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1. Introduction
For s belonging in the unit disk in the complex plane that defined as U:= {s:s € C:|s| < 1} the

symbol#AU) refers to the collection of functions , known as the form

SAU) = {§: U - C: F holomorphicin U},
and

H(U) D e, i]: = {F € HU):F(s) = €+ &5* + g4,5 +---,5 €U} It is worth that the
special collections and where obtained through special cases of € and i , where #, = 5#{0,1] and
A, = H1,1]whene =0,i=1and € =i =1 respectively .

Given two holomorphic functions, f(s) and S(s) in U. Suppose #B(s) be Schwarz function belongs
to U with #(0) = 0, then we define that f(s) is subordinate to S(s) or G(s) is superordinate to f(s) ,
and |2(s)| < 1 in which f(s) = S(&(s))(for all s € U) . In such case we write f(s) < &(s) or
S(s) <f(s).

To be more precise, in situations when a function f(s) univalent in U, so the the function f(s) is
subordinate to the function S(s) iff {(0) = S(0) and f(U) c S(U).

Let X denot the collection of all meromorphic functions that defined by
k(s)=s1+3¥2,&Est (seU =U—-{0}) . (1.1)

Note that the collection of all functions that are meromorphic starlike of order g (0 < < 1),

meromorphic convex of order $(0 < f < 1) are defined as ::

T i={k:k €Y: Re (_j{k(;gs)) > [ ,where k(s) # 0},

5= {k:k € Y: Re (— (1+ S}’(‘é?)) > B, where k'(s) # 0},
respectively ( see [2],[3] and [11]). Hurwitz- Lerch zeta is one of the important special functions that
has received considerable attention in researcher's studies , this function is sometimes abbreviated as
(HL-Z) (see [8]) and is known by the form

Sl

1 o
{(s,4,8) =$—A+Zi=1w»
where § € C — Zgt, Zyt ={0}u{-1,-2,...}, A€C, s € U=U*"U{0}, Re(1) > 1,for s € OU.
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Ghanim et al. [5] define a new function depend on HL-Z function Denoted by g(4,¢) and known by

the form
IAE) =2+ e (st (1.2)

(1+i)+¢

So for k € ¥, we define b?mas a new differential operator such that
DI = O™+ g(1,) * k)(s)
1 . 1+ . i
=5t Zi=0((1+i)ig)/1(2 +0O™MEst
_ 2(9AD*k(s)))’

N

=2+ Dizol

N

PR

D
1+¢

1+i4+&

A+ 2)§st,
(s*DY)’
S

2+ D%st

A A A ~
:DEZ - ggl(Dgfl) =
1+&
1+i+&

1 0
=;+ i=o(

Am 1 o 1 . i
D" = 1+ IR0t 2+ DMt (1.3)
where m € N,A € C such that ®e(1) >1 when & € C—7Zy!, Zy* == {0}u{-1,-2,...} and

s € U*:=U—-{0}. Thus for k € X, we observe that
(®§m+1k) (s) =s ((@ka) (s)) +2 (Dfrk) (5). (1.4)
Now , the new collection of meromorphic functions that represented by Z?m defined as :
Am, _
XM=
{k: ke€ZX,sk(s)#0 ands ((fD?"H’c) (s)) # 0 fors €U, m e N, € C,such that #e(1) > 1} and

iD?m refer to the differential operator that defined by (1.3) . The collection that indicated by the symbol

X is contain all the meromorphic functions of the form (1.1) . Many studies have included the topic of
preserving subordination and superordination of holomorphic univalent( or multivalent ) functions (see
[15],[17] ), meromorphic multivalent functions (see [4],[20]) and univalent which are meromorphic
functions (see [1],[6],[7],[9],[10] and [12] — [14]) in punctured disk involving an operators . Here
we mention some important basic definitions relevant to the research topic.

Definition 1.1 [19] . Let ¥:C?> — C and Z(s) be univalent in U . If ¢ is homomorphic in U and
satisfies lI’((p(S),S(p’(s)) <J(s) (selU). (1.5)

Than we say that the differential subordination in (1.5) has a solution represented by ¢. The univalent
function n(s) is a dominant of the solutions of (1.5) , in other words , m(s) is a dominant if ¢(s) <
n(s) for every ¢ fulfill the differential subordination in (1.5) , a best Dominant is a dominant function
(s) such that 7 (s) < m(s) for all subordinants of m(s) in (1.5) .

