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Picture Fuzzy Bi-ldeal of a Ring
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1. Introduction

In 1971, S.Lajos and F. szasz [1] introduce the notions of the concept bi-ideals in associative rings , while
Chelvam and Ganesan [2] in the same year introduce the notions of the same concepts but in near ring(not
aring), in 1981,N.kuroki [3] define the concept of fuzzy bi- idealin semigroups and gave some properties
of it. S.K.Datta in 1997in his thesis introduce a detailed explanation of bi- ideal and fuzzy bi — ideals in a
rings , also he introduce in 2009 in [6 -7] the notions of anti fuzzy bi-ideals of a rings and the lower level
sets of anti fuzzy bi — ideals , the concept intuitionistic fuzzy bi-ideals of a rings was introduced by
A.Duggal and P.K. Sharma in 2019[8].

B.coung in 2014 study the concept of picture fuzzy set[ 9 ] and gave most of its properties , P.Panpho and
P. Yiarayong in [ 10 ]Jalso S. Dogra and M. Pal [11 ]study the picture fuzzy subrings and ideals. In this
paper we introduce the notion of concepts of picture fuzzy bi-ideals of rings and some related examples
and theorems of it .

2. Preliminaries

In this sectionr we stated the preliminaries of picture fuzzy subring and ideals and some concepts
connected with them.

Definition 2.1. let R be a ring. A picture fuzzy set A = {< X, pa(x),na (%), Va(x) > |X € R} is said to be
picture fuzzy subring (PFSR) of R if :

) ualx —y) = min{uy (), ua(} nax —y) = min{n,(x), (¥} Valx —y) < max{V,(x),n4(y)}
i) pa(xy) = min{pa (), ua ()} na(xy) = min{na (x),na(y)},Va(xy) < max{Vy(x),Va(y)}

Definition 2.2. A picture fuzzy set A = {< x, pa(x),na(x), Va(x) > |X € R} of aring R is said to be

i) Picture fuzzy left ideal of R (PFLI) if

1) paCx —y) = min{pu,(x), us(y)}
Ha(xy) = pa(y)
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2) na(x —y) =2 min{n,(x),n,(y)}
Na(xy) = na(y)

3) Valx —y) < max{V,(x),n4(»)}
Va(xy) < Va(y) forall x,y €R

il) Picture fuzzy right ideal of R (PFRI) if

1) paCx —y) = min{pu, (), us(y)}
Ha(xy) = pa(x)

2) na(x —y) =2 min{n,(x),n,(y)}
Na(xy) = na(x)

3) Valx —y) < max{V,(x),n.(y)}
Va(xy) < Vuo(x), forall x,y € R

i) Picture fuzzy ideal of R (PFI) if
1) walx —y) = minfus(x), pa(y)}
na(xy) = max{pa(x), ua(y)}

2) nalx —y) =min{n,(x),n4(y)}
na(xy) = max{ns(x),na(y)}

3) Vulx —y) < max{V,(x),na(y)}
Va(xy) < min{V,(x), Va(y)}

Definition 2.3. If Alis a PFS of aring R then (a, 8, 2)-cut of A is a crisp subset C(, 5 1)(A) of the PFS A is
given by

Ciapn(A) ={x € Rlua(x) 2 a,na(y) = B,Va(x) < 1}
where a,,A € [0,1]]anda+ B+ A1 <1

Proposition 2.4. Let A be a PFS of aring R. Then A is PESR(PFI) of R if and only if C, g 2)(A) is subring
(ideal) of R, forall a, 5,1 € [0, 1] wWitha + B+ A <1

Definition 2.5. A subring Sof a ring R is called a bi-ideal of R if SRS € S holds, where SRS is the additive
of all elements of the form srs,s € Sandr € R

