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In this paper the effect of the translation of the coefficient by a fixed non-

zero amount on the forward differences of entire solutions of second order 

complex differential equations with entire coefficients is examined. The 

basic coefficient-difference identity implies that the absence of shift 

periodicity is the same forcing as provided by translation. If the coefficient 

induced by a nontrivial forward difference, the full local principal part at 

each zero is determined and an exact criterion is given for when the induced 

meromorphic coefficient is an entire function. Coefficient periodicity and 

preservation of the original homogeneous equation is then described by a 

shift-Wronskian evolution identity. A nonconstant polynomial exponent is 

proven to be linear, and for exponential coefficients, the shift preservation 

condition is simplified to a discrete resonance condition. For the periodic 

case, classical Floquet translation results in a second-order difference 

relation, a parabolic-trace consequence and a zero-transfer classification of 

solutions and higher forward differences. Examples of constant-coefficient, 

exponential-Bessel, Airy and quadratic-exponential are used to illustrate the 

theory. Numerical examples of zero-counting, monodromy computation, 

and power-series residuals are only provided for the purpose of performing 

reproductions and checks of the exact analytic results. 

 

1. Introduction 

The second-order linear differential equations in the complex plane are linked to complex 

analysis, oscillation theory, value distribution and special-function theory. We take into 

account the central model. 

 f″(z)+A(z)f(z)=0, (1) 

where A is entire. The coefficient can be determined by the growth and zero distribution of the 

global solutions of the analytic continuation of every solution obtained from finite initial data, 

since each one is extended analytically to all of the plane. The classical work of Bank and 

Laine has laid the foundations of the whole coefficient and oscillation of solutions [3] and 

more recent work has continued in this direction using real zero configurations, Bank-Laine 

functions, completely regular growth, and deficient values or asymptotic values [5-12]. More 

recent examples include the classification of second order equations that have a basis of 

solutions with only real zeroes [5], constructions of zero-distributions for finite order Bank-

Laine functions [6] and a result on asymptotic values and deficiencies of functions satisfying 

y'' + A(z)y = 0 [7] for 2026. 

The paper by Alhily and Saleh [1] is directly inspiring for the present study. It explores the 

impact of the coefficient function on the behaviour of solutions of a second order complex 

differential equation; it explicitly deals with the class H(z) = e^p(z) of coefficient functions; it 

introduces power series representations and applications. They have also considered growth 

and boundedness in their previous work [2] via the coefficient function. We keep this 

coefficient-centred perspective but use another operator on the solution: translation and 

forward difference, 
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 T_c f(z)=f(z+c),  Δ_c f=(T_c-I)f. (2) 

The most important question is not just what is the behavior of the forward difference, but 

how does the shift geometry of A control the equation, the zeros, and the higher differences of 

f? The central structural identity is 

 L_A (Δ_c f)=-Δ_c A(z)f(z+c) (3) 

It shows the coefficient mismatch A(z + c) − A(z) as the exact forcing term that is created 

when translated. 

The second aspect of the literature that is relevant to the problem is the differences of entire 

and meromorphic functions. Halburd and Korhonen introduced a Nevanlinna theory for the 

difference operator [13] and [14] and Bergweiler and Langley discussed the zeros of forward 

differences [15], while Heittokangas et al. connected value sharing of shifts to periodicity 

[16]. This line is still open for further research, with recent work on partial shared-value 

conditions and higher-order difference operators [23,24]. The results indicate that translating 

is not only a discrete stand in for differentiation, but also has global information about a 

function that is already independent. 

A third classical element is added with periodic coefficients: the Floquet theory. Translation 

by one period keeps the solution space of (1) two dimensional and the period-translation 

matrix has determinant one due to the fact the Wronskian is constant. It is standard Floquet 

structure and is not new here but used in the way convenient for entire complex solutions, in 

the classical style of Magnus and Winkler [21] and Eastham [22]. 

