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1.Introduction
The concept of random dynamical systems is a comparatively recent development combining ideas and methods from the well
developed areas of probability theory and dynamical systems. Due to our inaccurate knowledge of the particular model or due to
computational or theoretical limitations (lack of sufficient computational power, in- efficient algorithms or insufficiently developed
mathematical and physical theory, for example), the mathematical models never correspond exactly to the phenomenon they are
meant to model. Moreover, when considering practical systems we cannot avoid ei- ther external noise or inaccuracy errors in
measurements, so every realistic mathematical model should allow for small errors along orbits. To be able to cope with
unavoidable uncertainty about the “correct” parameter values, observed initial states and even the specific mathematical
formulation involved, we let randomness be embedded within the model. Therefore, random dynamical systems arise naturally in
the modeling of many phenomena in physics, biology, economics, climatology, etc.
The concept of random dynamical systems was mainly developed by Arnold [1] and his ”"Bremen group”, based on the research of
Baxendale [2], Bismut [3], Elworthy [4], Gihman and Skorohod [5], Ikeda and Watanabe [6] and Kunita [7] on two-parameter
stochastic flows generated by stochastic differential equations.
Lyapunov’s first method was, however, filled with new life in 1968 when Oseledets [10] proved his celebrated multiplicative
ergodic theorem. For (random) dynamical systems under an invariant measure this theorem establishes the existence of Lyapunov
exponents as limits and can be used to conclude nonlinear stability from linear stability. A systematic account of the theory of
nonlinear random dynamical systems based on Lyapunov’s first method through the multiplicative ergodic theorem is given by
Arnold [1]. In contrast to his first method, Lyapunov’s second method turned out to be very successful from the beginning, in
particular in numerous applied problems. Early systematic accounts in the West were given by the Springer Grundlehren volumes
of Hahn [9] in 1967 and of Bhatia and Szegé [8] (developing Lyapunov’s second method for dynamical systems) in 1970, both of
which are still classical references.
D.T.Son (2009)[11] studied the Lyapunov exponents for random dynamical systems. X. Yingchao (2010)[12] used the theory of
random dynamical systems and stochastic analysis to research the existence of random attractors and also stochastic bifurcation

behavior for stochastic Duffing-van der Pol equation with jumps under some assumptions. I.J.Kadhim and A.H. Khalil(2016)[13]

26



Journal of Iragi Al-Khwarizmi Society (JIKhS)  Volume:3 Issue: Special 2019  pages: 26-41

they define the random dynamical system and random sets in uniform space are and proved some necessary properties of these
two concepts. Also they sudy the expansivity of uniform random operator.

The structure of this paper is as follows: In Section 2 we recall same basic definition and facts about random dynamical, study
the definition of Lyapunov function for random dynamical systems and theorem Lyapunov stability . In Section 3 we will
study Lyapunov function for pullback attractor , existence of a pullback absorbing neighborhood system and theorem (Rate of
pullback convergence).

2. Lyapunov Functions for Random Dynamical Systems
Definition2.1. A closed random set M: {1 — P(I) is said to be a semi-weak attractor ,if Vx € MEM)fla Tempered
random variable O,: 1 — R¥and v € S(x, &,. () there is a sequence {£,,}in R,
t, — +oo 3 d(qp(tn,ﬂtnm)x, M(w)) = Qast — +oo
i. asemi—attractor , if
x € M,3 tempered random variable &, 3 S(x, 6,.(w), d (cp (t, Stnm)x, M(m])] — Qas
t — +oo
ii. a weak attractor , if there is a tempered random variable & and for each ¥ = S(M(m] ,5 (m)), there is a
sequence {t, } in IR, t,, — 400 such that d[@(tn,ﬂtn m)x, M(w)—0
iii. an attractor , if there is a tempered random variable d such that for each V = S(M[m] ,5 [m]) ,
d((t,0,w)x, M(w)) = 0at - 4o

iv. a uniform attractor , if there is a tempered random variable O suchthat foreach € = 0  thereisT=T (&) = 0 such

that {@o(t, B, w)x:t €[T,+0)}cS(M,s) foreach x € S[M,5]

an equi attractor if it is an attractor and if there is A = Qsuchthatforeach € ,0 <& <A and T = 0, there exists
tempered random  variable § with {@(t,8w)x:te[0,T]IN S(M(w),§) = @ whenever
c=d(x,M)= A

