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Finite Difference method for Numerical solution of Stochastic boundary
value Problems
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boundary value problem obtainable. In this paper, a powerful numerical algorithm based on the finite
(SBVP), numerical analysis, difference method is proposed to solve this kind of problem. The C-methods of the

uncertainty quantification

(UQ), random parameters current approach approximate the spatial domain in a finite set of grid points where

difference approximations are used to reduce the initial stochastic differential equation
to a system of algebraic equations which can be numerically solved or addressed
further, e.g. within a statistical moment context. To account for the stochastic nature
of the problem, random variables as well as probabilistic distributions are introduced
in the numerical problem formulation. This enables the approach to accurately
represent the variability and uncertainty in boundary conditions and system
parameters. A recursive solution process is introduced in this way to numerically
stable and convergent solution. Furthermore, particular attention is paid to the choice
of suitable step sizes and the discretization scheme, in order to reduce these numerical
errors and consequently improve the accuracy of the solutions. The method’s accuracy
is verified with several problems possessing varying degrees of randomness and
complexity in boundaries. The results also suggest that the finite difference method
offers good approximations at a fairly low computational cost. In addition, sensitivity
analysis confirms that the approach is able to identify the effect of random parameters
upon the overall solution behaviour. The straightforward implementation and the
flexibility of the method, allow us to expect to obtain results concerning a wide range
of Stochastic Boundary Values and to be very accurate and powerful in practical
application.

1. Introduction

To modelling the complex physical processes encountered in science and Engineering , the boundary
value problem plays an important role in in modelling. These problems appear in such applications as
heat conduction, fluid flow, stress analysis, power systems, and environmental processes. In practical
problems, the parameters, boundary conditions and external forces that characterize these problems
are usually not known exactly. Instead, they have uncertainty or randomness as a result of
measurement errors, natural variability, or lack of knowledge. Such problems are called stochastic
BVPs (SBVPs). However, in contrast to deterministic problems, SBVPs are not always analytically
solvable which means that developing numerically efficient methods for their solution is
necessary.Stochastic modeling provides for more accurate depiction of complex processes and enables
researchers to understand how uncertainties propagate in physical systems and influence the ultimate
results. The viewpoint is particularly crucial for safety-critical applications where even minute
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perturbations in the input parameters can cause drastic changes in the results (uncertain engineering [1-
3], aerospace design, climate modeling).

Among the different types of numerical methods, finite difference method (FDM) has become one of
the most popular and successful way for finding approximate solutions for the differential equations.
Its simplicity and versatility, combined with its natural treatment of uncertainty make it a natural
candidate for the solution of these problems. By discretizing the domain into a finite number of grid
points and substituting derivatives with finite difference approximations, the initial continuous
problem is reduced to a system of algebraic equations that can be solved numerically.

This enables the computations to be combined with probabilistic models, resulting in the study of
systems with random inputs and boundary conditions [4,6]. Further, FDM also has a natural setup for
convergence and stability analysis which allow the accuracy and reliability of numerical solutions
under random perturbation to be examined [7]. While these are classical in the sense of the spherical
harmonic time inversion methods, several researchers have focused recently on extending traditional
numerical schemes to deal with randomness and uncertainty. These pursuits have also produced
stochastic versions of well know deterministic methods, such as finite element and finite difference
procedures. The finite difference (FD) method, in particular is an excellent compromise between
complexity and accuracy, which makes it appealing to practical problems where a large amount of
simulation or sensitivity analysis are needed [8,10]. In this article we aim at developing a robust and
effective finite difference based numerical framework for stochastic boundary value problems. By
incorporating probabilistic information into the discretization, the method yields robust and accurate
solutions even in the face of serious uncertainly. This approach is applicable to a wide range of
engineering and scientific problems, leading to improved prediction, design and decision making in
the presence of uncertainty [11,12]. In addition, the framework sets the basis for further extensions,
e.g., coupling with ML for adaptive grid refinement and thus for broadening the applicability and
efficiency of stochastic simulations in computational science [13].

2. Methodology

As mentioned in previous sections, the numerical solution of stochastic initial value problems has
received considerable attention over the past two decades. In constrast, analytical and numerical
approximations for stochastic boundary value problems have been explored to a much lesser extent.
Since analytic solutions for this class of problems are generally unavailable numerical techniques are
essential for obtaining approximate solutions. In line with efforts to develop numerical methods for
such problems, this study focuses on extending the family of finite difference techniques for the
numerical solution of stochastic boundary value problems. The methods presented here differ
conceptually and essentially from previously proposed approaches. Unlike conventional techniques,
this class for methods not rely on solving any initial value problems, instead approximate solutions
are sought at the interior points of the problem domain. For this reason, these method can be regarded
as primary finite difference schemes [14].