Definition 1.2 [16] . For a univalent functions ¢, N(<p(s),s<p’(s)) and a holomorphic function Z(s)
in U and satisfy Z(s) < N((p(S),S(p’(s))(s e, (1.6)

where N: C2 — C , we say the differential superordination in (1.6) has the solution represented by ¢ ,
a subordinate of the solutions of (1.6) is an holomorphic function that represented by =, to be more
clear , (s) is a subordinate if 7(s) < ¢@(s) , for every ¢(s) verifies the differential superordinatin in
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(1.6) ,a function 7Z(s) called the best subordinate for all subordinates m(s) of (1.6) if it is univalent
and satisfies the subordination condition (s) < 7(s) .
Miller and Mocanu [16] defined the set of functions Q , which refers to the collection of functions k(s)

that are holomorphic and one to one on D, where D = U — €(k(s)) and
C(k(s)) = {£:€ € 0U and limy_¢ k(s) = oo},
and are such that k'(§) = 0 (¢ € U — €(k(s)) .
In addition to the definitions mentioned above, and to obtain new results based on previous findings,
we mention some of those results.
Lemma 1.1 [2] . A function (s, 7) of the form L(s, 7#) = &, (#)s + &,(#)s? + -+ (&, () # 0,7 =

0) that maps U x [0,1) onto the complex plane which has the property lim,_.|& (#)| = o , is a
sOh(s,#)

subordinate chain iff e <W> >0(seU»=0).

o7

Lemma 1.2 [17] . For a function § satisfies the condition Re(S(id ,#) <0

: 2
ZiA+d) i e N where S:C2 — C.

,V d € R & V7 satisfies the inequality7 <
If the function @(s) =1+ ¢;s° + ¢j415 + -+ is holomorphic in U and e (5((,0(5),5(,0’(5))) >
0 (s € U), then %e(fp(s)) >0,Vsel.

Lemma 1.3 [18]. For every s € U ,suppose that v;(v; # 0),v, € C, and Z(s) belonging to A U)
with #(s) = d at s = 0. If Re(v,F(s) + v;) > 0 (s € W), then the differential equation
=J(s) (seU,n(0) =4d),

(s) + s (s)

has a holomorphic solution in U and satisfies ~ Re(v,m(s) + v,) > 0.
Lemma 1.4 [19] . Assume that for ¢ € Q with ¢(0) = ¢ and a function (s) = € + ;s° + €145 +

- be a holomorphic in U such that w(s) # ¢ , If m(s) < @(s) , then there exist points &, € AU \
C(k(s)) and s, = tye'? € U , for each

”(uto) c o(w),m(se) = @ (&) and som’(sp) = jéop'(§o) G > i =12,...) .
Lemma 1.5 [16]. Assume that = € #{e, 1] and T: C> — C be a function such that 7(n(s), s7'(s)) =
FS)(seU . If HAs,7) =T (n(s),s#n'(s)) is asubordination chain and 7 € s#]e, 1] N Q, then
F(s) < T(7(s),sit'(s)),

implies 7(s) < 7(s) . Furthermore , if a function = € Q is a univalent solution of the equation
T(r(s), s’ (s)) = H(s) , then m is the best subordinant .
The sandwich — type theorem is investigate in the present submission , we discussed several preserving
subordination and superordination properties for convolution of meromorphic function with HL-Z
function involving differential operator 1)’1’"

2. Fundamental Results Involving the Differential Operator Df

The following theorem imply an important result about the subordination of convex meromorphic
function associated with the differential operator defined by (1.4).

(1+b)—
Theorem 2.1. Let v = — (-'Z-T\‘”sd) ——(b >1,5>0), (2.1)
suppose that T € ¥ , such that
R}
7(s) = (1= b) (D)) +

Am+1 ( )

—zmz( : (DF"E(5))3 . (2.2)
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sT'(s)
If %e{1+T,(S)}>v,(sE‘U), (2.3)

and k € X, then the subordination condition
_ Am ¥ ( m+1 >() Am 3
(1-b) s((fbg k) (s)) (—( e C ((iDE k) (s)>) <T(). (24

Implies ((b?mk) (s)) < ((:D;mz) (s))s. (2.5)

3
Moreover , ((:D;mz) (s)) represent a best dominant of the subordination condition on (2.5).

Proof. Suppose that for s € U ,the following holomorphic functions B, (s) and B,(s) in U are defined
as

