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An investigation into a novel subclass of analytic and bi-univalent functions 

associated with quasi-subordination in the open unit disk is introduced. The factor 

estimates |  | |  |, for functions in belonging to these subclasses are established. 

Furthermore, several relevant consequences and special cases of the main results 

are highlighted. 

 
1. Introduction 

 

Univalent function theory is a key area of complex analysis. Researchers study how analytic 

functions map the open unit disk. In this domain, bi-univalent functions play a central role. Both 

the function and its inverse map must be univalent. This requirement creates strong geometric 

properties. Over the years, scholars have explored many special subclasses. Our work builds 

directly on these foundational concepts. Let   denote the class of functions that are analytic in the 

open unit disk of the from: 

 ( )    ∑    
      (

 

   

    )                                                         (   ) 

Which are    the open unit disc,     *    : | |   +  Additionally, consider the subclass 

comprising functions that are univalent throughout the open unit disk. Standard univalence theory 

guarantees that every such function possesses a well-defined inverse map defined over a region 

encompassing at least the quarter-disk centered at the origin. This inverse mapping can 

subsequently be expressed through its Maclaurin power series expansion:   ( ( ))         (  

 )  

and 

 (   ( ))         (| |    ( )   ( )  
 

 
)                                                                          (1.2) 

Actually, the inverse function        can be written by 

  ( )       
  (   

    ) 
  (   

          ) 
                                        (1.3) 

              ∑    
  

    

The function     is termed bi-  in     if            and                  are   functions in   

given by (1.1). The study of bi-univalent functions originated with Lewin [5], who established that 

|  |        for functions satisfying (1.1). Subsequently, Brannan and Clunie [2] posed the 

conjecture that |  |  √ . While Netanyahu [7] later demonstrated that        ∑|  |  
 

 
. Early 
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studies on bi-univalent functions focused on coefficient bounds. Lewin introduced this class and 

established the first upper bound. Soon after, Brannan and Clunie proposed a famous conjecture. 

Netanyahu later resolved this problem by finding the exact maximum value. Today, researchers 

extend these classical results using modern tools. We combine these ideas with quasi-

subordination to create broader function classes. Also different authors have studied classes of bi 

       and obtained approximation of the factors |  | and |  |  for    in these classes. For two 

   .    and     is subject to  , take the following form: 

 ( )   ( ) (    ) ,…                                                                                                         (1.4) 

if        exist hand        ( ), using| ( )|    

 ( )        | ( )|   (   )  

For which 

 ( )   ( ) ( ( )) (   )  

Observe that if(  ( )   ), thus  ( )   ( ( ))   hance  ( )   ( ) (   ) I   in        

   ( )   ( ) and  ( )   ( ) . 

 
Figure 1: Geometric representations of the underlying domains: (a) Image domain 

 ( ) of a univalent function containing the guaranteed Koebe disk | |  
 

 
 where 

    is defined; (b) Typical Ma-Minda target domain  ( ) exhibiting starlikeness 

with respect to  ( )    and symmetry about the real line. 

Ma and Minda introduced a combined treatment of different subclass composed of starlike with 

convex    for one of quantities 
   ( )

 ( )
 or    

   ( )

 ( )
 is continued to a broader  scope superordinate 

   The    ( ) presented by Ma and Minda , -  Composed of function                 
   ( )

 ( )
 

 ( )     moreover corresponding class  ( ) of convex functions                    
   ( )

 ( )
  ( )    , Ma and Minda , -. Interestingly this class has passed through several 

developments. These stages include exploration into bi-univalent functions by bounding the 

second coefficient and stage of a smaller upper bound for this parameter. Then, came the the 
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conjecture, proving the precise peak value across the entire class. The most important of these 

stages is the study into starlike and convex collections together by forcing key differential 

quotients to lie inside a univalent region, as seen in Figure 1. Also,  Figure 2 gives a good picture 

into the intersection point between two separate expressions. 

  ( )           
     

           .                                                                        (1.5) 

  with 

 ( )           
     

                                                                                             (1.6) 

We focus on this because it can help us later introduce important subfamilies and derive their 

explicit upper bounds for their initial Taylor–Maclaurin coefficients. Furthermore, from this we 

can thoroughly explore the relevant consequences and special cases. 