The core steps of the finite difference approach are as follows. First the problem domain is
discretized into a set of points:

a<t;<t, < <ty<tysy1=Dh,
and approximate solutions are computed at these discrete points. Second, a system of equations is
formulated by substituting finite difference approximations of derivatives into the differential
equations and applying the boundary conditions, where exact solutions are known. Third, this system
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of algebraic equations is solved to obtain a set of discrete solution values x; = x(t;). If necessary,
interpolation can be applied to estimate x(t)at any point within the domain t € [a, b].

Despite the unique capabilities of this method family, apart from one case, little research has been
conducted on applying it to stochastic boundary value problems. Finite difference techniques have
been primarily employed for the numerical solution of second-order linear boundary problems. In
this study, we aim to extend these methods for the first time to approximate solution trajectories for
first-order linear and nonlinear problems, second-order nonlinear problems, and multi-point boundary
value problems. Initially, first-order boundary problems are considered, with forward, backward, and
central schemes applied to linear cases, and forward and backward schemes used for nonlinear cases.
Subsequently, nonlinear problem linearization and iterative solution methods, such as the Newton-
Raphson technique for solving the resulting system of equations, are briefly discussed.[15]

2.1 Finite Difference Method for First-Order Boundary Value Problems

In the following section, we focus on stochastic second-order boundary value problems, including
both linear and nonlinear cases. Linear stochastic boundary value problems with multi-point
boundary conditions are also considered. Finally, the effectiveness and accuracy of the proposed
theoretical developments are demonstrated through various numerical examples.

2.1.1 First-Order Problems

This section addresses first-order stochastic boundary value problems. To date, no efforts have been
made to apply finite difference techniques for approximating solutions of this class of problems. In
this study, we employ, for the first time, this family of methods to approximate the solutions of first-
order stochastic boundary problems. Initially, we extend the finite difference method to linear
problems, which leads us to categorize the schemes into single-step and two-step methods. For
nonlinear boundary problems, we extend the two-step finite difference approach to numerically
approximate solution trajectories.

2.1.2 Linear Boundary Problems

Consider the following linear stochastic system with boundary conditions:

{d}?(t) = (AX(®) + d(0)) dt + T (BX(0) + Bi(0)) dw; (o),
F,X(0) + F,X(0) =0

As discussed in previous works [25, 32], existence and uniqueness of the solution to this problem are
guaranteed. A solution X = R™is considered valid if Xis Stratonovich integrable and satisfies the
integral form of the system:

{)?(t) = X(0) = f; (4X(s) + d(s) ) ds + d(s)ds + f, Bl (BX () + Bi(s)) dWi(s))

F,X(0) + F,X(0) =0
where i, d,b; € R™ and A,F,, F,, B; are n x nmatrices, and the stochastic integrals are in the

Stratonovich sense. We also assume a partition of the domain [0,1]as follows:
19:0=t1<t2<"'<tN<tN+1=1.

F F
vl o)
° o 7o

The finite difference schemes for the stochastic system can then be summarized in the compact form:

(1)

@)

In addition:
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I, = F(x): (3)
where Trepresents a finite difference operator (e.g., forward, backward, or central), and the operator
Fis defined as:

k
FGO) = (43(0) + @©de + ) (BiE©) +Bi(D) dWi(0)

Note: Before applying finite difference schemes, the Stratonovich form of system (1) should be
converted to the Ité form. However, due to the special structure of this system, the full Stratonovich-

to-1td conversion is not required. The resulting It6 form is:
k

(A)?(t) + Ei(t)) + %Z (sz)?(t) + le;j(t)) de

j=1

* Z; (BiX(®) + ;1)) aw;(¢)

ax

2.2. Single-Step Finite Difference Schemes

In this section, we introduce the single-step finite difference operator for the operators I'and Fin
equation (5.3). This operator is applied over subintervals [t;, t;,,]of the partition 9. Two simple finite
difference schemes, namely the midpoint scheme and the trapezoidal scheme, can be employed and
are presented below. Numerical solutions at each partition point t;are denoted by x;, corresponding to
the exact solution x(t;). All numerical solutions must satisfy the boundary conditions:

Foko + Fiiysy = B

For interior points of the partition, the single-step finite difference approximation replaces the
derivative term in the stochastic system (5.1), dX(t), with x;,, — x;over each subinterval [t;, t;,1].

