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Abstract

In this paper, some estimators for the unknown shape parameter of Basic Gompertz distribution have been obtained, such as
Maximum likelihood estimator and Bayesian estimators under Generalized weighted loss function, using Gamma prior. All these
estimators have been compared empirically using Mont-Carlo simulation by employing the mean squared errors (MSE's). Finally, the
discussion is provided to illustrate the results that summarized in tables.
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1. Introduction

The Basic Gompertz distribution has been introduced by Benjamin Gompertz in (1779-1856). It is often applied to describe the
actuarial, biological and demographic sciences, and also it has a simple connections to the standard uniform distribution and
exponential distribution by means of the distribution and quintile functions. The probability density function of the Basic Gompertz

distribution is defined as follows
flx;6) =fexplx+ 61 —e*)] ; x=0 g >0 (1)
Where & is a shape parameter .

The corresponding cumulative distribution function is given by

F(x)=1—expls (1 —&*)] : x=0 (2

The Reliability or survival function is

REt) = F(t) =explo (1—¢)] ; t2=0

2. Some estimators of the shape parameter (&)

2.1. Maximum likelihood estimator
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Let xy, x5,... ,x, be a random sample of size n from the Basic Gompertz distribution defined by (1) , the likelihood function for

the sample observation will be as follows 1 [0:

Lz %, 3y 8) = nlL, flx : 6)
=6 exp[ I % + 6 LI, (1 — €9))] ©)

The natural log-likelihood function will be
InLix:8) =nlnf + 1, % + 830, (1 — &%) 4)

By differentiating partially In L(x;; 8) given by (4), with respect to & and equate to zero, the MLE of & become

—-n

Bae = T

mp(1— &%)
==, where T=3%%(1— &%) (5)
2.2. Bayes estimator

In this paper, we assumed that, prior distribution of the shape parameter & is Gamma distribution which defined

as follows EI:

i)
9(8) :er ge-t gof af=0 : 68=0 (6)

The posterior probability density function of the shape parameter & can be expressed as form™!:

L (g g ey 8 g08)

H(Blx) =

g Ly g ity 81 gr87d8

mie, flx:80 g8

= 7
I gL (g g0 80 (6708 )
Now, combining (3) with (6) in (7), yields:
_ grHf-ig—8 [a-TR [1-8%]]
H{B |E} = J-uaean_ﬁ_iE—a [a-L1- o)1 gg
After Simplification ,we get 8)

That is, the posterior p.d.f. of the parameter £ is obviously Gamma distribution. On the other hand

flx~Gamma (n + . & — T ), with:
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2.2.1  Bayesian estimators under Generalized weighted loss function

AL-Nasser and Saleh™ (2009) suggested the Generalized square error loss function as follows

L(8.8) = (ZF_b87) (6 - 8)’ : k=01.; b=(=0..k areconstants

Rasheed (2015) © proposed a a modulation of the the Generalized square error loss function and named it Generalized

weighted loss function which is defined as follows

(£k_q b87)(8-6)"

L(G. 8) = =

, 8=0 ; c¢=1,2,3, ... are constants 9
Then the Risk function under Generalized weighted loss function denoted by H{éﬂ Ef} is:
r(6.8) = E[L(8. 8)]

= fy (S50 5;69)(6 - 6) H(6|x)ds

=1 B, ,
:[ F(bn+£J16‘+"'+5a9”](9‘—296‘+9‘]ﬂ{9|£}dﬁ'
o

=5n9‘5(3lc|£] 2b E'E( —lx) + b E(Ecl..l_]+ 51§=E(Ec1_1|£] 2 95( ! SIx) + by E(E:_! x) +

1 - 1 1
+ EJRE"E(EC_R |£) — 2byBE (WEJ + hgf(m |£]

By taking the partial derivative for #(#,8) with respect to 8 and setting it equal to zero yields

RIE, -
53) _ 2byBE (12) - 250 B (= 1x) + 26,85 (= 1x) — 26, E (o 1x) + + + 28E (2 1x ) — 264E (e 12) = 0

Hence, Bayes estimator using Generalized weighted loss function, denoted by & can be written as

- 1:~:|E!|.r __1|3}+b1Ef - |;}+ +bhE|:+Lﬂ|x}
O e E e (e () (10)

Now, we will discuss some special cases of the Generalized weighted loss function:

Putting k = 0 and ¢ = 0, leads to the Square error loss function which is defined as follows
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L(4, 8) = (6 - 6)°
When k =0 and ¢ = 1, yields the Weighted square error loss function which is as follows:

