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Let   be a ring with identity. In this paper, we introduce and study the notion 

of  semi gs-flat right  -modules as a proper generalization of flat modules. We 

provide many characterizations and explore various properties of semi gs-flat 

right  -modules. 

 

 
 
1. Introduction 

       Throughout this article, let   be an associative ring with identity and all modules are 

assumed to be unitary. Soc    is the socle of a module   and gs    Soc    Soc    . We 

use the standard notation             ⁄    Over the years, the literature contains a wide 

variety of generalizations of the concepts of flatness (for example see, [7], [8] and [10]). For 

more background on modules we refer to [1], [2], [3], [5], [6] and [11]. 

      This article presents and examines semi gs-flat modules, which provides a proper 

generalization of the classical notion of flat modules. We define a right     -module   to be 

semi gs-flat whenever for any finitely generated free right  -module   and 

                               gs   , every diagram: 

  

 

 

with exact sequence  
 
→     and   an injective right  -module,  can be completed by an 

 -homomorphism     ⁄    to a commutative diagram. (i.e.,       . Some 

characterizations and properties of semi gs-flat modules are given. For examples, in 

Proposition 2.3, we prove that every submodule of semi gs-flat module is semi gs-flat. 

Moreover, in Proposition 2.4, we prove that a semi gs-flatness is an algebraic property. In 

Proposition 2.5, we show that if {  }     Mod- , then        is semi gs-flat if and only if 

   is semi gs-flat, for all    . In Corollary 2.7, we show that the direct limits of semi gs-flat 

right   -modules is semi gs-flat. In Theorem 2.10, we prove that every injective semi gs-flat 

right  -module is gs-flat. Finally, we characterize right IGSF-rings in terms of semi gs-flat 

right  -modules, for example, we prove that   is a right IGSF-ring if and only if every right 

 -module is semi gs-flat if and only if for any finitely generated free module    and a 

         , the module   ⁄  is semi gs-flat if and only if every injective right  -module is 

semi gs-flat if and only if every finitely generated right  -module can be embedded in a semi 

gs-flat module. 

𝐵 
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2. Semi gs-flat modules 

 

     In this section, we introduce and study the concept of semi gs-flat modules as a proper 

generalization of flat modules. 

Definition 2.1. A right  -module   is said to be semi gs-flat module if for any finitely 

generated free right  -module   and  any cyclic  submodule        gs     Soc     Soc    , 

every diagram : 

  

 

with exact sequence  
 
→     and   an injective right  -module, can be completed by an 

 -homomorphism     ⁄    to a commutative diagram (i.e.,       . 

 

Examples 2.2.  

(1) Clearly, all gs-flat (and hence flat) right  -modules are semi gs-flat. 

(2)     is  semi gs-flat  -module, for all    , but it is not flat. 

        In semi gs-flatness, we get that all submodules of a semi gs-flat right  -module are semi 

gs-flat as in the following proposition.    

Proposition 2.3. Every submodule of a semi gs-flat right  -module is semi       gs-flat. 

Proof. Let   be a semi gs-flat right  -module and   a submodule of  . Consider the 

following diagram:  

 

 

where    is a finitely generated free right  -module,                               gs    and 

the sequence  
       
→      exact with   is injective. By injectivity of  , there is a 

homomorphism       such that     , where       is the inclusion mapping. Thus, 

we have the next diagram: 

  

 

Since   is semi gs-flat, there is          ⁄     with       . Thus,       and 

hence   is a semi gs-flat right  -module.   □   

𝐵 
𝛽 

  

𝑀 𝐹 𝐾⁄  
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Proposition 2.4. Semi gs-flatness is an algebraic property.  

Proof. Let    and    be two right  -modules with       and    a semi gs-flat module. 

Thus, there is an  -isomorphism        . Consider the following diagram: 

 

 

 

where   is a finitely generated free right  -module,                             gs    and the 

sequence  
 
→     exact with   is an injective right  -module. Thus, we have the 

following diagram: 

 

 

By semi gs-flatness of    (by hypothesis), there is a homomorphism         ⁄    such that 

          and hence      . Thus,    is a       semi gs-flat right  -module.  □ 

     The following theorem shows that the class of semi gs-flat is closed under direct sums. 

This result is an analogous of [4, Theorem 7].     

Theorem 2.5. Let {  }    be a family of right  -modules. Then        is semi gs-flat if and 

only if    is semi gs-flat, for all    . 

Proof.    . Suppose that        is a semi gs-flat right  -module. Clearly, for any   

       , where          . By Proposition 2.3,    is a semi gs-flat module, for all    . 

By Proposition 2.4,    is a semi gs-flat right  -module, for all    . 