At the midpoint xl-+1/2:=xi+%hi, where h;:= x;,, —x;, the term {(Aa'c’(t)+&(t))+

% le (B]?a?(t)+Bj(t)Ej(t))}is approximated centrally.
The trapezoidal scheme is then expressed as:

- - 1 1 k 2 -
Xip1 — X =5 |A+ —z (Bj)" (xisr + X)) | by
2" 2L,

1. 1wk . R e A
+E ai+1+Ez' ijﬂ+1+al+52 B]b]l hi
j=1 j=1

k -
+ Z (B;%; + bj;)dW;, 1<i<N.
j=1
Similarly, the midpoint scheme is defined as:

R , 1 I 2 R 1
Xy —X% =5 A+§Z- (Bj)" (xig1 + %) hi+3
j=1

L e LA
G50 P
k -
+ Z (B;%; + bj;)dW;, 1<i<N
j=1

Here, d;and Eﬁdenote a(t;))and Bj(ti), and dW; ;is a random variable with zero mean and variance h;.

These schemes can also be expressed in a matrix form:
WX, = K, 4)
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[C1 D 1 1%
| B
| |

[
! ()

= |
|

I Cv Dyl

lFo F1J lXN+1J LX1v+1J

where C;and D;are n x nmatrices defined specifically for each scheme. For the midpoint scheme,
the components are:

k k
1 2
j=1 =1

k
1
Di = 1 —E A +Z(BJ)2 hi:
j=1

k k
1 - -
i+1 T ZZ bji+1 + d; + Ez B;bj; 2 bji de(t)-

2.3. Two-Step Finite Difference Scheme

A two-step finite difference operator is also introduced for equation (5.4), based on subintervals
[ti—1, tiv1]- A central difference scheme is used for derivative approximations, and Ax(t) + d(t)is
evaluated at the midpoint x;. Numerical solutions x;satisfy the boundary conditions:

FoXi + FiXyi1 = f.

1

Qu

i =

For interior points, the derivative dX(t)is replaced by x;,, — x;_;, and the central approximation for
the remaining terms is applied:

- - 1 k - 7
Xiy1 — Xj-1 = {(Axi +a;) + Ez 1(Bj2xi(t) + ijji)} h;
]:

k -
j=1

Here, d;, bﬂ, dW; ;are defined as before.
2.4. Matrix Form of the Two-Step Finite Difference Scheme

In the two-step finite difference scheme (6), the stochastic increment dW; ;is considered as a random
variable with zero mean and variance h;. Using the closed-form matrix representation, the scheme

can be expressed as:

FX19 =K,
which, in detail, takes the form:
-1 M; I X4 X1
[ -1 M, I l [ X3 ] X2
. My, 1] | 8 =]
l 1S RJ [xw J kn
F, Fy XN+1 B

Here, Idenotes the n x nidentity matrix, and M;for 1 < i < Nare n X nmatrices defined as:
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M, = — [A + lzk (B? + 3B-alw-l h,

l 2 j=1 ] hi ]
ki = | + 3550 Bib;| by + B, Buaw; (@), (6)
The matrices Sand Rare determined based on the boundary conditions of the problem. Note that to
construct the —Nth row of T', information from the point N + 2of the partition Jis required. Since
this point is not part of the partition, a common approach is to set the solution at N + 2equal to that at
N + 1, leading to:

S=—IL,R=1—My,,.

For Neumann boundary conditions, e.g., % (b) = g, the approximation can be written as:

XN+2 — XN+1 —ah
T ho g = Xn+2 = g NNy
N+1

which modifies the last row as:
S=—-LR=1—-Myy;,ky =Ky — g hys1.

Alternatively, a central difference can be used to approximate the boundary, or the function value at
point N + 2can be set to zero, which is a common practice in numerical implementations.
2.5. Nonlinear Boundary Value Problems
In this section, we extend the finite difference method to the numerical solution of nonlinear
stochastic boundary value problems. Consider the multidimensional nonlinear system:

dX; = f(Xg, t)dt + o (X, t)dW, .
{ h(Xo,X,) = h, ¥
where fand ohave appropriate dimensions such that the stochastic integral in (7) is interpreted in the
Stratonovich sense. As mentioned earlier, the existence and uniqueness of solutions for the
nonlinear stochastic boundary value problem (7) is generally unresolved, and only special cases
under certain conditions on fhave been investigated [22, 320].
Definition 2.5.1: A process X, € R"is a solution of the differential equation