(4. 8)°

L(g. 8) = 2

If k=0 and c = 2, leads to the Quadratic loss function, which is written as
~ 8 -8\
Lig, g) = ——
w0 -(9)
To obtain Bayes estimators for & by using the Generalized weighted loss function, according to the posterior density function (8), we

derived E(6™|x), E (Ei |£) as follows

L

£(e712) = | o n(eix)ee

= _ o+l gn+f-1 _—8o-T)
(ax—T) g e
= J‘ gm dé
o

o + £)

_ [n+m+g)
~ [ln+fg-T)™

,m=12.. (11)

And E(S)z) = 3 ZH(e]x)ds

o pm

_ (e-Ta™ T (n+f-m)
In+g

., m=1,2,.. (12)
Which can be substituted into equation (10) to obtain & for different values of k and c.

In this paper, we use k =0,1,2 and ¢ = 0,1, 2, based on Gamma distribution prior.

Now, let k=0, yields

1
E(—tﬂ:lx)
ﬂ._ E iy
b=—1
E(ETIE)
Putc =0, gives

181



Journal of Iragi Al-Khwarizmi Society (JIKhS) Year 2018  pages: 178-187

Volume:2 Special issue of the first international scientific conference of Iragi Al-Khawarizmi Society 28-29 March 2018

8, =E(g) = =8

(a-t)
By letting c =1, gives
- i R [ —17
B,=[E ()" =25 (13)

le—T]

Letc =2, we get,

- EE_} _ (n+g-2)

;= =—
Tk iz (e-T) (14)
ngLd
If k=1, yields,
1 1
. bE (BT?HE:] + bE (ET?! IE)
g = 1 1
byE (grli) +bE (ETTI IE)
Putting ¢ = 0, gives,
. PO S PR b MR sl
- hE(s)+mE(s7) e e Rl e e CE
by= B4 B El - b+ by 228 (15)
g+ B E(5) bo+ By (22 )
Let c =1, then we have
o bgbbyE(s) o+ by
bs=—m . = —== - (16)
bg E ;}+ By ﬂul_n_&__i:l+ by
By letting c =2, gives,
= 5:IEE_}+ By a“'::;;—-ij"' by
Be = 2 Vb EE) | gy BT = (17)
R TRNG) i T Rl
Now, letk =2
Putc=0, vyields
- r o m+f) . mEf(ntf+1) o [+ (ndF41) (n+f42)
5= O G T O I R = e 18)
TT mmEenE(s) b+ [ 527 £ SEEIEEH
When ¢ =1, then we have
B o1h [n+f]  _ [n#f) [nefi+1)
- Bo+ b1 E(5)+ boE (5 NG T ey
L ) - o (19)

Z;EE}+21+ B-E(5) = Bl 7_-1)+ Bt 52{::—f}

i
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Put ¢ =2, yields
E\ _ :-l.r }+r1+ _.ZJ:.IS':' fj{ ﬁ 1}+ -1+ z::_ _ﬂ::l (20)
O 3 PO ) PSS (=2 W
In <+ fi— :CI n= ﬁ 2) " ons -1

3. Simulation study

In this section, a Monte Carlo simulation has been done to compare the performance of the different estimators of the unknown
shape parameter for Basic Gompertz distribution &. The process (R) have been repeated 2500 times with different sample sizes n =
15, 50, and100 to represent small, moderate and large sample size.
The values of shape parameter & are chosen as & = 0.5, 1 and 3 to propose the different shape values of density function. Bayes
estimates have been generated considering two different values for the parameters of Gamma prior, @ and § as o = 0.7 and
1.5, §=1and 1.3 taking Bp=-5000, & = 10 and k2= 10. All estimators that derived in the previous section are evaluated based on

their mean squared errors (MSE's), where,

f:D{él: - E}:

MSE(g) = A

; i=1.23..01

The expected values of 0 are tabulated in tables (1-3). The Tables (4-6) represent mean squared errors (MSE's) for all estimates for

different cases.

4. Discussion and Conclusion

The results in tables 4 and 5 which are represent MSE values for different estimates when & = 0.5, 1 respectively, show that, the
Bayes estimates using generalized weighted loss function 5; (when k = 2 and ¢ = 2) is the best estimate in comparison with the other

estimates for all sample sizes, while the best estimates for & when & =3 is 5 (when k = 2 and ¢ = 0) for all sample sizes.