Definition2.2 (Lyapunov Functions) [1] . Let ¢7 be a random dynamical system in ]E.d and A be a random compact set

which is invariant under 2. A Function V: 0 X R? = R¥ is called Lyapunov Functions for A (under QD:J if it is has the

following properties :
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i. @ +— V(w,x)is measurable for each X € R? and x +—> (e, x) is continuous for each w € ()

ii. ¥ isuniformly unbounded , i.e., Iim”x",_,m V(m, xj = C0 forall .

iii. 17 is positive-definite, i.e., V{w,x) =0 for x € A(w)and V(w,x) > 0 for x & A(w).

iv. I/ is strictly decreasing along orbits of (@ i.e, V(Stm, (t,w, x]) Vi(w,x) for al t >0 and

x & Alw).

Definition2.3 The derivative of the function ¥z {} X Rd — R along the parametric vector

X(t) = (:xl (£), %2 (), -+ X4 () ) is defined by

d Av(w.x(t)) dx;

V(w,X(®) ==V (0,X(1) =24, = wEQ, )

Theorem?2.4 (Lyapunov stability theorem)[1]

Let X = X(E], x€S € R +— R* has critical point at the origin. If there is function V': 0O xR¢ — R* such
that

. ] o av{m,x{t:]} . . .
i.  The partial derivative —a ,i=1, 2,.,.,d exist and continuous .
xq

ii. 1 is positive —definite .

ii. Vis semi-positive —definite .

Then the origin is stable critical point for the system. If (iii) above replaces by a stronger condition (iii*) Vis negative —definite.

Then the origin is asymptotical stabile critical point for the systems. If the function that satisfies the hypothesis (i), (ii) and (iii)
from the above theorem is called weak Lyapunov function and if hypothesis (iii) is replaced by (iii*), then T?(JC, _‘}f] is called

strong Lyapunov function.

In the following we shall characterize the asymptotically random set in terms the lyapunov function . to this end we first sate and

prove the following lemma.

Lemma2.5 let the phase space X be arbitrary and KcX eaV:00 XK—R ne any continuous function defined on K

such that V(Htm,qp(t, W, x]) <V (w,z) forall € >0 and X &€ K(@). Whenever
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e([0,t],w,x) € K (w),t = OThenifsome X,@( R™, w,x) € K (@), we have V(w, V) = V(w, 2)

forevery ¥, Z € A¥ (x).

Proof. Assume that V(Htm,fp(t, W, x]) < V (w,x) . there are indeed sequence {t,,} and{ T, 3 in IR such
thatl,, = @2, T,, —* 22 and qu'( L, w, x] -V, qp( Ty, 0, le —*z . We may assume by taking a subsequence that

t,, << T, foreach 1 Thenclearly (th w,@(t,,w, l’]) =V (H'Tnm, (T, w, I]) as

o(t,wx)= e((t,—t,)+t,wx)= o(t,—t,),0(t)we(t,wx)), T,—t,>0 ,
and
@([0,7t, —t,],0(t,)w,e(t,wx)) < K(w), Thus proceeding to the limit we have continuity of V

, V(H’tm, @(t, w, y]) = V(w, z). This contradicts the original assumption and the limit is proved .

Theorem?2.6. A compact random set McXis asymptotically stable if and only if there exists a function

V:1 X N — K ,where is a neighborhood Nof M such that
261 V(w,.): N — Ris continuous Vwe and V(w,x): 2 — IR is measurable VXN .
262 V(w,x) =0t VxeMand V(w,x) > 0ifx & M,Vwel

263 V(8w,0(t,®,y)) < V(w,x) For al t>0 and x EM(@) for x EM,t >0 and
qp([ﬂl t] » W, xj - N(m)vaEﬂ

Proof. Assume that a function ¥ as required is given. Choose €t = 0 such that S[M, (I] C N and is compact of Let
m =min{ (x):x € H(M, &)}, Then by 2.6.2 and continuity of €,m = 0. set K = {x € S[M, a]:
qf'[x) = m} Then K is indeed compact and because 2.2.3 Kk is positively invariant. This establishes that M s stable as
K positively invariant neighborhood of. To see that M is an attractor, choose any compact positively invariant neighborhood
KofM with KM . Then for any X Ek,ﬂ At H, and lemma 2.5 shows that % is constant on
AT (xj C M. Thus M s attractor and consequently asymptotically stable. Now let M e asymptotically stable and