Definition2.6. A non-empty fuzzy subset p of a ring R (i.e. u(x) # 0 for some x € R) is called an fuzzy bi-
ideal of R if :

i) p(x—y) = minfu(x), u(»)}
i) u(xy) = min{u(x),u(y)}and
i) u(xyz) = min{u(x),u(2)}, forall x,y,z € R
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3. Picture fuzzy bi-ideal of a ring

Definition 3.1. A picture fuzzy set A = {< x, pa(x),na(x), Va(x) > |X € R} of aring R is said to be picture

fuzzy bi-ideal of R (PFBI) if R if :

) ua(x —y) = min{u, (x), ua ()}

Na(x —y) = min{na(x),na(y)}

Va(x —y) < max{V,(x),Va(y)}, VX,y ER.

il) paCey) = min{p, (%), pa (1)}

Na(xy) = min{na(x),na(y)}

Va(xy) < max{V,(x),Va(y)}, VX,y €ER.

i) pa(xry) = min{p, (x), 1a(v)}

na(xry) = min{n, (x),na(y)}

Va(xry) < max{V,(x),Va(y)}, Vr,%x,¥ €R.

Example 3.2. Let R be the ring of all 2 x 2 matrices over the ring of integers with respect to the matrix
addition and multiplication. Let A = {< x, ua(x),na(x), Va(x) > |X € R} be a picture fuzzy subset of R

defined as follows:

Ha I[‘Z

Na l[z

v, “‘Cl

0.6
0.2
0.3
0,

-

0.2
0.4
0.3
0

0

0.3
0.3
0.5

,Jifa=b=c=d=0
,ifa#0,evenandb=c=d =0
Jifa#0,oddandb=c=d =0

if all other cases

Jdifa=b=c=d=0
,ifa#0,evenandb=c=d =0
,ifa#0,oddandb=c=d =0

,if all other cases

,Jifa=b=c=d=0
,ifa#0,evenandb=c=d =0
Jifa#0,oddandb=c=d =0

,if all other cases

Then A is a picture fuzzy bi-ideal of R.

489



Journal of Iragi Al-Khwarizmi (JIKh) Volume:10 Issue:2 Year: 2026 pages: 487-496

Theorem 3.3. Every PFLI(PFRI) of a ring is PFBI of R.
Proof. In view of (3.1),we need only to prove the condition (iii)

Let A be PFLIof theringR. Andx,y ER,a € A

pa(xay) = pa((xa)y) = pa(»)
= min{us (x), ua(y)}

na(xay) = UA((xa)Y) > n,4(y)
= min{n,(x),n.(y)}

Va(xay) < Vu((xa)y) < Va(y)
< max{V,(x), Va(y)}

Hence A is PFBI of R.
The right case is proved in the same way.

Theorem 3.4. Let A = (4,14, V) be PFBI of a field F. Then A is of the form

na(l)  Lifx#0
na(0)  Lifx=0

na(1) Jif x #0
na(0)  ,ifx=0

pa(x) = {

a0 = |

(D) Lifx#0
wd =6y o
Where ps (1) < pa(0),1ma(1) < 1a(0),Va(1) = V4 (0)

Proof. Let A = {< x,us(x),ns(x),V4(x) > |x € F} be aPFBI of afield F, and Let 0 # x € F be any
element. Then

pa(x) = pa(1.x.1) = min{uys (1), pa (1)} = pa(1) = pa(1.1)
alCex™ D (7 0)} = pale (e ™ Dx} = minfuy (), pa ()} = pa(x)
e pa(x) = pa(1)
na(x) = n4(1.x.1) = min{n,(1),1n4(1)}
=141 =n,(1.1)
Na{Gex™ D) 710} = na{x(x7TxHa} = mindn (0),14(0)} = 14 (x)
i.e.74(x) = n4(1)
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Va{lex™ D et} = Vafx(x 7' x ™1} < max{V (), Va(x)} = V4 (x)
i.e. Va(x) = Va(1)

Corollary 3.5. If A is PFBI of a field F such that ps (0) = pua(1) ,na(0) =na(1) and V4 (0) = V4 (1),
then A is constant .