Finally, it is obvious that, MSE's for Bayes estimators using Gamma prior, are decreasing when the value of the scale parameter of

Gamma prior (&) is close to the unknown shape parameter & of Basic Gompertz distribution.
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Table 1: The expected values of different estimators for unknown shape parameter of Basic Gompertz distribution when & =

0.5
n o E a8 i 92 E] 34 & 5 & £ g 7 g g g g ML

05 0.536348 | 0.501746 | 0.467142 | 0.536308 | 0.501708 | 0.467108 | 0.536256 | 0.501662 | 0.467067
0.7 0570952 | 0.536348 | 0.501746 | 0.570909 | 0.536308 | 0.501708 | 0.570850 | 0.536256 | 0.501662

15 15 0.532893
05 0.520945 | 0.487336 | 0.453727 | 0.520908 | 0.487302 | 0.453694 | 0.520861 | 0.487260 | 0.453658
15 s 0.554556 | 0.520945 | 0.487336 | 0.554515 | 0.520908 | 0.487302 | 0.554461 | 0.520861 | 0.487260
05 0512261 | 0.502116 | 0.491973 | 0.512250 | 0.502106 | 0.491963 | 0.512238 | 0.502095 | 0.491952
0.7 0.522404 | 0512261 | 0.502116 | 0.522394 | 0.512250 | 0.502106 | 0.522382 | 0.512238 | 0.502095

1.5 0.510896
50 05 0.508047 | 0.497987 | 0.487928 | 0.508038 | 0.497977 | 0.487917 | 0.508026 | 0.497967 | 0.487906
15 15 0.518108 | 0.508047 | 0.497987 | 0.518098 | 0.508038 | 0.497977 | 0.518086 | 0.508026 | 0.497967
05 0.505579 | 0.500548 | 0.495518 | 0.505574 | 0.500543 | 0.495513 | 0.505569 | 0.500538 | 0.495508
0.7 0.510609 | 0.505579 | 0.500548 | 0.510604 | 0.505574 | 0.500543 | 0.510599 | 0.505569 | 0.500538

1.5 0.504858
100 05 0.503532 | 0.498521 | 0.493512 | 0.503527 | 0.498516 | 0.493506 | 0.503522 | 0.498511 | 0.493501
15 s 0.508542 | 0.503532 | 0.498521 | 0.508537 | 0.503527 | 0.498516 | 0.508531 | 0.503522 | 0.498511

Table 2: The expected values of different estimators for unknown shape parameter of Basic Gompertz distribution when & =1

n o B g i 92 E] 34 & 5 & £ g 7 g g g g ML
1o | L0463 | 0978176 | 0.910716 | 1045487 | 0.078035 | 0010586 | 1045102 | 0.977697 | 0.0102%0
0.7 o | LI13097 | 1045636 | 0078176 | 1112937 | 1045487 | 0.07803 | 1112502 | 1045102 | 0.977697
15 : 1.065785
1 | 098B%40 | 0925136 | 0.861335 | 098B807 | 0.025012 | 0861210 | 098BABT | 0.924733 | 0860976
15 Lo | 1052743 | 0988040 | 0.025138 | LOS260L | 0988807 | 0925012 | 1052261 | 0.088487 | 0924733
o | LOL/14T | 0996909 | 0.976858 | 1017099 | 0.996955 | 0.076818 | 107008 | 0996871 | 0.076734
0.7 1037283 | 1017141 | 0.996999 | 1037240 | 1.017099 | 0.996958 | L.037146 | 1017008 | 0.996871
15
1.021792
50 05 | LO00674 | 0SBOBSE | 0:961043 | 1000634 | 0.980819 | 0961005 | 1000546 | 0.080736 | 0960925
15 o | 020489 | 1000674 | 0.980856 | 1020448 | 1000634 | 0.980619 | 1020358 | 1000546 | 0.980736
1 | 1007573 | 0997545 | 0.067524 | 1007553 | 0.097526 | 0087503 | 1007510 | 0.997486 | 0.087461
0.7 T.017601 | 1007573 | 0.097548 | 1017580 | 1.007553 | 0.997528 | L.017535 | 1007510 | 0.997486
15
100 1.009717
0o | 0999477 | 0.969534 | 0.070587 | 0999456 | 0.080512 | 0:079566 | 09994L5 | 0.080470 | 0.079627
15 Lo | L00%421 | 0999477 | 0.089534 | 1000401 | 0999458 | 0.080512 | L00G358 | 09994L5 | 0.989470
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Table 3: The expected values of different estimators for unknown shape parameter of Basic Gompertz distribution when & =3