3 3
By(s) = <s((:o§mk) (s))) and B,(s) = (s ((sagmz) (s))) | (2.6)

Suppose that , without privation of generality , on U there is a holomorphic as well as univalent
function B,(s) with property B;(¢) # 0 (|¢] = 1). If not , so with respect to y € (0,1) , we have
new functions B;(s) = B;(ys) and B,(s) = B,(ys) have the desired properties on U, using these
functions is useful in proving the results of this theorem . Therefore , by letting y — 1, we will obtain

the results. So, we can prove that %e (Q(s)) >0(sel) ,if

_ 532”(5)

Q(S) - 1 + le(s)

To show that the real part of Q(s) lies in the right — hand half of the complex plane, we begin with the
derivative of B,(s) , which will be in the form

sty gt
that is ,

sB;(s) = 3 By(s) [

It goes without saying that, we have

(sEUW). (2.7)

Am+ 1 z) (S)
’lmz (s) :

Am+1
D T)(s)
2O 1 By (s) = b By(s) (1—) ,
GF)o
after several calculations, we get

+ By(s) —b&(s)( %)m—b) By(s).

3

bsBz (s)

in other expressmn

b BZ(S) + B,(s) =T(s). (2.8)
By performing simple calculations after taking the derivative for both sides of (2.8), we have
! b ! b n
T'(s) = (1 + g) By (s) +35B5(5). (2.9)
By ()

Since 9(s) =1+ , we conclude that

B3 ()
T'(s) = (1+3) Ba(s) + 2 (2©)By(s) — By(s))
= B3 () +2Q()B3(s) .
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That is
T'(s) = (1 + % Q(s)) Bi(s) . (2.10)

After simple computation by taking the derivative to both sides of (2.10) with respect to s, we get

sT"(s) _ sBy(s)
T'(s)  Bh(s) J+bQ( )SQ (s), thatis

sT'(s) sBY (s)
I+ =11 BS(s) J+bQ(5) sQ'(s)
= 90) + ()50’ ®)
= Z(s) (s €U). (2.11)
Since by (2.2) and (2.11) that
1 ,
F(s) = 9(s) + (%+Q(S))SQ (s).
That is
3 _ sQ'(s) 3
Hs) +35 = () + ( %)) +5
(Q(s)+,,)2+s9 (s)
—+Q(S)
_ 3\ , s2'(s)
= ((s) + b) 0w
Therefor
Re (gf(s) + %) >0 (s€EU). (2.12)

Moreover, from lemma 1.3 , we conclude that the function Q(s) belonging to #AU) is the solution to
the differential equation in (2.11) suchthat Q(s) =#(s) =1 at s=0,
let S(wq, wy) = Wy + —2<+ v,

wq

N
+b

where v is given by (2.1), form (2.11) and (2.12) , we get for s € U
%e{S(Q(s),sQ’(s))} >0

To demonstrate the validity of the condition
Re{S(id, )} <0 (deR,7 < —
This will be as follows :

1+d?

). (2.13)

Re{S(id ,7)} = Re {ld +5— ld+ v}

)
— __b

G2 +a?

X x\ 2
Z310((3) +a2
-5 +v((2) +a?)
T e
& 2 2
_\Es(sz )+v(§) +d?
- (§)2+d2

{[é_z,,]dz_w( )2;}

2()2+d?)
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_ —¥(d,byv)
JECRY
~ N\ 2 &
where  W(d,b,v) = [3-2v]d? - 2v (3) +3. (2.14)
For v given by (2.4) and ¥(d, b, v) is a positive , since 3 >0 and b >1 ,d € R, this imply that
Y(d, b,v) > 0and this ensures that the mathematical relationship is a chive in (2.13) , an application
of lemma 1.2 , imply that

forseU,weget Re(Q(s))>0.
Now we will prove that B, (s) < B,(s) , when B, (s) is convex according to the definition on Q(s) .
To proceed with the argument, we will assume that the function #(s, #*) is defined in the from

Hs, 7) = By(s) + 2B (< fcw,seU). (2.15)

S

Differentiate both sided of (2.15) w.r.to s, we obtain
62(5 7) (1+r))BZ(0) 0

|s 0_(1+

b

Differentiate both sided of (2.15) w.r.to - , We get
X (s,7) _ sBY(S)

a7 3
b
Hence
A )
s _ 3 - ( sBé’(s))
—a%a(slf) = b+(1+4/') 1+ ()

=34+ (1+7) Q(s) .