dX; = f(Xp, t) dt + o(Xg, t) AW,

if a(X, t)is Stratonovich integrable for all ¢t € [0, T]and
t

t
X: — Xo =f f(XS,s)ds+f o(Xs,s)ds0dW,
0 0

Moreover, X, must satisfy the boundary conditions almost everywhere, i.e., (X,, X7) = h.
Following the previous approach, we partition the interval [0,1]as 9:0 =¢t; < t, < - < ty;4q = 1,
and denote the numerical solution at each point t;by x;, corresponding to the exact solution x(t;). All
numerical solutions must satisfy the boundary conditions:

h(xy, xy41) = hy.
Let I'denote a finite difference operator and define Fas

F(x) = f(x:, t) dt + a(xg, t) dW,. (8)
The family of finite difference methods for the numerical solution of (7) can then be expressed as:
I'(x) = F(x). 9)

2.6. Trapezoidal Scheme

178



Journal of Iragi Al-Khwarizmi (JIKh) Volume:10 Issue:2 Year: 2026 pages: 192-173

If Fand Fin (9) are chosen as

- - 1 = - 2 - - . .

Xiv1 =X =3 [f(ti;xi) + f(ti+1»xi+1)]hi + o(t;, X)Aw(iD), 1<i<N+1 (10)
we obtain the trapezoidal scheme for the nonlinear problem. Here, AW;are normally distributed
random variables with zero mean and variance h; = t;,; —t;. Without loss of generality, the

boundary function h = Ocan be assumed. Note that x;appears implicitly, and both fand ocare
nonlinear functions of x;and t;. Incorporating the boundary conditions results in the following
nonlinear system:

( Xy — X1 — % [f(t1’551) + f(tzﬁ_ez)]fh —o(xy, t)AW (1) = 0
¥ — % — S [f(ts %) + f(t3, %) | hy — 0z, £)AW(2) =0

i - ) L . (11)

XN —XN-173 [f(tN—1»xN—1) + f(tN;xN)]hN—l +o(xy_1, ty-)AW(IN —1) =0

Xn+1 — Xy — % [f(tN—l'fN) + f(tN+1'5C)N+1)]hN +o(xy, ty-)AWN — 1) = 0

\ h(xy, xy4+1) = h.
2.7. Midpoint Scheme
Alternatively, choosing
Xiy1 — )E)i = %[f <ti+l'%(£i + 2i+1)>] hi + O'(xi, tl)AW(l), 0<t<1 (12)

2

yields the midpoint scheme, where AW;is defined as before. Incorporating the boundary conditions
produces a corresponding nonlinear system analogous to the trapezoidal scheme.

r - - pd 1,5 - =

Xy — X1 — % If <t1+;; (% + x2)>l hy + o(xy, t)AW(1) =0
- - p4 1,5 - =
Xy — X1 — % If <t2+;; (% + xz))l hy + 0(xy, t)AW(1) =0

(13)
- - 4 1,5 - =
XN —XN-1 % [f (tN_l_,_l»; (Xn-1 + xN))l hy_1+o(xy_1, ty-))AW(N —1) =0
2

- - 1 pd 1,5 - Vad - =
XN+1 — XN T3 lf <tN+%;5 Xy + xN+1)) + f(tN'xN)l hy + o(xy, ty)AW(N) =0

\ h(xy,xy4+1) = h.

2.8. Newton’s Method for Nonlinear Systems

As is evident, the discretization of the nonlinear boundary value problem leads to a system of
n(N + 1)algebraic equations with n(N + 1)unknowns, X,. lterative methods, such as Newton’s
method, can be employed to find the roots of these nonlinear equations. In this section, we describe
Newton’s method for solving the system resulting from the finite difference schemes, taking system
(11) as an example. The nonlinear system (13) can be solved in a similar manner.

Consider the nonlinear function F (x)defined as:
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Xy — X1 — []?(tlwfﬂ + f(tz'fz)]fh — 0 (xqy, t)AW (1)

1

2

- - 1r2 - 4 -
X3 =Xz =3 [f(tz,xz) + f(t3,x3)]h2 —0(x,, t;)AW (2)

F(x) = - - 1r2 - Yol .—>

XN —XN-173 [f(tN—1;xN—1) + f(tN!xN)]hN—l +o(xy_1, ty—)AW (N — 1)
- - 1 pd - Vol -
XN+1 ~ XN T3 [f(tzv—pxzv) + f(ty+1s xN+1)]hN + o (xy, ty_1) AW (N)

L h(xy, xy41) = h.