   . Suppose that    is semi gs-flat, for all    . Consider the following diagram: 

  

 

 

where   is a finitely generated free right  -module,                             gs   , and the 

sequence  
      
→      exact with   is injective. Let             and          

   (     ) be the injections and projections, respectively. Thus, we have the following 

diagram: 

 

 

 

𝐵 
𝛽 

  

𝑀  𝐹 𝐾⁄  
𝛼 

𝜆 

𝐶 

𝐵 
𝛽 
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By the semi gs-flatness of           , there is a homomorphism      ⁄    such that 

                  . Put        . It clear that   is a right  -homomorphism from 

  ⁄  into  . Thus,                                          

         . Hence       is a semi gs-flat right  -module. Suppose that            

are semi gs-flat right  -modules. We will prove by induction that     
    is semi gs-flat. If  

   , then the statement is true as above. Assume that the statement is true when      , 

that is     
      is semi gs-flat. We will prove that     

    is semi gs-flat. Since     
      and 

   are semi gs-flat, it follows from above that      
          is semi gs-flat and hence 

    
    is semi gs-flat. Thus, the direct sum of any finite number of semi gs-flat modules is 

semi gs-flat. Now, we will prove that        is semi gs-flat. Consider the following diagram: 

 

 

 

where    is a finitely generated free right  -module,                             gs     and 

   is an epimorphism with    is an injective module. Since     ⁄  is a finitely generated, 

       ⁄         , with   is a finite index set with    . By above,        is a semi gs-

flat module. Thus, we get the next diagram: 

 

 

 

where                 is the projection mapping and                 is the 

inclusion mapping. By the semi gs-flatness of        , there is a homomorphism   

      
      ⁄   with                . Thus,        is a semi gs-flat right  -module.     

□    

Proposition 2.6. Let    
       
→   

      
→       be a pure exact sequence of right  -modules. 

If   is semi gs-flat, then   and   are semi gs-flat. 

Proof. Since       is a monomorphism, we have that       . Since      is a 

submodule of   and   is a semi gs-flat right  -module (by hypothesis), we have from 

Proposition 2.3 that      is semi gs-flat. By Proposition 2.4,   is semi gs-flat. Now, we will 

prove that   is semi gs-flat. Consider the following diagram:  

  

 

𝜑 

𝐵  
𝛽  

  

 𝑗 𝐽𝑀𝑗  𝐹 𝐾 ⁄  
𝜋𝛼  

𝜆 𝑖 

𝐶  

𝑋 
𝜌 

  

𝐶 𝐹 𝐾⁄  
𝜑 

𝜆 

𝑌 

𝐵  
𝛽  

  

 𝑖 𝐼𝑀𝑖  𝐹 𝐾 ⁄  
𝛼  

𝜆  

𝐶  
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where   is a finitely generated free right  -module,                             gs      and   

is an epimorphism with   is injective. Thus, we have the following diagram: 

 

 

 

Since the exact sequence    
       
→   

      
→       is pure and   ⁄  is a finitely presented, 

there is a homomorphism     ⁄    such that     . Thus, we have the following 

diagram: 

 

 

 

By semi gs-flatness of  , there is a homomorphism     ⁄    such that          . 

Thus,   is a semi gs-flat right  -module.    □    

Corollary 2.7. Direct limits of semi gs-flat right  -modules is semi gs-flat. 

Proof. Let {  }    be a direct system of semi gs-flat right  -modules. By Theorem 2.5, 

       is semi gs-flat. By [11, 33.9, p. 280], there is a pure exact sequence         
       
→       

      
→      

 
    . By Proposition 2.6,    

 
   is a semi gs-flat right  -module.    □    

Proposition 2.8. Let     ⁄ , where   is a finitely generated free right  -module and   

                                    . Then   is a semi gs-flat right  -module if and only if   

is a submodule of a free module. 

Proof. Let     ⁄ , where   is a finitely generated free right  -module and    

                         gs      .          

   . Suppose that   is a semi gs-flat right  -module. Let      be the injective envelope of 

 , thus there is a monomorphism         . By [9, Proposition 2.5, p.10], there is an 

epimorphism          , where    is a free right  -module. Thus, we have the following 

diagram: 
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By semi gs-flatness of  , there is a homomorphism        such that         . 

Since   is a monomorphism,   is a monomorphism and hence   is a submodule of a free right 

 -module   .  

   . Suppose that   is a submodule of a free right  -module, say   . Since    is a gs-flat 

module,    is a semi gs-flat module. By Proposition 2.3,   is a semi gs-flat module.   □  

     The following proposition introduces an equivalent statement of semi  gs-flat modules.   

Proposition 2.9. A right  -module   is semi gs-flat if and only if every finitely generated 

submodule of   can be embedded in a semi gs-flat module. 

Proof.    Suppose that   is a semi gs-flat right  -module and   a finitely generated 

submodule of  . Since the inclusion mapping       is a monomorphism, it follows that 

  is embedded in a semi gs-flat module  . 