Lemma (1.1), -  Let  ( )   ,then |  |     for each   where   is the family of all functions  , 

analytic in  , for which   ( ( ))    (   )  where 

 ( )           
     

     

2. Initial Coefficient Inequalities for the General Bi-Univalent Subclass 

This subclass gives us a handy tool to combine different function families by joining basic 

subordination with a bounded analytic factor. We will try to shift some constants around to 

diverse our subclasses and their conditions. As we will see later, this helps find starlike and 

convex properties have tighter coefficient bounds. 

Definition (   )  The subclass    ∑  
 (     ) consists of all analytic bi-univalent functions $f$ 

governed by the dual conditions: 

*
 ,  ( )       ( )- 

  (  ( )      ( ))  (   )((   ) ( )      ( )
+     ( ( )   )                        (   ) 

with 

*
 ,  ( )       ( )- 

  (  ( )      ( ))  (   )((   ) ( )      ( )
+     ( ( )   )               (   ) 

Where                         g     is given by  (1.3) and (     )  

Hence, we notice that for special values to our parameters       and   can give us new classes. 

These classes simplify the messy conditions and help us give better conditions and relationships to 

other classes. 

Remark (2.1): By specializing the parameters in Definition 2.1, several noteworthy subclasses 

emerge: 

1- For       a function   ∑ define by (   ) is regarded in the class    ∑  
 (     ) if the 

subsequent conditions are fulfilling: 

*
 ,  ( )       ( )- 

    ( )   (   ) ( )
+     ( ( )   )                                                         

and 

*
 ,  ( )       ( )- 

    ( )  (   ) ( )
+     ( ( )   )                 

2-  For       a function   ∑ define by (   ) is called to be in the class    ∑  
 (     )  if the 

subsequent conditions are fulfilling: 
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*
 ,  ( )       ( )- 

     ( )  (   )   ( )
+     ( ( )   )                                                

and 

*
 ,  ( )       ( )- 

     ( )  (   )   ( )
+     ( ( )   )                                            

Where                        g     is determined by (1.3) and (     )  

3-For     and     ,we get the class    ∑  
 (     )    ∑

   ( ),which was considered by  , - 

4-For         , we get the class    ∑  
 (     )    ∑

   ( ),which was considered by  , - 

Subsequent, we obtain that estimates for the factors |  | and |  | for the   in     ∑  
 (     )  From 

this result we can present a theorem with upper bounds for the second and third coefficients which 

depend directly on the chosen parameters. This can be done by noticing that the third coefficient 

bound involves a minimum of two separate expressions.  

Theorem (   )  Let    be a function in the subclass      ∑  
 (     )  Then the initial Taylor–

Maclaurin coefficients satisfy the bounds 

|  |

    ,
|  |  

(   )(      )
 

√|  | (   |     |

√,(   ) ,  (   )  (      )(   )-   (    )(       )-
}    

(2.3) 

and 

|  |     ,
  (|  |  |  |)

(    )(       )
 

  
   

   

(   ) (      )    
  

|  | (   |     |)

,(   ) ,  (   )  (      )(   )-   (    )(       )-

 
  (|  |  |  |)

(    )(       )
-  

(   ) 

Proof : Let       ∑  
 (     ) and       be defined as in (1.3). By the definition of quasi-

subordination, there exist analytic Schwarz functions           satisfying  ( )   ( )  

  | ( )|    | ( )|    and a function   given by (1.5), such that 

*
 ,  ( )       ( )- 

  (  ( )      ( ))  (   )((   ) ( )      ( )
+      ( )( ( ( )   ))  

         (   ) 

and 

*
 ,  ( )       ( )- 

  (  ( )      ( ))  (   )((   ) ( )      ( )
+      ( )( ( ( )   ))  

   (    ) 

We now introduce the helper functions  ( ) and  ( ), expressed as 
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      ( )  
   ( )

   ( )
      

     
                                                        (   ) 

and 

 ( )  
   ( )

   ( )
      

     
                                                  (   ) 

Or in other words 

  ( )  
 ( )   

 ( )   
 
 

 
,    (   

  
 

 
)                                             (   ) 

and  

 ( )  
 ( )   

 ( )   
 
 

 
,    (   

  
 

 
)                                        (    ) 

Next, we equate terms with identical powers. This step creates a system of algebraic equations 

involving the initial coefficients. By subtracting one relation from another, we isolate the second 

coefficient. We then use the magnitude restrictions on the Schwarz functions. Simple arithmetic 

leads directly to our main inequality. The same approach yields the bound for the third coefficient. 