The contribution and scope of the paper is therefore made deliberately apart from the known 

theory. There is no need for the Floquet matrix relation to be classical, and the identity (3) is 

immediate. The manuscript-specific deductions are the local pole classification of the induced 

coefficient B_c=-g″/g, including an explicit residue formula at simple zeros; the shift-

Wronskian evolution law that makes the coefficient mismatch obvious at the level of linear 

independence; zero consequences at coefficient-mismatch points; and unified treatment of 

periodic shifts, exact examples, and reproducible computation. These results are accurate and 

applicable, but here no more than an extension of the present theory, not a replacement for 

Bank-Laine methods or difference-Nevanlinna methods. 

They are organized in this way. The coefficient-shift identities, the induced-coefficient criterion, 

higher differences and the power-series recurrence are developed in Section 2. The periodic 

coefficients, the e^p family, Floquet translation and zeros are covered in Section 3. In Section 4 

exact worked examples are provided. Section 5 offers computational verification and 

reproducibility diagnostics. Limitations and clear new directions are provided in Section 6.2. 

Coefficient Shifts and Induced Coefficients 

Let     
   ( )  so that (1) is      . 

2.1. Basic coefficient-difference identity 

Lemma 2.1 (coefficient-difference identity). Let   be entire, let     solve (1), and let    . 

If 

 ( )     ( )   (   )   ( )  

then 

    ( )  [ ( )   (   )] (   )  (4) 
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Proof. Since   ( )    ( ) ( ), 

  ( )    (   )    ( )    (   ) (   )   ( ) ( )  

Adding  ( ) ( )   ( ) (   )   ( ) ( ) yields (4).   

Thus the coefficient difference 

    ( )   (   )   ( ) (5) 

is exactly the forcing mechanism produced when the shift is measured with the original 

differential operator. 

2.2. Local pole structure of the induced coefficient 

Assume        . Away from the zeros of  , define 

   ( )   
  ( )

 ( )
  (6) 

Using    (   )   ( ) and the differential equation, 

  ( )  
 (   ) (   )   ( ) ( )

 ( )
  (   )  [ (   )   ( )]

 ( )

 ( )
  

Thus   satisfies 

   ( )    ( ) ( )    (7) 

wherever the quotient is defined. The next result gives the exact local singularity carried by a 

zero of  . 

Theorem 2.2 (local pole classification). Let   be a zero of   of multiplicity    , and write 

 ( )  (   )  ( )    ( )     

Then the principal part of          at   is 

 
 (   )

(   ) 
 
  

   

  ( )

 ( )
  

Consequently: 

1. if    , then    has an unavoidable double pole at  ; 

2. if    , then    has at most a simple pole and 

   (    )   
  ( )

  ( )
  

[ ( )   (   )] (   )

  ( )
  

3. the meromorphic function    extends to an entire function on   if and only if 

every zero   of   is simple and 

[ ( )   (   )] (   )     

Proof. From   (   )  , direct differentiation gives 

  

 
 
 (   )

(   ) 
 
  

   

  

 
 
  

 
  

The stated principal part follows immediately. If    , its quadratic coefficient is nonzero, so 

no cancellation can remove the double pole. If    , then   ( )   ( ) and   ( )     ( ), 

which yields the residue formula. Finally, at a zero of  , identity (4) reduces to 

  ( )  [ ( )   (   )] (   )  
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Hence a simple zero is removable precisely when the displayed forcing term vanishes. Applying 

this condition at every zero proves the global criterion.   

Corollary 2.3 (zeros at coefficient-mismatch points). Assume    is entire. If    (   ) and 

 ( )   (   )  

then 

  ( )   (   )     (8) 

Proof. Theorem 2.2 forces  (   )   , and    ( )    then gives  ( )   .   

2.3. Shift-Wronskian evolution 

For a nontrivial solution  , define 

  ( )( )   (     )( )   ( )  (   )    ( ) (   )  

Unlike the ordinary Wronskian of two solutions of the same equation, this quantity need not be 

constant when the coefficient is not translation invariant. 

Proposition 2.4 (Wronskian mismatch identity). For every entire coefficient  , every 

nontrivial solution  , and every    , 

   ( )( )  [ ( )   (   )] ( ) (   )  

In particular,   ( ) is constant if and only if   is  -periodic. 

