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  The present submission includes some subordination preserving and superordination 

results derived from a new differential transformation operator for convolution of 

Hurwitz- Lerch zeta function with a meromorphic function defined within the 

punctured unit disk    *        | |   +. Furthermore, those results were 

used to obtain the sandwich theorem.         

1. Introduction 

   For   belonging in the unit disk in the complex plane that defined as     *      | |   +  the 

symbolℋ( ) refers to the collection of functions , known as the form 

          ℋ( )  *                          + , 

and  

     ℋ( )  ℋ,   -  *  ℋ( )  ( )       
       

         +. It is worth that the 

special collections   and  where obtained through special cases of   and    , where ℋ
 
 ℋ,   - and 

ℋ
 
 ℋ,   - when          and        respectively . 

  Given two holomorphic functions,  ( ) and  𝔖( ) in  . Suppose ℬ( ) be Schwarz function belongs 

to   with ℬ( )   , then we define that  ( ) is subordinate to 𝔖( ) or 𝔖( ) is superordinate to  ( ) , 

and |ℬ( )|    in which  ( )  𝔖(ℬ( ))(           ) . In such case we write   ( )  𝔖( ) or 

𝔖( )    ( ) . 

   To be more precise, in situations when a function  ( ) univalent in  , so the the function  ( ) is 

subordinate to the function 𝔖( ) iff  ( )  𝔖( ) and  ( )  𝔖( ). 

    Let  Σ  denot the collection of all meromorphic functions that defined by  

                         ( )      ∑    
  

    (       * +)  .                    (   )  

   Note that the collection of all functions that are  meromorphic starlike of order   (     ), 

meromorphic convex of order  (     ) are defined as ::  

                 *    ∑  ℛ .
    ( )

 ( )
/            ( )   +, 

               *    ∑  ℛ 4 .  
    ( )

  ( )
/5             ( )   +, 

respectively (  see , - , - and ,  -). Hurwitz- Lerch zeta is one of the important special functions that 

has received considerable attention in researcher's studies , this function is sometimes abbreviated as 

(HL-Z) (see , -)  and is known by the form    

                             (     )  
 

   ∑
  

(   )  
   

     

where       
  ,    

   * +  *        +            * +  ℛ ( )               
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Ghanim et al. , - define a new function depend on  HL-Z function Denoted by  (   ) and known by 

the form  

                        (   )  
 

 
 ∑ (

   

(   )  
)    

                                                                  (   )  

So for     , we define   
  as a new differential operator such that 

    
   (    (   )   )( ) 

           
 

 
 ∑ (

   

(   )  
) (   )    

  
       ,              

  
   

(  ( (   )  ( ))) 

 
          

         
 

 
 ∑ (

   

     
)  

   (   )   
  , 

  
     

  (   
  )   

(   
 
  ) 

 
        

         
 

 
 ∑ (

   

     
)  

   (   )    
  , 

                       

      
   

 

 
 ∑ (

   

     
)  

   (   )    
   ,                                        (   )  

where           such that ℛ ( )    when       
  ,   

   * +  *        + and 

        * + . Thus for     , we observe that   

    .  
     / ( )   (.  

   / ( ))
 

   .  
   / ( )                         (   )                

Now  , the new collection of meromorphic functions that represented  by ∑ 
   defined as  : 

∑   
  
 

2         ( )          (.  
   / ( ))                               ℛ ( )   3 and 

  
   refer to the differential operator that defined by (   ) . The collection that indicated by the symbol 

  is contain all the meromorphic functions of the form (   )  . Many studies have included the topic of 

preserving subordination and superordination of holomorphic univalent( or multivalent ) functions (see 

,  - ,  - ), meromorphic multivalent functions (see , -  ,  -) and univalent which are meromorphic 

functions (see  , - , - , - , - ,  -     ,  -  ,  -) in punctured disk involving an operators  . Here 

we mention some important basic definitions relevant to the research topic. 