A (Mj its region of attractor. For each X eEA (M]define

w(x) = suplo(t,8,w)x, M ):t = 0}
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Indeed qo(x) is defined for each X € A (M] b, because if Q(H(E,X],M:J =, Then there is a 1 = 0 with
(T, +o0),x) © S(t,a). Thus
@(x) = supf{p(t,8,w)x,M):T =t = 0}

As Q(qﬂ(f, Htm)l’, M) is a continuous function of £, qp[x) is define. This q.o[x] has the properties: @(I) =0 for
xEM,@p(x)=0frx M and qp(ﬂ:(t,x]) < @(x) for t = 0. This is clear when we remember that M is
stable and hence positively invariant and that A (M] is invariant. Thus if @(X] is defined for any X & M, it is defined for

all Xt witht € R™ . we further claim that this @(X] is continuous in M. Indeed stability of M implies continuity of

cp(x] on M Forx @M et Q(ﬁ(t,xj,M] = {I("} {]] and choose &, £ == ICIf_tl_,such that S[X,E] is
compact subset of A (M] is open, since M s uniform attractor , there is a T = 0 such that

Slx, e]t € S[M, (1/4] forall £ = T . Thusfor VES[X, €] we have

@(x) - p(y) = sup{o(e(t, 6, w)x, M) : t = 0} — sup{ole(t,f,w)y,M):t = 0}

= supl{o(e(t,f,w)x, M) : T =t = 0} — suplele(t,0,.w)y,M):T =t = 0}

There fore

lo(x) — @(y)| = sup{e(e(t, 8,w)x, M) — o(@(t,8,w)y,M): T =t = 0}
=< o(@(t,0,w)x, @(t,0,w)y):T=t = 0}

The continuity axiom implies that the right hand side of the above inequality tends to zero as } — X, for T is fixed for
_‘}JES[JC, E] .The function @'(I] is therefore continuous in M . However, the above function may not be strictly decreasing

along parts of trajectories in A (M) which are not in M and so may not satisfy 2.6.3. Such a function can be obtained by

setting

V(w,x) = [ V(0,,w ¢, w,x)) exp(—1,) d.

That V[m, 1’) is continuous and satisfies 2.6.2 in A (M:J is clear. To see that V(m, XJ satisfies 2.6.3, let
x € M(G_sw) and & = 0. Then indeed V(Htm,qp(t, W, l’]) < V(w,x) | holds because

ﬂ(ﬂtm, (0w, x]) < v(w,x) nholds.
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Torule V(ﬂ'tm, @ (0, w, xj) < V(B,w,x) =V(w,x),Vx € N observe that in this case we must have
V(Ht+‘rml p(t+1 , m;x]) = V(HTM, o(t ,w, I]) forall T>0,x €.
thus in particular, letting T = 0, ¢ ,2T, ... we get

V[m ,X] = V(Hmm, qp[nt , X]) , L= 1,2,3, .... By asymptotic stability of M[S_tm] implies that for
xeA(M), e(nt ,w,x)—=0ast— o  V(w,Xx) is continous. This shows that V (e, X) =0. But as
X &M, wemusthave V (@, x) = 0 acontradiction . We have thus proved that V(Htm,qp(t, W, l’]) < V(w, x)

forx € M, and £ = 0. the theorem is proved.

3. Lyapunov function for pullback attractor

A Lyapunov function characterizing pullback attraction and pullback attractors for a discrete —time process in ]Rd will be

constructed here.

Consider a non-autonomous difference equation

x‘]‘l+1(m) = ﬁl(gﬂ.ml xﬂ(m]] 2
d . Tmd d . . . .

on R%, wherethe f,: [R® — R® , are Lipschitz continuous mapping.

This generates a process @: zZ X R — R? through iteration by CD(H,HD,XU (m)) = fu=1® - "fn, (Xo(@))

is Lipschitz continuous for all 7L = My the pullback attraction is taken with respect to basin of attraction system, which is

define as follows for a process.
Definition 3.1 A basin of attraction system :Datt consist of families D = {Dﬂ: nc Z} of non empty pounded random set
of RY with the property that DA = {D,:iﬂ n e Z} € D,y if DR = {Df] n EZ} € D and
Diﬂ C DEforall N € Z.

Although somewhat complicated, the use of such a basin of attraction system allows both non-uniform and local attraction region,

which are typical in non-autonomous system, to be handled.