    Suppose that every finitely generated submodule of   can be embedded in a semi gs-flat 

module. Let {  }    be the class of all finitely generated submodules of  . By hypothesis, for 

each    , there is a monomorphism          , where    is a semi gs-flat right  -module, 

for all    . Thus,          . Since        is a submodule of    and     is a semi gs-flat 

module, it follows from Proposition 2.3 that        is a semi gs-flat. By Proposition 2.4,    is 

semi gs-flat, for all    . By Corollary 2.7,    
 

   is a semi gs-flat right  -module. By [11, 

24.7, p. 200],    
 

     and hence   is semi gs-flat.    □    

     In the following theorem, we consider a condition under which the converse of Proposition 

2.2 is true. 

Theorem 2.10. Every injective semi gs-flat right  -module is gs-flat. 

Proof. Let   be an injective semi gs-flat right  -module. Consider the following diagram: 

 

 

 

where   is a finitely generated free right  -module,                              gs     and   

is an epimorphism. Thus, we have the following diagram: 

  

 

 

𝐵 
𝛼 

  

𝐹 𝐾⁄  

𝛽 

𝑀 

𝐵 
𝛼 

  

𝑀 𝐹 𝐾⁄  
𝛽 

𝐼𝑀  

𝑀 

𝜏 
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Since   is injective semi gs-flat module (by hypothesis), there is a homomorphism     ⁄  

  such that         . Thus,   ⁄  is projective with respect to any epimorphism     

  and hence   is a gs-flat module.   □    

Corollary 2.11. Let   be a semi gs-flat right  -module. If every finitely generated submodule 

of   is injective, then   is gs-flat. 

Proof. Suppose that   is a semi gs-flat module and every finitely generated submodule of   

is injective. By Proposition 2.3, every finitely generated submodule of   is injective semi gs-

flat. By Theorem 2.10, every finitely generated submodule of   is gs-flat and hence   is gs-

flat.   □    

     In the next theorems, we will characterize right IGSF-rings in terms of semi gs-flat right  -

modules. 

Theorem 2.12. The following statements are equivalent for a ring  .  

(1)   is a right IGSF-ring. 

(2) Every right  -module is semi gs -flat. 

(3) For any finitely generated free right  -module   and any cyclic submodule        gs   , 

the module   ⁄  is semi gs-flat. 

(4) Every injective right  -module is semi gs-flat. 

Proof. (1) (2) Let   be a right  -module. Thus, there is a monomorphism          

and hence   is embedded in     . Since   is a right IGSF-ring (by hypothesis), it follows 

that      is gs-flat. By Proposition 2.2,      is semi gs-flat. By Proposition 2.3,   is semi 

gs-flat.   

(2) (3). It is clear. 

       . Let   be any injective right  -module. Consider the following diagram: 

 

 

 

where   is a finitely generated free right  -module,                             gs    and   is 

an epimorphism. Thus, we have the following diagram: 

 

 

𝐵 
𝛼 

  

𝐹 𝐾⁄  

𝛽 

𝑀 

𝐵 
𝛼 

   

𝐹 𝐾⁄  𝐹 𝐾⁄  

𝛽 

𝐼𝐹 𝐾⁄  

𝑀 

𝜏 
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Since   is a finitely generated free right  -module and                                   , it 

follows from hypothesis that   ⁄  is semi gs-flat. Thus, there is a homomorphism     ⁄  

  such that        ⁄   . Thus,   ⁄  is projective with respect to any epimorphism 

     . Thus,   is a gs-flat right -module and hence   is a right IGSF-ring. 

       . It follows by Proposition 2.2. 

       . Suppose that every injective right  -module is semi gs-flat. Let   be an injective 

right  -module. By hypothesis,   is semi gs-flat. By Theorem 2.10,   is gs-flat. Thus,   is a 

right IGSF-ring.     □    

Theorem 2.13. The following statements are equivalent for a ring  .  

(1)   is a right IGSF-ring. 

(2) Every right  -module can be embedded in a semi gs-flat module. 

(3) Every finitely generated right  -module can be embedded in a semi gs-flat module. 

Proof. (1) (2) and (2) (3) are clear. 

(3) (1). Let   be any injective right  -module. Let   be any finitely generated submodule 

of  . By hypothesis,   can be embedded in a semi gs-flat right  -module. By Proposition 2.9, 

  is semi gs-flat. Thus,   is an injective semi gs-flat right  -module and hence from 

Theorem 2.10 we have that   is gs-flat. Thus,   is a right IGSF-ring.      □    

Corollary 2.14.   The following statements are equivalent for a ring  .   

                                                                                                      

(1)   is a right IGSF-ring. 

(2) Every finitely generated right  -module can be embedded in a gs-flat right  -module. 

Proof. (1) (2). Since   is a right IGSF-ring, every right  -module is embedded in a gs-flat 

module and hence every finitely generated right  -module is embedded in a gs-flat right  -

module. 

(2) (1). Suppose that every finitely generated right  -module can be embedded in a gs-flat 

right  -module. Thus, every finitely generated right  -module can be embedded in a semi gs-

flat right  -module. By Theorem 2.13,   is a right IGSF-ring.    □   
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