Definition 1.1 ,  - . Let Ψ      and ℱ( ) be univalent in    . If 𝜑 is homomorphic in   and 

satisfies      Ψ(𝜑( )  𝜑 ( ))  ℱ( )  (   )                                                  (   )      

Than we say that the differential subordination in (1.5) has a solution represented by 𝜑. The univalent 

function  ( ) is a dominant of the solutions of (1.5) , in other words ,  ( ) is a dominant if 𝜑( )  

 ( ) for every 𝜑 fulfill  the differential subordination in (   ) , a best Dominant is a dominant function 

 ̃( ) such that  ̃( )   ( ) for all subordinants of  ( ) in  (   ) . 

Definition 1.2 ,  - . For a univalent functions 𝜑,   (𝜑( )  𝜑 ( )) and a holomorphic function ℱ( ) 

in   and satisfy  ℱ( )   (𝜑( )  𝜑 ( ))(   )                        (   )   

where ℕ       , we say the differential superordination in (1.6) has the solution represented by 𝜑 , 

a subordinate of the solutions of (1.6) is an holomorphic function that represented by  , to be more 

clear ,  (s) is a subordinate if   ( )  𝜑( ) , for every 𝜑( ) verifies the differential superordinatin in 
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(   ) ,a function  ̃( ) called the best subordinate for all subordinates   ( ) of (   ) if it is univalent 

and satisfies the subordination condition   ( )    ̃( ) . 

Miller and Mocanu [16] defined the set of functions   , which refers to the collection of functions  ( ) 

that are holomorphic and one to one on  , where    ̅  𝔈( ( )) and  

                  𝔈( ( ))  {                   ( )   },  

and are such that   ( )    (     𝔈( ( )) .  

In addition to the definitions mentioned above, and to obtain new results based on previous findings, 

we mention some of those results.  

Lemma 1.1 , - . A function ℒ(   ̃) of the form ℒ(   ̃)    ( ̃)    ( ̃)    (  ( ̃)     ̃  

 ) that maps   ,   ) onto the complex plane which has the property        |  ( ̃)|    , is a 

subordinate chain iff  ℛ 4
   (   ̃)

  
  (   ̃)

  ̃

5    (     ̃   ) . 

Lemma 1.2 ,  - . For a function   satisfies the condition ℛ ( (     ̃)    

             ̃ satisfies the inequality ̃  
  (    )

 
     ,where            

If the function  𝜑( )       
       

       is holomorphic in   and ℛ . (𝜑( )  𝜑 ( ))/  

  (   )   then  ℛ (𝜑( ))    ,       . 

Lemma 1.3 ,  -. For every     ,suppose that   (    )      , and ℱ( ) belonging to ℋ( ) 

with ℱ( )          . If ℛ (  ℱ( )    )    (   )  then the differential equation  

            ( )  
   ( )

   ( )   
 ℱ( )  (      ( )   ) , 

has a holomorphic solution in   and satisfies       ℛ (   ( )    )        

Lemma 1.4 ,  - . Assume that for 𝜑    with  𝜑( )    and a function  ( )       
       

    

   be a holomorphic in   such that  ( )    , If  ( )   𝜑( ) , then there exist points       

𝔈( ( )) and        
      , for each   

          (   )  𝜑( )  (  )  𝜑(  ) and    
 (  )     𝜑

 (  ) (            ) . 

Lemma 1.5 ,  -. Assume that   ℋ,   - and 𝒯      be a function such that 𝒯( ( )    ( ))  

ℱ( )(   ) . If     ℒ(   ̃)  𝒯( ( )   ̃  ( )) is a subordination chain  and   ̃  ℋ,   -    , then  

                                  ℱ( )  𝒯( ̃( )   ̃ ( )) , 

implies   ( )   ̃( ) . Furthermore , if a function     is a univalent solution  of the equation  

𝒯( ( )    ( ))  ℱ( ) , then   is the best subordinant .  