Theorem 3.6. If A, B be two PFBI’S of aring , then A N B is PFBI of ring R.
Proof. Let A = (ua,n4,V4) and B = (ug,ng, Vg) be two PFBI’S of a ring R.
Let x,y € A N B be any element. Then

Hang(x —¥) = min{us(x — y), up(x — y)

= min{min{u, (x), ua(¥)}, min{up (x), up ()3}

= min{min{u, (x), up(x)}, min{us (y), up(y)} }

= min{usng (), hans (¥)}

Thus pang(x —y) = min{pane (%), Hans(¥)}

by the same way, We can prove

Nang (X —y) = min{nang(x),Nane (¥)}

Also we can show that

Vang(x —y) = max{Vy(x — y),Vg(x — y)

< max{max{V,(x), Va(y)}, max{Vp(x), Vs (y)}}

= max{min{V,(x), Vp(x)}, max{Va(y), Vs (»)} }

= max{piang(x), hans (V)}

Thus  Vynp(x —¥) < max{Vanp(x), Vans (¥)}

Also, panp(xy) = minfu,(xy), up(xy)
= min{min{u,(x), pa(y)}, min{ug (x), us(y)}}
= min{min{u, (x), pup ()}, min{u, (y), us (y)} }

= min{uang (%), hanp(¥)}
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Thus pang(xy) = min{psng (%), Hans(¥)}
By the same way
Nang(xy) = min{nanp (%), M40 (¥)}
Vans (xy) < max{Vyng(x), Vans ()}
Next; let x,y € A n B and r € R be any element, then
Hang(xry) = min{u, (xry), ug(xry)
= min{min{u, (x), s ()}, min{up (x), up ()31}
= min{min{pu,(x), up ()}, min{u,(y), up(y)} }
= min{usng (X), tans (¥)}
Thus panp(xry) = min{usnp (x), hans (¥)}
Similarly, we can show that
Nang(x1y) = min{nane (%), Mans(¥)} and  Vanp(xry) < max{Vanp(x), Vans (¥)}
Hence A n B is PFBI of ring R.
Corollary 3.7. Intersection of an arbitrary family of PFBI’S of a ring R is again a PFBI of R.
Theorem 3.8. Let A be PFLI and B be PFRI of a ring R then A n B is PFBI of a ring R.

Proof. Let A = (ua,n4,V4) and B = (ug,ng, V) be two PFBI’S of aring R. Let x,y € A N B be any
element. Then

Hang(x —¥) = min{us(x — y), pup(x — y)
= min{min{u,(x), pa(y)}, min{ug (x), us(y)}}
= min{min{u,(x), ug(x)}, min{us(y), us(y)} }
= min{pianp (%), hane(¥)}
Thus pang(x — ) = min{pang (%), tans (1)}
Similarly, we can show that
Nang(X = ¥) 2 min{nanp(x),Nans(¥)} and  Vang(x —¥) < max{Vanp(x), Vanz (¥)}

Also Uang (xy) = min{u,(xy), ug (Y)Y 1)
Since A is PFLI and B is PFRI of the ring R.
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Therefore, we have pu,(xy) = u,s(y) and ug(xy) = ug(x)
min{ ua(xy), ug(xy)} = min{us (), ug (N} (2)
AsANBC AandANBCB
S0 panp (%) < ua(x) and pang(¥) < pp(y)
Which implies that min{u, (%), ug(y)} = min{pang(X), MLAnB(Y)}--ovvviviniiieeeen 3)
Therefore from (1),( 2) and ( 3) we have
Hanp(xy) = min{u,(xy), up(xy)}
= min{min{u,(x), up(y)}
= min{pang (%), ttanz (¥)}
Thus, we have panp(xy) = min{uang (%), tans (¥)}