Using (2.9),(2.10) in (2.5) (2.6),respectively, we have  

*
 ,  ( )       ( )- 

  (  ( )      ( ))  (   )((   ) ( )      ( )
+   

  (  ) ( ( 
 ( )   

 ( )   
)   )       (    ) 

and 

[
 [  ( )      ( )]

 

  (  ( )     ( )) (   )((   ) ( )     ( )
]      ( ) . . 

 ( )  

 ( )  
/   /                         (    )  

 

Substituting series expansions (1.5) and (1.6) into the right-hand sides of equations (2.11) and 

(2.12), we obtain 

 ( ) ( (
 ( )   

 ( )   
)   )  

 

 
        ,

 

 
       

 

 
    (   

  
 

 
)  

    
 

  
 -        

                           (    ) 

and 

 ( ) ((
 ( )   

 ( )   
)   )

 
 

 
        ,

 

 
       

 

 
    (   

  
 

 
)  

    
 

  
 -      

  (    ) 

Equating the corresponding coefficients in (2.11) through (2.14) yields 

(   )(      )   
 

 
                                                         (    ) 
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,(    )(       )   (   )
 ,  (   )  (   )(      )-  

 -

 
 

 
       

 

 
    (   

  
 

 
)   

    
 

  
 }                                                      (    ) 

and 

 (   )(      )   
 

 
                                                                 (    ) 

[,(   ) ,  (   )  (      )(   )-   (    )(       )-  
 

 (    )(       )  ]

 
 

 
       

 

 
     (   

  
 

 
)  

    
 

  
                                                   (    ) 

Combining relations (2.15) and (2.17), it follows that 

   
      

 (   )(      )
  

      
 (   )(      )

                                (    ) 

Consequently 

                                                                                                                                                    (    ) 

with  

 (   ) (      )    
    

   
 (  

    
 )                                          (    ) 

Under the magnitude restrictions|  |    |  |    guaranteed by Lemma 1.1, together with 

condition (2.20), it follows that  

 ,(   ) ,  (   )  (      )(   )-   (    )(       )-   
   

       (     )    (     )(  
    

 )                                      (    ) 

Applying Lemma 1.1 to equations (2.21) and (2.22), we arrive at the assertion in (2.3). Next ,for 

the bound on |  |. Subtracting (2.18) from (2.16) directly yields 

      
  

            (     )

 (    )(       )
                                                 (    ) 

Using (2.21 )with |  |    |  |    in (2.23) ,we get 

|  |  
  (|  |  |  |)

(    )(       )
 

  
   

   

(   ) (      )    
                 (    ) 

Also Using (2.22 )with |  |    |  |    in(2.23),we get 

|  |  
|  | (   |     |)

,(   ) ,  (   ) (      )(   )-  (    )(       )-
 

  (|  | |  |)

 (    )(       )
.(2.25) 

From (2.24) and (2.25). Hence, the required results are obtained. (2.4). 

Thus, the proof of 2.1 is completed. Now, to analyze the numerical response of the initial 

coefficient bound |  | derived in Theorem 2.1, Figure 2 illustrates the variation of |  | across 

  ,       - for representative choices of   *           +. As observed, increasing   leads to a 

monotonic decrease in the upper bound |  |, whereas larger values of   provide stronger 

suppression on the coefficient magnitude. 
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Figure 2: Variation of |  | with respect to   for different  . 