The sandwich – type theorem is investigate in the present submission , we discussed several preserving 

subordination and superordination properties  for convolution  of meromorphic function with  HL-Z 

function involving differential operator   
   .  

2. Fundamental Results Involving the Differential Operator   
   . 

The following theorem imply an important result about the subordination of convex meromorphic 

function associated with the differential operator defined by (1.4). 

Theorem 2.1. Let    .
(   )  

   
/   

 

 
(       ) ,                                  (2.1)  

suppose that        such that 

        𝒯( )  (   ) (  
   ( ))

 

 
  

 
     ( )

 
 
   ( )

(  
   ( ))  .                           (2.2)  
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If        ℛ 2  
 𝒯  ( )

𝒯 ( )
3     (   )                                                                             (   )  

and     , then the subordination condition  

 (   ) 4 (.  
   / ( ))5

 

  (
. 

 
     /( )

. 
 
   /( )

( (.  
   / ( )))  𝒯( ).         (2.4)  

Implies       (.  
   / ( ))

 

 (.  
   / ( ))

 

.                                                    (2.5)  

Moreover , (.  
   / ( ))

 

 represent a best dominant of the subordination condition on (   ). 

Proof. Suppose that for     ,the following holomorphic functions   ( ) and    ( ) in   are defined 

as     

    ( )  4 (.  
   / ( ))5

 

and    ( )  4 (.  
   / ( ))5

 

.                      (2.6)   

Suppose that , without privation of generality , on  ̅  there is a holomorphic as well as univalent 

function     ( ) with property    
 ( )    (| |   ). If not , so  with respect to 𝔶  (   ) , we have 

new functions    ( )    (𝔶 )  and    ( )    (𝔶 ) have the desired properties on  ̅, using these 

functions is useful in proving the results of this theorem . Therefore , by letting  𝔶    , we will obtain 

the results. So, we can prove that ℛ .𝒬( )/    (   )  , if  

                         𝒬( )    
   

  ( )

  
 ( )

 (   ) .                                                       (   )  

To show that the real part of 𝒬( ) lies in the right – hand half of the complex plane, we begin with the 

derivative of    ( ) , which will be in the form  

  
 ( )   4 (.  

   / ( ))5

 

[
 .  

   /( ) .  
   /( )

 4. 
 
   /( )5

] , 

that is , 

   
 ( )      ( ) 6

. 
 
     /( )

. 
 
   /( )

  7 , 

 It goes without saying that, we have  

  
    

 ( )

 
     ( )      ( )

. 
 
     /( )

. 
 
   /( )

 , 

after several calculations, we get 

    
 ( )

 
    ( )      ( ) 4 

. 
 
     /( )

. 
 
   /( )

5  (   )   ( ) ,  

in other expression  

     
 ( )

 
    ( )  𝒯( ) .                                                                                      (   )  

By performing simple calculations after taking the derivative for both sides of (   ), we have  

𝒯 ( )  .  
 

 
/  

 ( )  
 

 
   

  ( )                                                                       (   )  

Since   𝒬( )    
   

  ( )

  
 ( )

  , we conclude that 

𝒯 ( )  .  
 

 
/  

 ( )  
 

 
 .𝒬( )  

 ( )    
 ( )/   

             
 ( )  

 

 
𝒬( )  

 ( ) . 
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That is  

𝒯 ( )  4  
 

 
𝒬( )5  

 ( )  .                                                                               (    )  

After simple computation by taking the derivative to both sides of (    ) with respect to s, we get  

  
 𝒯  ( )

𝒯 ( )
 

   
  ( )

  
 ( )

 
 

    𝒬( )
 𝒬 ( ) , that is  

   
 𝒯  ( )

𝒯 ( )
   

   
  ( )

  
 ( )

 
 

    𝒬( )
 𝒬 ( )  

                   𝒬( )  (
 

 

 
 𝒬( )

) 𝒬 ( )  

                   ℱ( )  (   )                                                                                                (    )  

Since by (   ) and (    ) that  

ℱ( )  𝒬( )  (
 

 

 
 𝒬( )

) 𝒬 ( ) .  