Our objective is to solve the nonlinear system

F() =0 (14)

where the solution vector is ¥ = [x, X5, Xy, Xy +1]" -

In Newton’s method, a sequence of approximations

K (K k) (K
x(®) = [xi ),xg ), ,x,f, ),xlf,gl]T

is generated, which converges to the solution of the nonlinear system, provided that the initial guess

0 (0 0) (0
x© =[x, x®, 1P 1) T

iIs sufficiently close to the true solution and that the Jacobian matrix of the system is nonsingular.
At each iteration, Newton’s method requires solving the linear system:
xk*+D) = x®) — [DF (x")]71F (x*),
where DF (x)is the Jacobian matrix. For the nonlinear system (14), the Jacobian takes the block form:
[ B ]
| A2 B |
DF(x) = K . @an
AN+1 BN+1
Fo Fy
The components of the Jacobian are defined as:

20,5 =1 H (L)~ (2
B; =D, F(x)=1- % <a£§, x)> h
C=D,F(x)= Oh(t, x)
1 dx,
D =Dy, F(x) = aahjft' *)

Here, Idenotes the n X nidentity matrix. This iterative procedure is repeated until the sequence
x®converges to the solution of the nonlinear system.

3. Results
3.1. Finite Difference Methods for Second-Order Boundary Value Problems

In this section, we introduce a family of finite difference methods for the numerical approximation of
solution paths for second-order boundary value problems (BVPs). We first focus on linear problems.
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In 1995, Allen and Nan proposed a finite difference approach for the numerical solution of this class of
problems [2]. However, until now, no studies have applied finite difference methods to the numerical
solution of nonlinear second-order BVPs. In the second part of this paper, we extend finite difference
methods for the first time to approximate the solution paths of such nonlinear problems.

3.1.1. Linear Second-Order Boundary Value Problems

We consider the two-point stochastic boundary value problem:

{X "(t) = (a(®) + b(O)X(0) dt + (f(£) + g(OX (1)) dW (1), (16)
X(0)=X(1) =0,
where a, b, f, g € C1(0,1)with b(t) = 0, and W (t)is a Wiener process.

Equation (3.1.1) can be rewritten as a first-order system:

dX;(t) = X,(t) dt,
{dX,(t) = (a(t) + b(t)X, (1)) dt + (f (1) + g() X1 (1)) AW (2), 7)
X1(0) =X;(1) =0.
System (3.1.1) is a predictive system, meaning that the solution at any time depends on the Brownian
motion up to that time. As shown by Okano & Bagdo [25] and Demba & Zitoni [32], the solution of
(3.1.1.) can be represented via Stratonovich stochastic integrals.

Definition 3.1.1: The process (X;,X,) € R?is a solution of (17) if it is Stratonovich-integrable and
satisfies

X0 = [y X, @)t

X,(0) = X,(0) + [5(alt) + bEIX, (D)t + [} F(£) + g(t) Xy (E)dW (&) (18)

with probability one. The initial value X,(0)can be determined by an iterative procedure, which plays
a key role in proving the existence and uniqueness of the solution.

The finite difference method for solving system (3.1.1.) is now introduced. First, we divide the interval
[0,1]into Nequal subintervals of length h = 1/N. Let X; = X(t;). The finite difference equations are:

Xiv1 — 2X; + Xioy = h2(a; + bX) + Whn(fi + 9iX), i = 1,..,N + 1,
with boundary conditions X, = Oand Xy,; = 0.

This system can be solved iteratively and, due to its tridiagonal structure, efficiently solved using
standard linear algebra methods.

3.1.2. Nonlinear Second-Order Boundary Value Problems
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Next, we extend the finite difference method to approximate the solution of nonlinear stochastic
second-order BVPs. Consider the two-point problem:

{X”(t) =fX) W) +gX,X"),

X(0)=¢,X(1) =n,
where W (t)denotes white noise, £and nare random variables, and f, gare continuous functions. As
discussed in Section 1, Walsh and Lou (2002) studied such problems and provided conditions ensuring
the existence and uniqueness of solutions [19].

X
_—i Xl _—i 2
L= Xz]’ FX_dtla+bX1+(f+gX1)%
X2
- d
FHX_ala+bX1+(f+gX1)i—V: (19)

This section summarizes the proof for the existence and uniqueness of the solution to a Stochastic
Boundary Value Problem (SBVP) with fixed boundary conditions (Dirichlet conditions), and
introduces the initial steps of the Finite Difference Method (FDM) for second-order nonlinear
problems.

