is defined as following:

flx+ext™) = f(x)

&

Ta(f(x)) = !el—{%
2.2 Proposition [1]:

To(k) =0
To(af +bg) = aT,(f) + bT(g)
Ta(gh) = gTa(h) + hTa(g)
T (Z) — 9Te(f)~fTa(g)

“\g g2
T2u(f(X)) = To (Tu(F(X))

_ L1-a9f
Ta(f) = x* L

o o~ wbhpkE

2.3 Definition [10]:

We define g&,, —transform for a function f(x) for all x € [0, ) , as following formula:

o)

(/) =5 e~ f(x) x*dx = FS,(s) ,a € (0,1] 1)

0

Where the integral exists and s is positive constant.

2.4 Example [10]:
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sx?® sx®

1) gin (k) = s™ foooe_ « kx®ldx = ks™ foooe_T x* Ldx

sm sy |
=—k—e @ = ks™™™
S 0
n,a n a
a o _SX a _ w _ ("-ab)x ~
2) ghn(eP) =s™[TeT T P x* Mdx =5 [TeT @ x®ldx
sm _Snxa 0 sm
= ——¢€ « =
(s™ — ab) o (s™—ab)
sMx®

3) g ((xDF) =s™ [ Te” T« (x*)k xdx

Let v = % - dv = x* 1dx , thus

g% (x)K) = s™ f =" (av)k dv = as™ j ok gy
0

0
= a*T(k + 1)sm k+1)
2.5 Definition [10]:

Let f,h be a function then the conformal convolution of them is given as following:
X
Frah =[£G —u) A wt du
0

2.6 Proposition [10]:

Let f,g be a real valued functions and a, b € R, a € (0,1] then
1-gmn(af + bg) = agmn(f) + bgmn(9)

2-gmn(f *o B) = s Fin (s). Hipn (5)

3 — ghn(Tah(x)) = s"gkn (h(x)) — s™h(0)

4 = gin(To(Toh(0))) = 5" g (R(x)) — s™Th(0) — s™*™h(0)

k-1
5 — g (T () ) = s*7gin (h(0) = s™ ) S™E==D(T,)ih(0)
i=0

3. Extension Conformal Fractional Derivatives
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3.1 Definition:

Let a, B € (0,1] be a two parameters with « # fand let f:[0, ) — R be a twice differentiable
function then we define extension conformal fractional operator T,z as following:

To5(f (1)) = To (T (f (1))
3.2 Proposition:

let f:[0,00) — R be atwice differentiable function then
Topg(f(0) = x> Ff" () + A = Px " Ff'(x) , a,B € (01] €Y)
Proof:
Tep(f(0)) = Ta(T(f () = Ty (X' /() = =[x P £ (20) + (1 = PP ' ()]

= x27 B (x) + (1 - PP (x)

3.3 Remark:

We note that T, g (f (x)) # Tgo(f(x)) also

Tap(f () = Tpa(f (X))
= X2 P + (1= P B () — 2B () — (1= ) A f ()
= (@ = PxT B (x) # 0

3.4 Proposition:

Let f be a twice differentiable function and «, 8 € (0,1] then

Tap(f (x)) = xP~Tp(Tp(f (x))

Proof:
Ta,[)’(f(x)) = Ta(Tﬁ (f(x))

. o _gdh dh _
Since T, (h(x)) = x*"*h’(x) and Tp(h(x)) = x* B% - % = xP1Tp(h(x)) thus

Top(F)) = Ta (To(f () ) = xl-“j—x(Tﬁ(f(x)))

= x179%xF71T, (Tﬁ(f(x))) = xP T (Tp(f (%))
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3.5 Application:
Conformal Fractional Integro-Differential Equation (CFIDE)

Consider the following equation:

X

Top(u(x)) + CTp(u(x)) + Du(x) + yf K ((xﬁ — tﬁ)%) u(t) tP~1dt = h(x)

0

With conditions
TB(u(O)) =u;, u(0) =u,
Where u, K are twice differentiable functions and «, 8 € (0,1]

To solve Egs.(2,3) , we suppose that v(x) = Tg (u(x)) to get the following system

xB=2Tp(v(x)) + Cv(x) + Du(x) + yf K ((xﬁ - tﬁ)%) u(t) tP~1dt = h(x)
0

T (u(x)) = v(x)

Now we take -gﬁm-transform for both sides of Eq.(4) and Eq.(5) to obtain:

ghn (X Tp(v(0) ) + CWify + DU + VB (K() % u()) = Hi,
ghn (XPTp(v()) ) + Vi + DUp + YK Ul = Hi
Let RS (gf’nn(f(x))) = Rfﬁ;f(Fﬁm) = gb (xF~*f(x)), thus Eq.(6) becomes
REE (g (15 00))) + CUE, + DUE, + yKE, U, = HE,
REE (7Y, — smu(@) + Vb, + DUE, + yKE, b, = HE,
Ry (5"Vin = s™T5(w(0)) ) + Vit + DUL + yKD, UB, = HE,
Rys (Vi = S™1 ) + Vi + DUpy + YK Uy = i