 

Corollary(2.5): Specializing Theorem 2.1 to the parameter choice δ = 0 yields the following 

estimate: Let  ( ) expressed by (   )  to the class     ∑  
 (     )  therefore 

|  |     ,
|  |  

(   )(    )
 

√|  | (   |     |

√,(   ) ,  (   )  (    )-   (    )(    )-
}    

with 

|  |     ,
  (|  |  |  |)

(    )(    )
 

  
   

   

(   ) (    )    
  

|  | (   |     |)

,(   ) ,  (   )  (    )-   (    )(    )-
 

  (|  |  |  |)

(    )(    )
-  

Corollary(2.6): Setting δ = 1 in Theorem 2.1 reduces the main bounds to: Let  ( ) given 

by  (   )   to the class     ∑  
 (     ). hence   

   |  |

    ,
|  |  

(   )(    )
 

√|  | (   |     |

√,(   ) ,  (   )  (    )(   )-   (    )(   )-
}   

and 

|  |     ,
  (|  |  |  |)

 (    )(   )
 

  
   

   

 (   ) (   )    
  

|  | (   |     |)

, (   ) , (   )  (      )-   (    )(   )-
 

  (|  |  |  |)

 (    )(   )
-                         
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Corollary(2.7): When δ = 1, inequality (2.4) simplifies to the coefficient bounds for 

  ∑  
   
(     ). Let  ( ) defined by (   )    to the class  ∑  

   
(     ). Therefore, 

|  |     ,
|  |  

 (      )
 

√|  | (   |     |

√, ,  (   )  (      )(   )-   (       )-
}    

and 

|  |     ,
  (|  |  |  |)

 (       )
 

  
   

   

 (      )    
  

|  | (   |     |)

, ,  (   )  (      )(   )-   (       )-
 
  (|  |  |  |)

 (       )
-  

Corollary(2.8): In the limiting case where δ = 0, Theorem 2.1 reduces to: Let  ( ) given by (   )  

  to the class   ∑  
   
(     ). 

Therefore,  

|  |     ,
|  |  

(      )
 

√|  | (   |     |

√[,  (   )  (      )(   )-   (       )]
}
 

 

    

and 

|  |     ,
  (|  |  |  |)

(       )
 

  
   

   

(      )    
  

|  | (   |     |)

[,  (   )  (      )(   )-   (       )]
 
  (|  |  |  |)

(       )
-  

Since the estimate for |  | in inequality (2.4) is governed by the minimum of two distinct 

expressions, Figure 3 demonstrates the transition of the active bound as a function of   

 ,      ]. To better understand the second subclass, we examine its 3D surface plot. The plot 

displays the joint impact of two key parameters on the initial bound. The surface reaches its 

lowest point when one parameter approaches zero while the other nears one. This smooth trend 

confirms our theoretical predictions. It also highlights the stabilizing effect of combined 

parameters. For smaller values of  , the expression   ( ) yields the tighter constraint, whereas 

  ( ) provides the active bound as   increases. 
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Figure 3: Crossover Analysis of the Dual Expressions in |  |. 

 

3. Coefficient Estimates for the Related Family of Bi-Univalent Functions 

Next, we apply our methods to a second bi-univalent set. Adding extra parameters makes this new 

subclass much more flexible. If we choose zero or one for key values, classic results return. The 

logical flow mirrors our first proof. Still, the inner algebraic details are different. This broad 

approach links separate findings into one system. 

Definition (   )  A   ∑ given by (   ) is termed in the class if the following quasi-

subordination requirement are fulfilled  ∑∑
   (   ) if it satisfies the dual quasi-subordination 

conditions (3.1) and (3.2) for parameters 0 ≤ λ < 1, 0 ≤ δ ≤ 1, and δ   C \ {0} and the following 

quasi-subordination requirement are fulfilled: 

  
 

 
*(   )

   ( )

(   )    ( )
  (

   ( )   ( )

    ( )   ( )
)   +   ( ( )   )                    (   ) 

and 

  
 

 
*(   )

   ( )

(   )    ( )
  (

   ( )   ( )

    ( )   ( )
)   +   ( ( )   )                 (   ) 

In which (                 * + ,      )  

Remark (3.1): For selected values to parameters  , obtained new as well as existing classes. 