Definition 3.2 A {#-invariant family of nonempty compact A = {ﬂﬂ n € .Z} is called a pullback attractor with respect to a

basin of attraction system iDatt if it is pullback attracting
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]-iqum dlSt(@ (TL, Hﬂ—j(mjy Dn—_lr (mj)l A']‘l (ﬁ}] =0 ®)
Foral M € Zandall D = {D,:n € z} € D,y4.

Obviously e € D,

The construction of the Lyapunov function requires the existence of a pullback absorbing neighborhood family.
Existence of a pullback absorbing neighborhood system

The following lemma shows that three always exists such a pullback absorbing neighborhood system for any given

pullback attractor. Lemma 3.3 if Aisa pullback attractor with a basin of attraction system Batt for a process, then there exists

a pullback absorbing neighborhood system B c I’att of A with random T. 42 moreover, B is @ — pasitive invariant

Proof. For each g € Z pick Sny (@) > 0 such that
B[A,, (@);S,, (w)]:={x € R%dist (X,A, w)< S, }suchtha
{B[4,, (@); S, (@)]:ng € Z} € Dy, and define

B‘HD :=U_Ir20 (P(nﬂ Jgﬂn—j(mjjB [Aﬂo—_; {:mj;‘sﬂu—j (Mj]j

obviously A, © intB[A, (w);S,, (w)]<c B,_.
To show positive invariance the two-parameter semi group property will be used in where follows

qp(n: +1, Hﬂum, Bﬂu)

=U_;ECII (P(nﬂ +1 FH‘H,] w, Q(HRDMJ Sﬂn_}m,B [Ann—_; (m];snn—; {:&JJ])J

=U_;ED (P(nﬂ +1 !H‘Hn—jm.lB [Aﬂn—_; (m);SﬂD—J (Cﬂ]]j

=U121 @(HD +1 !H‘Ho+l—jm ’ B [Aﬂ,:,+1—_lr (m];5ﬂ0+l—j {:M]])

= 120@(?10 +1 JSﬂD+1—jmJB [‘qﬂu+1—_lr (m];snn+l—_lr {:Mj])] = Enn+i(m]

SO

p(n, +1, Sﬂn w, Bﬂn (). This and the two parameter semi group property again gives
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pny+1,0, 0B, (0)=¢n,+1,0, ,;0,¢n,+1,0, w,B, (v)
= (P(nﬂ +2 ' is'1-1,::,+1'f":'J Bnn+1(mj = Bnu+2 {:Mj

The general positive invariance assertion then follows by induction. Now referring to the continuity of @(Hﬂo {u, ﬂnﬂ _jm )
and the Compactness of B [Aﬂu_j (mj;sno—j (m]]the set ﬁp(norgno—jm , B [Aﬂg_j (m];sﬂg_j (mj]) is

compact for each j = 0 and ng € Z . moreover, by pullback convergence , there exists an

N =N (n9,5,,) € N suchthat @(g , 6,0, B |4y, (@),5,,—;(@)])

€ B[4, ();S, (w)] cB@, w) foreaxch J = N. Hence

B, @) = Ujzp @ (Mg, O, —; (@), B[Ap, (@), 5y, -, (@))

S BlAp, @)iS5, @)U U @(n0,6,,-,0 B[4y, (@);S,,-, @)])

= D{Jl;:ﬁ @ (Mg, 0y, —;, B[4y, —;(@); Sy, —; (@)]), which is compact, so B(B,_ @) is compact.

To see that Bso constructed is pullback absorbing with respect tO'FDatt, letD € f.'Datt .

Fix g € Z. since <A is pullback attracting , there exists an N(B, 5110,?’10) € N such that

dist(@(ng, 6, _;@,D, _;),A,,) < (6, @) foran j = N(D,S,_,n,).

but @((nﬂr Hnn—jm! Dnc, —j) cint B [“q‘]‘ln Em)r 511[, {:Mj] and B [""11%I (fﬂj, 51-1,:, (m)] - B(:Hﬂc,m] !
s0

qp(no,ﬂﬂo_j(m], Dﬂo_j) C int B(8,, w) foral j = N(D, On, ,ﬂ.;.)

Hence Bis pullback absorbing as required .