That is  

ℱ( )  
 

 
 𝒬( )  4

 𝒬 ( )
 

 
 𝒬( )

5  
 

 
  

                
(𝒬( ) 

 

 
)   𝒬 ( )

 

 
 𝒬( )

  

                .𝒬( )  
 

 
/  

 𝒬 ( )
 

 
 𝒬( )

 . 

Therefor  

                        ℛ .ℱ( )  
 

 
/      (   )                                                                 (    )  

Moreover, from lemma 1.3 , we conclude that the function 𝒬( )  belonging to ℋ( ) is the solution to 

the differential equation in (    )             𝒬( )  ℱ( )             ,  

let  (     )     
  

   
 

 

   , 

where    is given by (   )  form (    ) and (    ) , we get for     

               ℛ { ( 𝒬( )  𝒬 ( ))}       . 

To demonstrate the validity of the condition  

             ℛ * (     ̃)+     (      ̃   
    

 
) .                                               (    )  

This will be as follows :  

ℛ * (     ̃)+  ℛ 8   
 

 

 
   

   9  

                             
 ̃ 

 

(
 

 
)    

    

                            
  ̃  

 
  (.

 

 
/
 
   )

(
 

 
)    

  

                           
 

 

 
(
    

 
)  .

 

 
/
 
   

(
 

 
)    

   

                           
 {0

 

 
   1     .

 

 
/
 
 

 

 
}

 ((
 

 
)    )
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  (     )

 (   .
 

 
/
 
)
 , 

where        (     )  0
 

 
   1      .

 

 
/
 

 
 

 
 .                                               (    )  

For   given by (   ) and  (     ) is a positive , since                       this imply that  

 (     )    and this ensures that the mathematical relationship is a chive in (    ) , an application 

of lemma 1.2 , imply that   

for     , we get     ℛ ( 𝒬( ))     .  

Now we will prove that    ( )    ( ) , when   ( ) is convex according to the definition on 𝒬( ) .  

To proceed with the argument, we will assume that the function ℒ(   ̃) is defined in the from  

             ℒ(   ̃)    ( )  
(   ̃)   

 ( )
 

 

  (   ̃        ) .                            (    )  

Differentiate both sided of (    ) w.r.to  , we obtain  

 ℒ(   ̃)

  
|    (  

(   ̃)
 

 

)  
 ( )        . 

Differentiate both sided of (    ) w.r.to  ̃ , we get  

 
 ℒ(   ̃)

  ̃
 

   
 ( )
 

 

   . 

Hence  

 
 ℒ(   ̃)

  

 ℒ(   ̃)

  ̃

  
 

 
 (   ̃) .  

   
  ( )

  
 ( )

/ 

               
 

 
 (   ̃)  𝒬( ) . 

So  ℛ 4
 
 ℒ(   ̃)

  

 ℒ(   ̃)

  ̃

5  ℛ (
 

 
 (   ̃)  𝒬( )) (   ̃        )  

We deduct that ℒ(   ̃) is a subordination chain by applying lemma 1.1, so from this , we have 

      𝒯( )    ( )  
   

 ( )
 

 

  ℒ(   )  and since  ℒ(   )   ℒ(   ̃) for    ̃    , therefore  

            ℒ(   ̃)   ℒ(   )  𝒯( )  (   ̃          ) .                               (    )  

If   ( )     ( ) , lemma 1.4  imply that         and          with property    (  )    (  ) , 

such that 

             
 (  )  (   ̃)     (  ).                                                                      (    )  

Therefore, according to (1.6) and (2.16), we get   

 ℒ(    ̃)    (  )  
(   ̃)    

 (  ) 
 

 

  

                   (  )  
    

 (  ) 
 

 

  

          (  .  
   / (  ))

 

    (  .  
   / (  ))

   

[
  (.  

   /(  ))
 

 (. 
 