Introduction: Existence and Uniqueness for Linear SBVPs

For the system of stochastic differential equations with initial conditions:

LX =FX
{X1(0) =0,a €R
X,(0) =«

it is known that this problem possesses a unique continuous solution [15]. Assuming two solutions
Xand )?corresponding to initial conditions @and @ (where the Wiener process W (t)is the same):

LX=FX) LX=FX)
{X,(0) = 0and{ X,(0) = 0
L0 =& X0 =a
If Z = X — X, then Zsatisfies the homogeneous problem:

LZ = FyZ
Z(y=a-a
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Theorem 3.1.2: Existence and Uniqueness for Two-Point Boundary Conditions (Dirichlet)

The problem LX = FXwith boundary conditions X;(1) = X;(0) = Ohas a unique solution that is
pathwise continuous.

Proof (Summary):

Assuming @ = 0and & = B # 0. A solution is constructed as a linear combination X(t) = A)?(t) +

Ny — X1 (D)-X:1(1)
(1-=2)X(t), where A ACS A

X,(0) = 0and X,(0) = (1 — 2)B = o, which proves existence. Uniqueness is established by showing

This combination satisfies the equation with initial conditions

that any other solution Xmust coincide with X (t)due to the uniqueness of the Initial Value Problem
(IVP).

Introduction of the Finite Difference Method (FDM) for the Linear System

Subsequently, the Finite Difference Method is introduced to solve system (16). First, the interval
[0,1]is discretized into Nequally spaced subintervals, with a step size of h = 1/N. The difference
equations take the form:

Xi+1 — 2Xl + Xi—l = hz(ai + biXi) + h\/ﬁrll(fl + giXi)'i = 1, ,N +1 (20)
subject to the boundary conditions (5.20). This system can be solved iteratively, and it is also solvable
using methods for tridiagonal systems.

3.1.3. Second-Order Nonlinear Boundary Value Problems

In this section, the Finite Difference Method is extended to approximate the solution of second-order
nonlinear stochastic boundary value problems. The two-point stochastic boundary value problem
considered on the interval [0,1]is:

X"=fXOW +g(X, X"
{ X(0)=¢ (21)
X)) =n
where Wis White Noise, £and nare random variables, and f, gare continuous real-valued functions. As
noted in the first section, Walsh and Lu studied this problem in 2002 [19]. They established the
conditions under which this problem has a unique solution (which are assumed to hold here). Problem
(21) is a concise representation of the following integral equation:

This problem can equivalently be written in integral form as:
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{Xt =&+ K, + fot fosf(Xs)odWS ds + fot fosg(Xu,X'u)oduds 22)

X1=n
where W;is a standard Brownian motion, o dW,denotes the Stratonovich integral, and Kis an unknown
initial value. Setting Y = X', the system becomes:

X =&+ [, Yods

Y, =K, + fotf(XS)odWSds + fotg(XS, YJJods 0<t<1 (23)
X1=n
The finite difference method is applied by central differences for the first and second derivatives.
Dividing the interval [0,1]into a partition 9:0 =t¢t; <t, < -+ < tyy; = 1, the two-step central
difference scheme is:

E B — F ) AW + g (xS, 24)

where x; = X(t;)and AW;is a normal random variable with mean zero and variance h;.

Due to the nonlinearity of fand g, this leads to a nonlinear algebraic system. Including the boundary
conditions, we have:

( % — fF(x)AW(2) — g (xz,x;;xl) =0
5 2
"4‘2h++x2 — f(x3)AW(3) — g (x3‘x;}—1x2) =0
3 3
< xN—Zx;\l/2_1+2xN-z _ f(xN—1)AW(N — 1) -9 (xN_lerZ;lxN_z) = 6’ (25)
i N-1
—2xXN+XN— N 0
TR — f ey )AW (N = 1) — g (x, 22202 =
Xg = é,
\ X1 =17

As previously mentioned, standard numerical methods, such as Newton’s method or Broyden’s
method, can be used to solve this nonlinear system.

Remark: Second-order boundary value problems can be transformed into first-order systems by
introducing X; = X, X, = X'. For problem (21), this gives:

Xl ’ 0 H 2
= W+ :
b = Loy * L x,, )]
which is a first-order system that can be solved using the methods developed for first-order BVPs.