Similarly , we can show that

Nane(xy) = min{Nang(x),Nans(¥)} and  Vynp(xy) < max{Vyng(x), Vang ()}

Further, let x,y € An B and r € R, then
Uang (xry) = min{uy(xry), ug(Xry)} e, (4)
But 1, (xry) = pa((xr)y) = ua(y) and pp(xry) = pg(x(ry)) = ug(y) implies that
min{u, (xry), ug (xry)} = min{u, (v), ug ()} (5)
AsANBC Aand ANnB C B.
SO pang(¥) < ua(y) and pgnp(x) < pp(x)
Which implies that min{u,(v), ug(x)} = min{puang (¥), hang (OO} eveeiiiiieen (6)
From (4), (5) and (6) we get
tang (xry) = min{piang (¥), tans (%)}

Similarly , we can show that

Nans (x1y) = min{nang (V) Nang ()} and  Vynp(xry) < max{Vunp (y), Vans (x)}

Hence A n B is PFBI of ring R.
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Theorem 3.9. Let A be PFS of aring R, then A is PFBI of R if and only if C, 5 ; (A) is bi-ideal of R, for all
a,B,A€[01]witha+ B+ A <1, where uy(0) = a,n,(0) =8,V,(0) <A.
Proof. Firstly, let A be PFBI of aring R. Then by definition of («, 8, A)-cut of A4,
we have Ciy p1)(A) = {x € Rlus(x) = a,my(x) = B, Vy(x) < 1}
Since u4(0) = a,14(0) = B,V,(0) < Athis implies Cy g2 (A) # ¢
Let x,y € Cy 5.2 (A) be any element, then

a) Zza,pa) za, na(x) 2B naly) Zpand Vy(x) <A Va(y) <4
This mean that min{u,(x), us(¥)} = a , min{ny(x),ns(y)} = B and max{V,(x),V,(y)} < 24
Now
na(x —y) 2 minf{u,(x), ua(¥)} 2 @

Nna(x —y) =2min{na(x),na(y)} = pand Vy(x —y) < max{us(x),us(y)} < 2
Also

pa(xy) = minfu, (), pa(} = ,  nalxy) = min{n,(x),n,(y)} = B
And  V,(xy) < max{p,(x), usa(y)} < 2

This implies that x —y € Cy 32 (A) and xy € Cy 32 (A)
Thus C, .4 (A) is a subring of R.
Next, letx,y € C,1(A) and r € R be any element.
Then
ua(xry) 2 minfus (), pa(} 2 @, na(xry) =2 min{na(x),na(y)} 2 B

And - V,(xry) < max{u,(x), ua(y)} < 2

Hence xry € Cypa(A).
Thus Ca,ﬁ,l(A)R Ca',ﬁ,l(A) c Ca’,[)’,l(A)
Hence Cy 5 4 (A) is bi-ideal of R.

Conversely, let Cy g 4 (A) be bi-ideal of R, forall a, 8,4 € [0,1] witha + f + A < 1, where u,(0) =
a,n4(0) = B,V4(0) < 2.
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Then C, 2 (A) is subring of R.

ANd Cy 3 2 (AR Cy 52 (A) € Copa(A).

This implies that A is picture fuzzy subring of R (by Theorem(2.5))
Let x,7,y € R and such that u, (xry) < min{u,(x), ua(y)}
choose a € [0,1] such that u,(xry) < a < min{u,s(x), us(y)}
This Implies that pu,(x) = a, us(y) = «a

Henceny(x) 21— puu(x) =21 -«

Vi) <1l—-pax)<1—-a

And V) <1-pyx)<1-a«a

Thus x,y € Cy1—g1-q(A) and xry € Cp1_g1-q(A) SO ps(xry) = a,
Which is a contradiction.

S0 pa(xry) = min{u, (x), usa(y)}

Similarly, we have

na(xry) =2 min{na(x),n4(y)} and Va(xry) < max{Vx(x),Va(y)}
Hence A is PFBI of the ring R.
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