   /(  ))

 

 

]  

            4  (.  
   / (  ))5

 

 
  4  (.  

   /(  ))5

 

 

 

6
. 

 
     /(  )

. 
 
   /(  )

  7  

          (   ) 4  (.  
   / (  ))5

 

  4
. 

 
     /(  )

. 
 
   /(  )

54  (.  
   / (  ))5

 

 𝒯( )   
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This disagree the condition of subordination to the theorem.  

Thus , we have    ( ) is a subordinate to   ( ) . 

 As a result, in the case of     ( )    ( ) , the best dominant function will be    ( ). Thus we obtain 

the desired result .  

Next theorem proves the existence of the best dominant by discussing the result of super-ordination of 

function defined by convolution coupled with a differential operator.  

Theorem 2.2. For the functions    ( ) (     )  belonging to  ∑ , and (.  
   / ( ))

 

belonging to    

, let 𝒯( ) be a function of the form 

 𝒯( )  (   ) ( .  
    / ( ))

 

   (
. 

 
     /( )

. 
 
   /( )

4 (.  
    / ( ))5

 

, 

satisfy the condition 

                                            ℛ 2  
 𝒯  ( )

𝒯 ( )
3                                                      (    ) 

              

if 𝒯̃( ) is univalent in  , where 𝒯̃( )  (   ) (.  
    / ( ))

 

   (
. 

 
     /( )

. 
 
   /( )

(.  
    / ( ))

 

   

and           such that ℛ ( )    ,     *         +  ,    is given by (   ). Then     

                                 𝒯( )  𝒯̃( ) , 

ensure that  

                     (.  
    / ( ))

 

( )  (.  
    / ( ))

 

 . 

Thus the function (.  
    / ( ))

 

  is a best dominant . 

Proof. Let the functions     ( )      ( ) and 𝒬( ) are given as in equations (   ) and (   ), Utilizing 

the same approach employed in  the proof of Theorem 2.1, we obtain the following result: 

            *𝒬( )+       (    )  

To  find the required proof, which is the best dominant ,we note that this is obtained by the validity of 

the result    ( )    ( ), and following the same proof method the function for theorem 2.1 , we 

conclude from the fact that   ℒ(   ̃) is defined by the form in (    ) and the fact that    ( ) is 

convex, it becomes clear that  ℒ(   ̃) is a subordination chain  of those justifications , then , using 

Lemma 1.5, we conclude that   ( )    ( ). Further explanation, as a final result  obtained from  

applying  lemma 1.3 and lemma 1.5,      ( )  is a solution that represents a univalent function of the 

differential equation  

               𝒯( )    ( )  
    

 ( )

 
  (  ( )     

 ( )) . 

Then   ( ) is  the  best subordinant .  

The following result is an composite of theorems (   ) and (   ), which known as sandwich  theorem . 

Theorem 2.3. Suppose that the functions   ( ),    ( ) (     ) and (.  
   / ( ))

 

 belonging to   , 

for  𝒯 ( ) of the form  

 𝒯 ( )  (   ) (   
    ( ))

 

  (
. 

 
      /( )

. 
 
    /( )

4 (.  
    / ( ))5

 

, 

satisfy the condition 
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                       ℛ {  
 𝒯 

  ( )

𝒯 
 ( )

}                                                                          (    ) 

if  𝒯( )  (   ) (.  
   / ( ))

 

   (
. 

 
     /( )

. 
 
   /( )

(.  
   / ( ))

 

  is univalent in   , where 

          such that ℛ ( )    ,     *         + ,     and   is given by (   ). Then     

                       𝒯 ( )  𝒯( )  𝒯 ( ) , 

implies that  

                       ̃( )    ( )    ̃( ) , 

where   ̃( )  (.  
    / ( ))

 

  refer to the best subordinant   

   ̃( )  (.  
    / ( ))

 

  refer to the best dominant and   ( )  (.  
   / ( ))

 

 . 
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