n & E g i 92 E] 34 & 5 & £ & 7 & g & g ML
05 2.851550 | 2.667578 | 2.483607 | 2.850436 | 2.666540 | 2.482636 | 2.842691 | 2.659757 | 2.476756
0.7 3.035517 | 2.851550 | 2.667578 | 3.034332 | 2.850436 | 2.666540 | 3.025556 | 2.842691 | 2.659757
15 15
3.197359
05 2471174 | 2.311743 | 2.152316 | 2.470353 | 2.310974 | 2.151597 | 2.465570 | 2.306784 | 2.147956
15 15 2.630604 | 2.471174 | 2.311743 | 2.629731 | 2.470353 | 2.310974 | 2.624319 | 2.465570 | 2.306784
05 2.966031 | 2.907300 | 2.848562 | 2.965671 | 2.906948 | 2.848221 | 2.963362 | 2.904727 | 2.846088
0.7 3.024764 | 2.966031 | 2.907300 | 3.024400 | 2.965671 | 2.906948 | 3.021994 | 2.963362 | 2.904727
15
50 3.065383
05 2.830449 | 2.774403 | 2.718354 | 2.830126 | 2.774087 | 2.718046 | 2.828139 | 2.772171 | 2.716207
15 15 2.886498 | 2.830449 | 2.774403 | 2.886171 | 2.830126 | 2.774087 | 2.884095 | 2.828139 | 2.772171
05 2.980470 | 2.950813 | 2.921154 | 2.980291 | 2.950638 | 2.920986 | 2.979165 | 2.949532 | 2.919898
0.7 3.010128 | 2.980470 | 2.950813 | 3.009943 | 2.980291 | 2.950638 | 3.008793 | 2.979165 | 2.949532
15
0 3.029158
L 05 2.910748 | 2.881785 | 2.852824 | 2.910578 | 2.881617 | 2.852658 | 2.909529 | 2.880590 | 2.851654
15 15 2.851550 | 2.667578 | 2.483607 | 2.850436 | 2.666540 | 2.482636 | 2.842691 | 2.659757 | 2.476756
Table 4: The MSE values of different estimators for unknown shape parameter of Basic Gompertz
distribution when & =0.5
n o E g i EE E] E__} g 5 g £ g 7 g ] g g ML
05 0.021588 | 0.017740 | 0.016454 | 0.021579 | 0.017734 | 0.016451 | 0.021561 | 0.017722 | 0.016445
15 0.7 15 0.028001 | 0.021588 | 0.017740 | 0.027988 | 0.021579 | 0.017734 | 0.027962 | 0.021561 | 0.017722
0.022364
05 0.018313 | 0.015802 | 0.015700 | 0.018306 | 0.015799 | 0.015699 | 0.018292 | 0.015790 | 0.015695
15 15 0.023231 | 0.018313 | 0.015802 | 0.023220 | 0.018306 | 0.015799 | 0.023201 | 0.018292 | 0.015790
05 0.005915 | 0.005543 | 0.005381 | 0.005914 | 0.005542 | 0.005381 | 0.005913 | 0.005542 | 0.005381
0.7 15 0.006497 | 0.005915 | 0.005543 | 0.006496 | 0.005914 | 0.005542 | 0.006495 | 0.005913 | 0.005542
50 05 0.005638 | 0.005359 | 0.005286 | 0.005637 | 0.005358 | 0.005286 | 0.005636 | 0.005358 | 0.005286 0.005941
15 15 0.006124 | 0.005638 | 0.005359 | 0.006123 | 0.005637 | 0.005358 | 0.006122 | 0.005636 | 0.005358
05 0.002633 | 0.002551 | 0.002519 | 0.002633 | 0.002550 | 0.002519 | 0.002633 | 0.002550 | 0.002519
0.7 15 0.002766 | 0.002633 | 0.002551 | 0.002766 | 0.002633 | 0.002550 | 0.002766 | 0.002633 | 0.002550
100 05 0.002572 | 0.002511 | 0.002501 | 0.002572 | 0.002511 | 0.002501 | 0.002572 | 0.002511 | 0.002501 0.002637
15 15 0.002684 | 0.002572 | 0.002511 | 0.002684 | 0.002572 | 0.002511 | 0.002683 | 0.002572 | 0.002511
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Table 5: The MSE values of different estimators for unknown shape parameter of Basic Gompertz
distribution when & =1