Necessary and sufficient conditions

The main result is the construction of a Lyapunov function that characterizes this pullback attraction
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Theorem. 3.4. Let f;l be uniformly of Lyapunov continuous on ]Ed for each M € Z and let {7 be the process that they
generate. In addition, let A bea {2 —invariant family of nonempty compact random sets that is pullback attracting with respect to

@2 with a basin of attraction system E:Iatt . Then there exists a Lipschitz continuous function’: {1 X R - R , such that
Property 1 (upper bound): forall g € Z and X € R<
V(ng,xp) = dist(xp,4,,), @)

Property 2 (lower bound): for each My &£ Z there exists a function a[no,. ):R+ - R* with a(nc.,[l] = 0 and

fl[ng,?') = 0 forall ¥ = 0 whichis monotonically increasing in T~ such that

a(ng, dist(xg,4,,)) < V(On,w,%,) Forall xo € R (5)
Property 3 (Lipschitz condition): for g € Z and Xg , Vy € R? |

V(61,0,20) = V(Ery@,%0) | = llo = 35, ©

Property 4(pullback convergence): forall g € Z andany D € D¢

limit sup, ... supmn_nEDnD_HV(ﬂnnm,qp(nﬂ,ﬂnn_n,znc, —-n )] =0(@
In addition,

Property 5 (forwards convergence) : there exists N e Z'DQH , Which is positively invariant under ¢ and consists of nonempty

compact random sets N (6, ) with A, (w) © intd, (w) for each Mg €Z such that

V(Sﬂaﬂm,qp(no +1,60, w,x, ) < e‘llf(ﬂncm, x,:.) ®)
Forall Xo € N(8,, @) and hence
V(0pys @0, @0, 0, 0,%)) < e TV(6,, ,%,) foraiixy € N (8, )

,JEN )
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-Kfwarie

Proof. The aim is to construct a Lyapunov function

V(Sﬂum, xo) = SUP, .y € o dist((xm@(ﬂ,m B, —n@, B(6,, @ ) for all Ng EZ  and
d _ n +

Xy € R® where Tﬂg.-ﬂ —n-l—Zj:l(IﬂD_j .

with T, o = 0. Here a,logL, where L, is the uniform Lipschitz constant f, on R |

anda® = (a + |£1| ,/ 2, that is the positive part of a real number €L,

Noted Ty =nand Ty pimn =To n + Ty for um €N ny €Z.

Proof 1

since € o™ < 1 forall . € N and dist(Xg, @ (19,6, @, B(6,, _n@ )

Is monotonically increasing from 0 = dist(xg,(p(nu,ﬂﬂu_ﬂm, B(6,,n® ) = l.dist(x,,A(0,,0).
Proof 2

Xy € A(8,, @) then

V(Sﬂu w, x,:,) = SUP, .o € Mondist( (x,:., @(ng, 0, —nw, B(6, @ )] the supremum involves the
product of an exponentially quantity bounded below by zero and a bounded increasing function , since the set

@ (Mg, 0, —nw, B(6,,,_n,@ ) areanested family of compact random sets decreasing to A (&, @) with increasing 7.
In particular, dist(xg,ﬂ(ﬂnom) = (xﬂ,tp(nﬂ, 0n,—n@, B(O, @ ) forall 1 € M. Hence there exists an

N* = N*(ng,xy) € N such that
idist(xﬂ,ﬂ(ﬂnnm] = dist(x, 9 (Mg, 0p,—nw, B(6,, _,w) = dist(x,,A(0, )
Forall = N” butnot 1 = N™ — 1. There, from above,
V(6,,@,%) = e TneNdist((xo, 9 (Mo, On, _n+@, B (O, ) ) :3% e TV (x5, A(6,, )
Define
N*(Hnnm,r) = sup{N*(&ﬂDm, xﬂ):dist (xD,A(Han)) = T}
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Now

N*(,,,,7) <o For Xo & A(B,, @) with dist (6, A(6,, @) ) =7 and N*(8,@,7) ison
decreasing with T — 0. To see this note that by the triangle rule

dist (xo,A4(6,,0)) <

dist((x,@ (Mg, On, n @, B(6n,_nw) ) + dist ( @(ng, 0, @, B(6,,_n®)),A(6, w) )

Also by pullback convergence there exists an IN (124, T/ 7)) such that

dist ( (N, 0g—n®, B(6g—n@)),A(6y@) ) <>7 . For al mEN(n,,T/y) . Hence for

dist (xD,A(HﬂD m)) =Tradn = N(nﬂ,T/Z],

That is T/Z < dist (xﬂ,qp (no, Bp,—nw,B (&RD _nm))).

obvioustyN (8, @,7) < N*(8,,@,7/5).