  
 

 
*(   )

   ( )

 
  (

   ( )   ( )

  ( )
)   +   ( ( )   )                                       (   ) 

and 

  
 

 
*(   )

   ( )

 
  (

   ( )   ( )

  ( )
)   +   ( ( )   )                 (   ) 
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Remark(3.2):  

 For     and      * +   a   ∑ define with (   ) is termed in the class   ∑
   
(   ),  

In particular we obtain class   ∑
   
(   )    ∑

 
(   ),  obtain the following , - 

Theorem (    ): Let the function       
   
(   ) be defined by series (1.1). Then the initial 

coefficient bounds for |a₂| and |a₃| are given by:  

|  |     ,
|  |  

(   )(   )
 

√|  | (   |     |

√ (   )(    )  (   )(   )(    )
}    

(   ) 

and 

|  |  ,
  (|  |  |  |)

(   )(    )
 

  
   

   

(   ) (   )   
  

|  | (   |     |)

 (   )(    )  (   )(   )(    )
 
  (|  |  |  |)

(   )(    )
-                       (   )  

Where                   * +     given  ( )by (1.6). 

Proof : Proceeding in a manner similar to the proof of Theorem 2.1, we deduce the following 

system of relations: 

 

 
(   )(   )   

 

 
                                                                                                 (     ) 

 

 
[ (   )(    )   (   )(   )((    ))  

  ]                                                                 

 
 

 
       

 

 
    (   

  
 

 
)   

    
 

  
 }                                                     (     ) 

with 

 
 

 
(   )(   )   

 

 
                                                   (    ) 

 

 
[, (   )(    )  (   )(   )(    )-  

   (   )(    )  ]  
 

 
       

 

 
    .   

  
 

 
/  

    

 
  
  +      

(   ) 

Comparing equations (3.5) and (3.7) immediately yields 

                                                                       (3.9) 

Additionally,  

   
       

 (   )(   )
   

       
 (   )(   )

                                                            (    ) 

with  

                                 (   ) (   )    
    

   
   (  

    
 )                                              (     )                        

Summing equations (3.6) and (3.8), and substituting        alongside the coefficient 

bounds|  |    |  |    and (    ) we obtain  
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* ( (   )(    )  (   )(   )(    )+  

 

      (     )    (     (  
    

 ) (    ) 

Using (   ) |  |    |  |      from (3.11) and (3.12),we obtain (3.3). 

To establish the upper bound for|  |  subtracting equation (3.6) from (3.8) gives 

      
  

 (            (     ))

 (   )(    )
                                                 (    ) 

Applying Lemma 1.1 to equations (3.11) and (3.12) yields the assertion in (3.3). Finally, 

combining estimates (3.14) and (3.15) completes the proof [15]. 

|  |  
  (|  |  |  |)

(   )(    )
 

  
   

   

(   ) (   )    
                                           (    ) 

Also Using (3.12 )with |  |    |  |    in(3.13),we get 

|  |  
|  | (   |     |)

 (   )(    ) (   )(   )(    )
 
  (|  | |  |)

(   )(    )
.                     (3.15) 

Combining inequalities (3.14) and (3.15) completes the proof of assertion (3.4) 

Remark(3.1):  

(i) For     and       * +  a function   ∑ define by (   ) is termed    ∑
   
(   ),  

In particular we have    ∑
   
(   )      ∑

 (   ),  obtain the following , -. 

(ii) With      , 3.1 Theorem gives enhancement over the estimates achieved in , , -  9, p 5] 

Corollary. 

 (iii) With          , 3.1 Theorem decreases to a conclusion in , [10]  Theorem      . 8]  

 (iv) For            , 3.1 Theorem decreases to a conclusion in , [10], Corollary       8]. 

Taking     in Theorem 3.1, we arrive at Corollary 3.1 below. 

Corollary(3.1): Let  ( )     ∑
   
(     ). Which is defined in (1.1),Then If          ∑

   
(    ), 

then we have 

|  |     ,
|  |  
(   )

 
√|  | (   |     |

√ (    )  (    )
}    

and 

|  |  ,
  (|  |  |  |)

(    )
 

  
   

   

(   )   
 
|  | (   |     |)

 (    )  (    )
 
  (|  |  |  |)

(    )
-  

The simultaneous influence of the parameters   and   on the upper bound |  | established in 

Theorem 3.1 is depicted in Figure 4. The surface reveals that |  | attains its minimum value as 

      and    , confirming the theoretical constraints imposed on the subclass  ∑
   
(   ). 
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Figure 4: 3D Surface Plot of |  | in Class     ∑