Also, we get from the second equation in system:

(2)

(3)

(4)
(5)

(6)

(7)
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V,fn + s™u

SnUr'[r?m - SmuO = Vrrﬁfn - Ur[r?ln = gn

(8)

By substitution Eq.(8) in Eq.(7) we get

ﬁ m ﬁ m
V.. +s™u Vo +s™u
R%P (s"vfm — smul) +cvf 4D (—"‘" = 4 > +yKE <—m" - 0 ) = HF

By solve the last equation for V,ffn we obtain
Vit = O(Hips YKy, €, D, g, 13, 5) 9)

By substitution Eq.(9) in Eq.(8) we get

1 1
ub = —yP 4 smny, = S—n¢(H,’fm, YK €D, ug,us, s ) + 5™ g (10)

Sn mn

By taking inverse gﬁm-transform of both sides Eq.(10):

wG) = (gha) (5501 ¥KEw €D 1t 5) + 5™y )

3.6 Example:

Consider The conformal integro-differential equation

X

Tyos(u(x)) + 2Tos(u(x)) + J Xty () %% dt =0 , u(0)=1, To5(u(0))=0
0

Which it is viscoelastic damping model.
d d
We recall that Ty s(u) = x°3 ﬁ , Ty(u) = ﬁ
Hence T;(u) =x"%Tys(u)
We suppose that v =Tys(u) , u(0)=1 (11)

Also by substitution in original equation we get
XxO5Ty (V) +2v+ e " x u(x) =0 v(0) =0 (12)

By taking g2> -transform of both sides Eq.(12):
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m

s
gom(x7 " Tos(v)) + 2V0% + (s"——a)

Ugs =0

REO5(VOS) 4 2105 + Uls =0 (13)

(s"—a)

Now we compute RL%>(V93) as following:

First we use the property g, (xf(x)) = —Z—Z ,thus if f(x) = @ ,then h(x) = xf(x)

Therefore
H(s) = g3(h0) = ghE(xf () = — o
By integration both sides with respect to s from s to oo, we get
me(r)dr = —fj—fdr = —F(r) | = F(s),since F() = Slirglofooe‘szf(z)dz =0
s s 0

Hence

0.5

Suppose that y = ’;—5 = 2Vx

REO3(v05) = gl < T, 5(v(y))> = 2[ go To 5(”()’)))

= 2f V%S (1) dr
S

By substitution R-%°(V%3) in Eq.(13) we get

o)
m

S
2-[ r”VI%g(r) dr + ZVT,?T% + mU ?l =0 (14)

S

By taking g2> -transform of both sides Eq.(11):

STUSS - s™u(0) = VS
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By simply this equation we obtain

Upin == (15)

By substitution Eq.(15) in Eq.(14) to get:

o

s™m VO.S +s™
2f ™V (r) dr + 2V32 + e a)( mnsn ) =0 (16)

N

We recall that m=0 , n=1, thus Eq.(16) becomes

co

Zf VOS () dr 4 2s2—2s+1 oS _ -1 17
Vo1 (T') r S(S— 1) 01 — S(S— 1) ( )
S
By differentiate Eq.(17) with respect to s
252 + 25 + 1\ dV32 (s) -1 2s—1
2 V05 01 V05 —
SVoi’(s) + ( s(s—1) > ds + s2(s—1)2 % 7 52(s—1)2

By rearrange the sides we get

(252 + 2s + 1> dvi®(s) 05 2s—1

s(s—1) ds * ( 5T s?(s — 1)2> Vor’ = s2(s —1)?

avg (s) 2s 1 25 —1

— 0.5 _
ds 252+2s+1 2re 12 (25242541 1 2 N2 252+25+1)
s(s—-1) $ (S 1) ( s(s—1) ) $ (S 1) ( s(s—1)

We can approximation of these variables of equation

avy (s) 1 1 os 1 1
—n 0@ =gro(s) (18)
Vo (s) = ok
k=1

dVgs(s) _ i —kA

ds Sk+1

k=1

By substitution in Eq.(18)
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[1s

HES
Il

U)_[}l

k=1 k=1

/11=0,/12 =0 ,132142/15:_1
o 1
Vo (s) = — Sk
k=3

Dbl+1

Since UJ® = then

I0s)
Sk+1

S
k=3
By taking g3y -transform for both sides we get
2 2 4
u(x) =1- §x1'5 —§x2 T 25
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