Proof. Differentiating the shift Wronskian and using        gives 

     ( )  (   )    ( ) (   )  [ ( )   (   )] ( ) (   )  

If   is periodic, the right side vanishes. Conversely, if      , then the product 

[ ( )   (   )] ( ) (   ) 

is identically zero. Since neither   nor  (   ) is identically zero, their product is nonzero on a 

nonempty open set; the identity theorem therefore forces  (   )   ( ) identically.   

2.4. Higher forward differences 

For    , 

   
  ( )  ∑ (  )    

   ( 
 
) (    )  (9) 

Proposition 2.5. Under the hypotheses of Lemma 2.1, 

   (  
  )   ( )  

     
 (  )  (10) 

Equivalently, expansion of the two forward differences gives 

  (  
  )( )  ∑(  )   

 

   

(
 

 
) [ ( )   (    )] (    )  

Proof. Differentiation commutes with translation, so (  
  )    

 (  )     
 (  ). Adding 

 ( )  
   gives (10), and the expanded expression follows from (9).   

2.5. Power-series recurrence 

The power-series viewpoint is directly connected with the motivating work [1]. Let 

  ( )  ∑   
 
         ( )  ∑   

 
       (11) 
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Substitution into (1) gives 

(   )(   )     ∑   

 

   

        

hence 

       
 

(   )(   )
∑   
 
         (12) 

The values     ( ) and      ( ) determine the unique entire solution. 

3. Periodicity, Floquet Translation, and Zero Transfer 

3.1. Preservation of the original homogeneous equation 

Proposition 3.1 (periodicity characterization). Let   be entire, let     solve (1), and let 

   . The following are equivalent: 

1.     solves     ( )   ; 

2.  (   )   ( ) for every    ; 

3. the shift Wronskian   ( ) is constant. 

In particular, the existence of even one nontrivial solution whose first difference solves the same 

equation, or whose shift Wronskian is constant, forces   to be  -periodic. 

Proof. The equivalence of 1 and 2 follows from (4): if  (   )   ( ), the forcing term 

vanishes; conversely, if   (   )   , then 

[ ( )   (   )] (   )     

and the identity theorem gives periodicity. The equivalence of 2 and 3 is Proposition 2.4.   

Corollary 3.2. If   is  -periodic, then every   
   is a solution of (1). 

Proof. In (10),  (    )   ( ) for all integers  .   

3.2. The coefficient family  ( )    ( ) 

The class   ( ) is central in the motivating source [1] and in its earlier companion study [2]. 

Theorem 3.3 (exponential-coefficient resonance). Let 

 ( )    ( )  

where   is entire, and let    . The following are equivalent: 

1.  (   )   ( ) for all  ; 

2.  (   )   ( )       for one fixed integer  ; 

3. there exists a nontrivial solution   of      ( )    such that     solves the 

same equation; 

4. for every solution  ,     solves the same equation. 

If   is a polynomial and nonconstant, then necessarily 

  ( )                        (13) 

Proof. The equivalence of 1, 3, and 4 follows from Proposition 3.1. If 1 holds, then 

  (   )  ( )     
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Thus  ( )   (   )   ( ) takes values in the discrete set     . Because   is entire and   is 

connected,   is constant, proving 2. The converse is immediate. If   is a polynomial of degree 

   , then  (   )   ( ) has degree    , so it cannot be constant. Hence    . In the 

nonconstant case  ( )       with    , and because    , the resonance constant is 

nonzero, so    .   

3.3. Floquet Translation 

Assume throughout this subsection that   is  -periodic. Let   be the two-dimensional solution 

space of (1). Translation defines a linear map 

          (   )( )   (   )  (14) 

This is the standard period-translation operator of Floquet theory [21,22]. 

Proposition 3.4 (period-translation relation). Relative to any basis of  , the operator    is 

represented by a matrix      (   ). If 

         

then every solution of (1) satisfies 

  (    )     (   )   ( )     (15) 

Equivalently, 

   
   (    )    (    )     (16) 

Proof. Let       be a basis. Periodicity makes   (   )   (   ) solutions, so translation is 

represented by a constant matrix   . Since equation (1) has no first-derivative term,  (     ) is 

constant. Hence 

 (  (   )   (   ))   (     )  

which gives        . The Cayley-Hamilton identity 

  
           

yields (15). Substituting         gives (16).   