3.2. Linear Boundary Value Problems with Multi-Point Boundary Conditions

3.2.1. Problem Definition
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In this section, we study problems of the following form:

L[X] =dW (26)
where the differential operator Lis defined as:

d
L = DTl + an_an_l + -+ alD + ao,D = a

such that the coefficients a;are continuous functions on the interval [0,1]. The problem (26) is also
subject to the following multi-point boundary conditions:

e X(4) = ci @7
where the points t;are selected from the partition:
m0<t; < <tp, <1lm<n
Furthermore, we assume that the matrices a;;in relation (27) are of full rank.

3.2.2. Reduction to a First-Order Stochastic System

The system of boundary value problems defined by (26) and (27) can be reduced to the following first-
order stochastic system:

DY () + A(t)Y(£)dW = 0 (28)

with the boundary constraints:

;'nzl aij Y(t]) = Cy 1<i< n, (29)
Here, Y(t) = (Y1(t),Y,(t) ..., Y,(t))is a vector, and its components are defined as Y;(t) =
piX(t)for1 <i<n.

3.2.3. Definition of the Matrix A(t)

The matrix A(t)is defined as:

B(t) = (W(t),0, ...,0)

-1 (t) ay_o(@) - a;(t) ae(t)
-1 0 0 0
AR =] 0 -1 - 0 0 (29)
0 0 . -1 0
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3.2.4. Background and Related Work

Subsequently, we will develop difference schemes for the first-order system (28) with boundary
conditions (29). Alabert and Ferrante [5] investigated this type of boundary value problem in 2003.
They explored various properties of the solution to these problems, including Markov properties. It is
notable that in [5], the term “Functional Boundary Conditions” was used for the boundary
conditions (27).

3.2.5. Discretization of the Domain
To begin, we consider a partition of the interval [0,1]that includes the partition points 7:

00 =t; <ty < <ty<tysi
For the system (28), we consider a single-step difference operator. This operator will be based on
values corresponding to the subinterval [t;, t;,,]of the partition 9. A forward difference scheme can be
used to approximate the derivative term. We denote the numerical solutions at each point of the
partition 9by x;, which corresponds to the exact solution X (t;).

3.2.6. Numerical System and Boundary Conditions

In this context, we emphasize that all numerical solutions must satisfy the boundary conditions of the
problem, namely:

m
Zainj=Ci,1SiSTl
=1

]:
Applying the above explanations to the boundary value problem (28) and (29) results in the following
system of linear equations:

Tir 7 Hin + Al-xl- =dWw
Mo (30)
ity AUy = .

Another form of the above system, presented with more detail, is as follows:

( "3h—‘2"1 + Ayx, —AW(2) =0,
X4—Xp
h3

+ A3X3 - AW(B) = 0,
: (31)

FEZNL 4 Ay — AW(N) =0,
N

m —
Zj:l al-juj —C = 0.
\

3.2.7. The Matrix Closed Form
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The system of linear equations (5.31) can be presented in a closed matrix form as:

FX19 =K (32)
Specifically:
M I X1 K1
M, X2 K
I J—
My_, 1 B
MN I XN Kn
am Ilxyqd LB

where M;are n X nmatrices. Furthermore, the following relations hold for the components of the linear
system (32):

Ml=hlAl—I,1SlSN+1

As noted, system (5.32) is a linear system that can be easily solved using conventional numerical
methods for linear systems.

4. Discussion

In this section, numerical results are presented to test and numerically verify the difference schemes
introduced previously.

Example 4.1: Second-Order Two-Point Stochastic Boundary Value Problem

As the first example, we consider the following second-order two-point stochastic boundary value
problem:

X'"(t) =cidt+c,dt, 0<t<1,
X(0) =0, (33)
X(1D) =0
(Assuming the correct SDE form is d2X(t) = ¢, dt + ¢, AW (t))

Exact Solution:

The boundary value problem (5.33) has the following exact solution:

Xt)=c

t(lz_ 2 +c,(t—1) fott’dW(t’) + tftl(t’ —1)dW (t)

187



Journal of Iragi Al-Khwarizmi (JIKh) Volume:10 Issue:2 Year: 2026 pages: 192-173

For this problem, {W (t),t € [0,1]}is a one-dimensional Wiener process. In this example, ¢; = ¢, =
1is assumed.

Exact Expected Values:

The exact values for E[X(t)]and E[X?2(t)]are given by:

E[X()] = 1

E[X2(0)] = (3¢2 + 4c2) t2(t — 1)?