0AS7) -
So %e(sw(m> = gze(*ghr 1+ 7”) Q(s)) (0<7<o,s €U.

We deduct that #(s, ) is a subordination chain by applying lemma 1.1, so from this , we have
T(s) = By(s) + 5 =

Rj

b
HEA) & Au,0)=T(U) (07 <o, §€du). (2.16)
If B,(s) < B,(s), lemma 1.4 imply that 3¢, € 9U and 3Is, € U with property B,(sy) = B,(&,) ,
such that
soB1(so) = (1 +7°) §oB2(&o)- (2.17)
Therefore, according to (1.6) and (2.16), we get

- (1+7)sB5(&o)
W&o, 7) = By (&) + DB

b
soB1 (so)

3
b

So CD ™k ) (o) 3 So3 | s (50) mk (SO))
3 (©§m+1k)(so) _ ]

- (s" (( )(50))>~ S<SO(( fgk)(s")» (DF™k)(s0) )
= (1-b) <so (( k) (s0) > + b( AZ:?(;:;”) <so ((ro;}mk) (So)>>° e T(W).
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This disagree the condition of subordination to the theorem.

Thus , we have B, (s) is a subordinate to B, (s) .

As a result, in the case of B, (s) = B,(s) , the best dominant function will be B,(s). Thus we obtain
the desired result .

Next theorem proves the existence of the best dominant by discussing the result of super-ordination of
function defined by convolution coupled with a differential operator.

3
Theorem 2.2. For the functions ¥;(s) (j = 1,2) belonging to } , and ((D?mk) (s)) belonging to Q

, let T (s) be a function of the form

T(s) = (1—b) (s (@szz)(s)) + b(%ij??( ((ngzz)(s»)d’

satisfy the condition

e {1+ ';(j)} >, (2.18)

if 7(s) is univalent in U, where 7(s) = (1 — b) ((mgmzl) (s)) + b(%((b?mzl) (S)>5

andm € N,1 € C suchthat #e(1) >0,6 € C\{0,—1,-2,...} , visgivenby (2.1). Then
T(s)<T(s),

((@?mzz) (s))3 (s) < ((@?mzl) (s)>3 .

R}
Thus the function ((@?mzz) (s)) is a best dominant .

Proof. Let the functions B;(s), B,(s) and Q(s) are given as in equations (2.6) and (2.7), Utilizing
the same approach employed in the proof of Theorem 2.1, we obtain the following result:
Re{Q(s)} >0 (s €U).

To find the required proof, which is the best dominant ,we note that this is obtained by the validity of
the result B,(s) < B;(s), and following the same proof method the function for theorem 2.1 , we
conclude from the fact that #(s,#) is defined by the form in (2.15) and the fact that B;(s) is
convex, it becomes clear that (s, #) is a subordination chain of those justifications , then , using
Lemma 1.5, we conclude that B,(s) < B;(s). Further explanation, as a final result obtained from
applying lemma 1.3 and lemma 1.5, B,(s) is a solution that represents a univalent function of the
differential equation

T(s) = By(s) + ——=— = W(B(5), s B,'(5)) .
Then B,(s) is the best subordlnant.
The following result is an composite of theorems (1.1) and (1.2), which known as sandwich theorem .

ensure that

bsBz "(s)

3
Theorem 2.3. Suppose that the functions k(s), T;(s) (j = 1,2) and ((i)?mk) (s)) belonging to Q
for TJ;(s) of the form

5(s) = (1 - b) (sDf", (s))3 + b((g;—z;?j) (s (of)) (s)>>\S

satisfy the condition
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ST]-”(S)
Re {1 + 77 > v, (2.19)

7() = (1) ((Df"k) @))S 4 p O

£ Am 3 . .
W«@f k) (s)) is univalent in U , where
£

m e N,1 € C suchthat #e(1) >0,5 € C\{0,—1,-2,..},s € Uand visgiven by (2.1). Then

T1(s) < T(s) < Tp(s)

implies that

T1(s) < By(s) < Ta(s)

. 3
where T,(s) = ((@?mzl) (s)) refer to the best subordinant

T,(s) = ((c@?mzz) (s))(:s refer to the best dominant and B, (s) = ((b?mk) (s))

3
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