Corollary 3.5 (Floquet multiplier formula). If 

  (   )    ( )        (17) 

then for every    , 

   
   (   )    (18) 

Corollary 3.6 (parabolic trace). If     , then 

   
     (19) 

for every solution  , and     is  -periodic. If, in addition,     , then the space of  -

periodic solutions is one-dimensional; a generic solution is not periodic, but its first difference is 

a nonzero periodic solution. 

Proof. Equation (16) gives   
    . Then 

  (   )        
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so     is periodic. If      and         √     , then      is a nonzero nilpotent 

    matrix and its kernel is one-dimensional.   

3.4. Zero-transfer classification 

For a solution  , define the shift Wronskian 

   ( )   (     )  (20) 

Explicitly,   ( )   ( )  (   )    ( ) (   ). When   is  -periodic, both functions 

are solutions of the same equation, hence   ( ) is constant. 

Theorem 3.7 (zero-transfer classification). Let   be  -periodic and     solve (1). 

1. If   ( )   , then 

  ( )   (   )     (21) 

2. If   ( )   , then  (   )    ( ) for some    . If    , then for every 

   , 

  (  
  )   ( ) (22) 

with the same multiplicities. If    , then      . 

Proof. If   ( )    and   were a common zero of   and    , then  (   )   ( )   , so 

  ( )( )   , a contradiction. If   ( )   , the two solutions   and     are linearly 

dependent, so (17) holds. Formula (18) gives the remaining assertions, including equality of 

multiplicities.   

Corollary 3.8 (exact zero-count transfer for an eigen-solution). Under the second alternative 

of Theorem 3.7, if    , then for every     the zero divisors of   and   
   coincide. Hence, 

for every    , 

 (  
 

  
  
)   (  

 

 
)     (  

 

  
  
)   (  

 

 
)  

and, whenever the exponent of convergence is defined in the usual sense, 

 (  
  )   ( )  

Thus the Floquet multiplier controls not only zero-set equality but the full zero-counting data of 

every higher forward difference. 

4. Exact Worked Examples 

The four examples below illustrate complementary regimes: constant periodic behavior, a 

periodic exponential-Bessel model with nontrivial Floquet structure, a nonperiodic Airy model, 

and a quadratic-exponential coefficient treated by power series. 

4.1. Constant coefficient:        

Take 

  ( )              (23) 

A basis is          . For every    , translation is represented by 

    (
        
         

)  (24) 

Thus         and         , and every solution satisfies 
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  (    )   ( )      ( ) (   )  (25) 

For  ( )       and      , 

     ( )             

The zeros of   are   , whereas the zeros of       are       ; the zero sets are disjoint, as 

predicted by Theorem 3.7. For    ,  (   )    ( ), so         and the zeros coincide 

with multiplicity. For     ,       . The three alternatives of Theorem 3.7 therefore occur 

already in the constant-coefficient equation. 

 
Figure 1. Exact zero sets for the constant-coefficient model with shift π/2. 

4.2. Exponential-Bessel Model 

Consider 

   ( )      ( )     (26) 

With      and  ( )   ( ), 

  ( )     ( )     ( )     ( )      ( )  

so (26) becomes 

     ( )     ( )     ( )     (27) 

Bessel’s equation of order zero. Hence 

   ( )    ( 
 ) (28) 

is an entire solution. 

The coefficient has period     , since   (    )     . Because    is even, 

  (    )    (  
 )    ( 

 )    ( )  

so    is a periodic eigen-solution with multiplier  . 

The nontrivial Jordan structure can in fact be proved exactly, rather than inferred numerically. 