n o E g i 92 E] 34 & 5 & £ & 7 & g & g ML
05 0.074690 | 0.064017 | 0.063051 | 0.074631 | 0.063984 | 0.063040 | 0.074409 | 0.063845 | 0.062968
0.7 0.095070 | 0.074690 | 0.064017 | 0.094982 | 0.074631 | 0.063984 | 0.094659 | 0.074409 | 0.063845
1 15 0.089457
05 0.057349 | 0.055685 | 0.062640 | 0.057319 | 0.055675 | 0.062647 | 0.057202 | 0.055615 | 0.062631
15 15 0.067631 | 0.057349 | 0.055685 | 0.067579 | 0.057319 | 0.055675 | 0.067391 | 0.057202 | 0.055615
05 0.022681 | 0.021518 | 0.021184 | 0.022676 | 0.021515 | 0.021183 | 0.022660 | 0.021503 | 0.021176
0.7 0.024672 | 0.022681 | 0.021518 | 0.024665 | 0.022676 | 0.021515 | 0.024645 | 0.022660 | 0.021503
15
50 0.023762
05 0.020944 | 0.020489 | 0.020835 | 0.020941 | 0.020487 | 0.020835 | 0.020929 | 0.020480 | 0.020831
15 15 0.022201 | 0.020944 | 0.020489 | 0.022196 | 0.020941 | 0.020487 | 0.022180 | 0.020929 | 0.020480
05 0.010317 | 0.010062 | 0.010011 | 0.010316 | 0.010062 | 0.010010 | 0.010312 | 0.010059 | 0.010009
0.7 0.010774 | 0.010317 | 0.010062 | 0.010773 | 0.010316 | 0.010062 | 0.010768 | 0.010312 | 0.010059
15
00 0.010547
L 05 0.009932 | 0.009844 | 0.009957 | 0.009931 | 0.009844 | 0.009957 | 0.009928 | 0.009842 | 0.009956
15 15 0.010219 | 0.009932 | 0.009844 | 0.010218 | 0.009931 | 0.009844 | 0.010214 | 0.009928 | 0.009842

Table 6: The MSE values of different estimators for unknown shape parameter of Basic Gompertz
distribution when & =3

n o B E' i féz fé] fé‘; a 5 5‘ £ E‘ 7 E‘ g E‘ g ML
05 0.457675 | 0.491745 | 0.597131 | 0.457288 | 0.491809 | 0.597588 | 0.451626 | 0.489811 | 0.598418
15 0.7 15 0.494923 | 0.457675 | 0.491745 | 0.494026 | 0.457288 | 0.491809 | 0.483768 | 0.451626 | 0.489811
05 0.519786 | 0.683843 | 0.900734 | 0.520328 | 0.684613 | 0.901698 | 0.522419 | 0.687952 | 0.905907
15 15 0.408565 | 0.519786 | 0.683843 | 0.408840 | 0.520328 | 0.684613 | 0.409261 | 0.522419 | 0.687952 | 0.805111
05 0.180598 | 0.181001 | 0.188445 | 0.180533 | 0.180982 | 0.188467 | 0.179810 | 0.180564 | 0.188333
0.7 15 0.187234 | 0.180598 | 0.181001 | 0.187124 | 0.180533 | 0.180982 | 0.186069 | 0.179810 | 0.180564
50 05 0.177070 | 0.193401 | 0.216131 | 0.177111 | 0.193478 | 0.216243 | 0.177134 | 0.193727 | 0.216700
15 15 0.167138 | 0.177070 | 0.193401 | 0.167141 | 0.177111 | 0.193478 | 0.166919 | 0.177134 | 0.193727 | 0.213860
05 0.087627 | 0.087938 | 0.090024 | 0.087613 | 0.087934 | 0.090032 | 0.087455 | 0.087847 | 0.090012
0.7 15 0.089094 | 0.087627 | 0.087938 | 0.089068 | 0.087613 | 0.087934 | 0.088836 | 0.087455 | 0.087847
100 05 0.087283 | 0.091721 | 0.097853 | 0.087295 | 0.091743 | 0.097884 | 0.087308 | 0.091817 | 0.098016
15 15 0.084539 | 0.087283 | 0.091721 | 0.084540 | 0.087295 | 0.091743 | 0.084489 | 0.087308 | 0.091817 | 0.094925
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