4.2. Numerical Comparison:

t(t —
2

D

12

Table 1.5 provides the numerical approximations for E[X;(1/2)]and E[X?(1/2)]using three different
methods: the Euler Shooting Method, the Heun Shooting Method, and the Finite Difference
Method. This comparison is provided to facilitate the assessment of the methods’ performance. The
problem is solved based on 10,000independent realizations (trials).

Table 1: Approximations of E[X,(t)]and E[XZ(t)]using the Euler Shooting, Heun Shooting, and

Finite Difference methods.

" riean]enienen] FEETS | ity | Swotng | Sootng | shootng || Shantng
0.0 0.00000 0.0000 ||-0.0000 0.0000 -0.0000  ||0.0000 -0.00000 {/0.0000
0.2 |-0.0800 (0.0149 ||-0.0805 0.01497 -0.0800  ||0.01499 -0.0794  |0.01465
0.4 |-0.1200 (0.0336 |0.1201 0.03380 -0.1194  ||0.03338 -0.1190 0.03279
0.6 |0.1200 |0.0336 |0.1193 0.03328 -0.1192  ||0.03346 -0.1190 0.03289
0.8 |]-0.0800 (0.0149 |0.0791 0.01472 -0.0793  ||0.01486 -0.0794  |0.01465
1.0 |-0.0000 (0.0000 ||-0.0000 0.00000 -0.0000  ||0.00000 -0.0000 0.0000
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Figure 1: Illustrates the mean of 10,000numerical solutions obtained using the Finite Difference
Method.

For this depiction, the number of partition points is assumed to be N = 128. In addition, one sample
path of the numerical solution and one sample path of the exact solution are presented for visual
comparison.

Example 4.2: Stochastic Boundary Value Problem with Integral Boundary Condition

As the second example, we consider the stochastic boundary value problem with the following integral
boundary condition:

dX(t) = dw(), 0<t<l,
[, X(@® =o. (34)

Exact Solution:

This boundary value problem has the following exact solution:

1
X(t)=—JWtdt+Wt 0<t<1
0

where {W;, 0 < t < 1}is a one-dimensional Wiener process.
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Discretization of the Boundary Condition:

Initially, the integral in the boundary condition is approximated discretely at fixed points. In the
implementations performed, five equal-spaced points in the interval [0,1]were used:

1 5
fo X(t) = Z X (t).

Error Analysis:

Table 2.5 displays the numerical approximations for E[Il X(t) — X(t) IJand E[ll X(t) — X(¢) II*],
where the Finite Difference Method was used for approximation. Here, X(t)is the approximate
solution obtained from the Finite Difference Method, and X (t)is the exact solution of problem (5.34)
at point t. The mean is calculated based on 10,000independent realizations.

Table 2: Approximations of E[|l X(t) — X(t) ll]Jand E[ll X(t) — X(¢) II*]using the Finite Difference
Method.

de |E[I X(©) —X(@® |EN X(@®©) — X(©) 7]
0.327 [0.2933 0.0327
0.02500.4652 0.0532
0.08860.7717 0.0886
0.0030[0.3191 0.1497

b
-04r
-0.6-
—08h Average of 10,000 Independent Simulation )
|| =— Exact Solution X(t)
Instance of Approximation of Solution X(t)
_1 1 1 | 1 1 | 1 | 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Illustrates the mean of 10,000numerical solution paths obtained using the Finite Difference

Method.
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Additionally, one path of the exact solution and one path of the numerical approximation are presented
as examples.

5. Conclusions

In this paper, we introduced a family of Finite Difference Methods (FDM) for solving Stochastic
Boundary Value Problems (SBVPs). Unlike the shooting methods mentioned previously in this paper,
this family of difference schemes does not rely on solving an initial value problem to obtain the
solution to the boundary value problem. Instead, it provides the solution directly at the designated grid
points. Furthermore, compared to the aforementioned methods, the computations involved are simpler.
Ultimately, after discretizing the problem domain and solving a resulting linear or nonlinear system of
equations, we obtain an approximation of the boundary value problem’s solution at every point of the
partition. These factors constitute the main reasons why the use of this method has become widespread
and popular among researchers. However, despite the demonstrated efficiency and accuracy of the
methods discussed here, we have only utilized a fraction of this family’s capabilities; specifically, we
only presented the simple Finite Difference Method. The Dynamic Finite Difference Method (DFDM)
could be the next step toward introducing more efficient schemes.

This is an approach where the necessary grid points for the finite difference method are determined
dynamically based on the stability and behavioural characteristics of the solution paths for these
stochastic problems.
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