The classical order-zero Bessel expansion [25] may be written locally as 

 

 
  ( )  (   (   )   )  ( )   ( )  

where   is an even entire function. Lifting the logarithm through      defines an entire second 

solution 

  ( )  (        )  ( 
 )   (  )  

Since both    and   are even, 
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  (    )    ( )       ( )  

Thus, in the basis (     ), period translation is represented exactly by the nonidentity Jordan 

matrix 

(
   
  

)  

In particular, both Floquet multipliers equal  ,      , and Corollary 3.6 gives 

    
      (29) 

This identity holds for every solution of (26), while the subspace of   -periodic solutions is 

one-dimensional. Section 5.2 independently checks the same Jordan invariants using a 

canonically normalized fundamental matrix. 

4.3. Nonperiodic Airy Model 

Consider 

   ( )    ( )     (30) 

The function 

 ( )    (  ) 

is an entire solution because    ( )     ( ). For any    ,  ( )    is not  -periodic. 

Identity (4) gives the exact inhomogeneous equation 

 (   )           (   )  (31) 

No random-point experiment is needed to establish (31); it is an exact consequence of the 

Airy differential equation and Lemma 2.1. This example makes clear that the coefficient 

difference itself, rather than numerical approximation, is the relevant obstruction. 

4.4. Quadratic-Exponential Power-Series Model 

Take 

  ( )    
 
    ( )        ( )     (32) 

Here   
 
             . Using (12), the solution begins 

  ( )    
  

 
 
  

  
 

  

   
 

    

     
  (33) 

The omitted remainder is  (   ). The next two nonzero coefficients are               

and                   . Since   
 
 has no nonzero translational period, Proposition 3.1 

implies that for every    , no nontrivial     can satisfy the same homogeneous equation (1). 

The series recurrence nevertheless provides a direct and reproducible way to approximate the 

entire solution on compact sets. 

5. Numerical Verification 

The computations in this section are diagnostics and consistency checks; they do not replace the 

analytic proofs. Floating-point argument-principle counts are not described as interval-certified 

results. 
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5.1. Argument-Principle Zero Count 

For a function   with no zeros on | |   , 

   ( )  
 

   
∫

  ( )

 ( )| |  
    (34) 

counts the zeros in the disk with multiplicity. Numerical global-zero methods based on this 

principle are well established [17,18]. For  ( )       and        , the winding counts agree 

with the exact zero sets: 

Table 1. Floating-point argument-principle cross-check for the constant-coefficient model. 

Radius     ( )   ( ) sampled    | |  | ( )| sampled    | |  | ( )| 

5 3 3 0.9589 0.6753 

10 7 6 0.5440 0.2951 

15 9 10 0.6503 0.1094 

20 13 13 0.9129 0.5049 

The exact formulas determine the true counts here; the numerical procedure serves only as an 

implementation check. 

5.2. Bessel Monodromy Matrix 

To test the nontrivial Floquet statement in Section 4.2, a canonical fundamental matrix  ( ) was 

normalized by 

 ( )    

and numerically continued along the segment     ,      , using a high-order adaptive 

Runge-Kutta method. The resulting entries of the period-translation matrix were: 

Table 2. Computed entries of the period-translation matrix for the exponential-Bessel model. 

Matrix entry Computed value 

(   )                     

(   )                   

(   )                    

(   )                     

The real parts of the two off-diagonal entries were below       in magnitude. The structural 

diagnostics were: 

Table 3. Numerical monodromy diagnostics for the exponential-Bessel coefficient. 

Diagnostic Computed value 

|        |            

|       |            

                        

 (     )
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Thus the canonical numerical matrix is consistent with the exact Jordan form derived in 

Section 4.2:       ,      , (   )   , while    . The computation is therefore an 

independent change-of-basis check of the special-function derivation, not the source of the 

Floquet conclusion. 

5.3. Power-Series Residual Convergence 

Let    be the truncation at degree   of the solution (33). On | |   , the maximum differential-

equation residual decreases as follows: 

Table 4. Residual decay for the truncated power-series solution. 

Truncation degree      | |  |   ( )   
    ( )| 

8           

12           

16           

20           

24           

30           

 
Figure 2. Residual decay for the truncated power-series solution in the quadratic-exponential 

model. 

The decay is consistent with convergence of the Taylor solution on compact disks. For 

publication-grade validated numerics, the residual and zero-count computations should be 

repeated with interval arithmetic or another certified enclosure method. 
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6. Conclusions and Further Directions 

6.1. Main Conclusions 

The following are the main findings of the analysis. 