   
(   ) 

Corollary(3.2)  If        ∑
   
(   ), therefore we get  

|  |     ,
|  |  
 (   )

 
√|  | (   |     |

√ (   )(    )(   )
}    

and 

|  |  ,
  (|  |  |  |)

 (   )
 

  
   

   

 (   )   
 

|  | (   |     |)

 (   )   (   )(   )
 
  (|  |  |  |)

 (   )
-     

To sum up, we found new coefficient estimates for two subclasses. It is especially interesting 

since our theorems build on well-known bounds from earlier papers. Clear figures show how 

shifting parameters alters the results and, through future work can adapt these methods to other 

operator classes. We hope this work sparks new research in function theory. 

 

References 

, - R.M. Ali, S.K. Lee, V. Ravichandran, and S. Supramaniam,Coefficient estimates for bi-univalent Ma-Minda 

starlike and convex functions, Appl. Math. Lett, 25(3), (2012), 344-351. 

, - D.A. Brannan and J.G. Clunie (Eds), Aspects of contemporary complex Analysis, (proceedings of the NA to 

advanced study institute held at the university of Durham, Durham: July 1-20,(1979),Academic press, New 

York and London, (1980).  

, - S. P. Goyal, and R. Kumar, Coefficient estimates and quasi-subordination properties associated with certain 

subclasses of analytic and bi-univalent functions, Mathematica Slovaca, 65(3), (2015), 533–544. 

, -S. Kant, Coefficients estimate for certain subclasses of bi-univalent functions associated with quasi-

Subordination, Journal of Fractional and Applications, vol. 9(1),(2018),195-203. 

, - M. Lewin, On a coefficient problem for bi-univalent functions,Proc. Amer. Math. Soc. 18, (1967), 63-68. 

, - W.C. Ma, and D. Minda, A unified treatment of some special classes of univalent functions, in Proceedings 

of the Conference on Complex Analysis, Tianjin, 1992, vol. I of Lecture Notes for Analysis, International 

Press, Cambridge, Mass, USA, (1994), 157–169. 



      Journal of Iraqi Al-Khwarizmi (JIKh)   Volume:10  Issue:2 Year: 2026   pages: 607-619   
 

619 
 

[7] N. Magesh, V. K. Balaji and J. Yamini, Certain subclasses of bistarlike and biconvex functions based on 

quasi - subordination, Abstract and analysis, 2016 Art. ID3102960, 6 pages ,2016. 

[8] E. Netanyahu, The minimal distance of the image boynbary from the origin and the second coefficient of a 

univalent function in | |    , Arch. Rational Mech. Anal. 32, (1969), 100 – 112. 

, - C. Pommerenke, Univalent Functions, Vandenhoeck & Ruprecht, Gottingen, Germany.(1975).  

,  - B. Patil, and U. H. Naik, Estimates on initial coefficients of certain subclasses of biunivalent functions 

associated with quasi-subordination, Global Journal of mathematical Analysis, 5(1), 6-10, 2017. 

,  - F. Y. Ren, S. Owa and S. Fukui, Some inequalities on quasi-subodrdinate functions, Bull. Austral. Math. 

Soc. 43(2), 317-324,1991. 

[12] M. S. Robertson, Quasi-subordination and coefficient conjecture, Bull. Amer. Math. Soc. 76, 1-9, 1970.  

[13] H. Tang, G. Deng and S. Li, Coefficient estimates for new subclasses of Ma-Minda bi-univalent functions, 

J. Ineq. Appl. 2013 Art. 317, 10 pages, 2013 .  

[14] P. P. Vyas and S. Kant, Certain Subclasses of bi-univalent functions associated with quasisubordination, 

Journal of Rajasthan Academy of Physical Sciences, 15(4), 315 - 325, Dec. 2016. 

[15] E. I. Badiwi, W. G. Atshan, Ameera N. Alkiffai and A. A. Lupas, Certain results on subclasses of analytic 

and bi-univalent functions associated with coefficient estimates and quasi-subordination, Symmetry, 

15(12)(2023), 2208, 1-12. 

 