The coefficient-shift identity concentrates the coefficient mismatch as the precise forcing that 

occurs due to translation, and the coefficient periodicity is the boundary between the two ranges 

of coefficient inheritance and forced behavior. 

2. At the zeros of an induced coefficient associated with a nontrivial forward difference, if 

several zeros are present, then the induced coefficient has multiple zeros, producing double 

poles, and if just one zero is present, then the induced coefficient has removable-singularity 

principal part: Theorem 2.2. 

3. The shift-Wronskian offers a complete diagnostic of translation invariance: If it is constant, so 

is the coefficient, and if it is periodic, so will be the structure of the shifted solutions. 

4. When the coefficient has the form of an exponential function, shift preservation is the same as 

a discrete resonance condition; on the other hand, if the exponent is not a constant function, 

Theorem 3.3 implies that it is linear. 

Floquet translation in the periodic setting yields the same second-order difference relation and 

the zero-transfer alternatives to the solutions and higher forward differences; the cases of 

constant and exponential-Bessel are explicitly realized. 

6.2. Consider the limitations and further directions associated with this research. 

Most of the main identities are related to uniqueness, translation and classical Floquet theory, 

etc. and the results are exact and structurally useful. It is therefore desirable to consider them as a 

localized structural addition rather than as alternatives to deeper oscillation or Nevanlinna 

methods. 

The following directions are left open in the framework developed here: 

The induced coefficients are beyond periodic, 1. Characterize the pairs of coefficient and 

solution where all the local principal parts in Theorem 2.2 are zero throughout the entire region. 

2. Density (zero) and Floquet data. Discuss Floquet multipliers and  with the exponent of 

convergence of zeros of eigen-solutions and their forward differences for periodic entire 

coefficients of finite order. 

3. Exponential-sum coefficients. Using the results of modern representation [8-10] and the 

multiplier formula (18) attain explicit zero-distribution statements for the higher forward 

differences of finite-order solutions. 

4. Quantitative value sharing. In the spirit of recent difference-operator uniqueness results 

[23,24] replace the exact alternatives in Theorem 3.7 with Nevanlinna counting inequalities 

involving common zeros or common small functions. 

5. Certified computation. Substitute sample boundary clearances and floating-point 

monodromies by interval certified argument-principle counts and validated ODE continuation. 

These directions combine the theme of the coefficient and transition from exact inheritance 

identities to quantitative information on growth and zero distribution. 
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Appendix A contains a collection of procedures for use with the Python programming language. 

Below are some small exercises showing some of the numerical methods of Section 5. Thes

e compute the winding-number zero count, and the integral around the complex period path 

for the Bessel model, respectively.import numpy as np 

from scipy.integrate import solve_ivp 

 

 

def winding_count(F, R, samples=8192): 

    theta = np.linspace(0.0, 2*np.pi, samples, endpoint=False) 

    z = R*np.exp(1j*theta) 

    values = F(z) 

    closed = np.concatenate([values, values[:1]]) 

    angle = np.unwrap(np.angle(closed)) 

    count = int(round((angle[-1] - angle[0])/(2*np.pi))) 

    clearance = float(np.min(np.abs(values))) 

    return count, clearance 

 

 

def bessel_monodromy(): 

    def rhs(t, Y): 

        z = 1j*t 

        y1, v1, y2, v2 = Y 

        A = np.exp(2*z) 

        return [1j*v1, -1j*A*y1, 1j*v2, -1j*A*y2] 

 

    sol = solve_ivp( 

        rhs, [0, np.pi], [1+0j, 0+0j, 0+0j, 1+0j], 

        method='DOP853', rtol=1e-13, atol=1e-15 

    ) 

    y1, v1, y2, v2 = sol.y[:, -1] 

    return np.array([[y1, y2], [v1, v2]]) 

The winding count is a floating-point diagnostic unless supplemented by rigorous enclosure of 

the continuous boundary. The monodromy computation is likewise a numerical consistency 

check, not a proof of the Floquet relations. 
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