Finally, define @(1o,7) =T/, e Tro.N*(no.), (10)

Note that there is no guarantee here (with further assumption) that Q(HD,T) dose not converge to 0 for fixed 7T #+ 'D:J

as Mg — <0,

Proof 3

|V(15',ﬂu W, x,:.) — V(Hﬂom, Yo )|

|Supnei"v‘ E_Tnu_ndi'gt((xﬂ! @(ng, &ﬂn -n®, B (Hnn—nm) ) -
SupﬂEN E_Tnn_ndESt((}h: ﬁp(ﬂm Hﬂg—ﬂml B (&n_o —n’m] )l

SupﬂEN E_Tng—n |d£5t((xﬂr @(nm 9110 —‘]‘lml B (Hno—n’m] ) -
diSf((}’ﬂ, (P(nﬂl &ﬂn —n@, B Egﬂn—ﬂmj )l
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< supe o |[xy — Vo |l = llxg — Wl
neN

Since

|dist(x,,C) — dist(yy, O < llxg — o ll for any x,,v, € R% and nonempty compact random subset of
CeR?.

Proof 4

Assume the opposite. Then there exists an £g = 0 , a sequence le — @0 in M and points
%; € @M, By @, D(B,,, ) such that V(6,, 0,%o) = & for all £ € N since D € Dz and B is
pullback absorbing , there exists an N=NDmn,)eN such that

@(ng, Hnn_njm, D(H'ﬂn_n}_mj c B[Hﬂnm] forall I; 2=N.

Hence, for all j such that 7; = N, itholds x; € B(8,,_w) ,which is a compact random set , so there exists a convergent

®
subsequence X; — X~ € B(8, ) .butalso

xj S UnJ,EN ‘P(nm H‘HD—‘HMJ D(Hnn —nm]]

And nﬂj',ﬂéﬂj Un_l, =N ¢ (nﬂu H‘HD -n, D {:Hﬂn —ﬂm)] = A(Hnn &J]
And the definition of a pullback attractor. Hence X~ € A(8, w)

And V(Snn m,x*) =0 . Bu V' is Lipschitz continuous in its second variable by property 3,
so Ep= V(&ﬂo w, xj) = ||V(15'ﬂﬂ w, xj) — V(Hﬂom, x| = "x; —x*|| . which contradicts the
convergence Xy —* X" Hence, property 4 must hold.

Proof 5

pefine N, :={ Xy € B[B(6,,®),1]:0(n, + 1,6, w,x,) € B(6, . )},

Where B[B(Snum), 1] = {x, * dist(xD,B(Han)] < 1} is bounded because B(Sﬂum) is random compact
and Rd is locally compact, so Nﬂn is bounded. It is also closed, hence compact, since
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qﬂ'(nﬂ +1,0, w,. ) A(Hnnm) c EHEB(HHDM) is continuous and B(ﬂ'ﬂn M) is compact. Now and

B(6,,+1@) € N, s0A(6, @) < intN,_. in addition

qp(no +1,0, w,Nn, ) cB (HHDJFIM) © Ny, +1. 50V is positive invariant.

It remains to establish the exponential decay inequality (40). This needs the following Lipschitz condition on

qp(nﬂ,ﬂnnm,.) = fu, (.]:”qp(nﬂ, B, @, x,:,) — qp(nﬂ,ﬂnﬂm,yu)" < eno||x, — v, |l.
Forall Xg, Yo € D(8,,, w) .itfollows from this that

dist(qp(nﬂ +1,0, o, :lr:,:,) — qp(n,:, +1,6, w, Cﬂu) = e“nedist(x,,C,, )

From the definitionof V', IV ((HnDJrlm), qp(nﬂ + 1, H’ﬂo w, xﬂ)) =

sup e~ Tno+in dist(qp(nﬂ +1, &RD w, x,:,), (@ (nﬂ, H‘nu _.w, B (Hﬂn_ﬂm))

nz=o

Since qﬂ(?’lﬂ, +1,6, o, JCD,) = B(HRDJFIM) when Xq € N(6,, @ ). Hence re-indexing and then using the

two-parameter semi group property and the Lipschitz condition on &2 ( 1, Hﬂn ,. )

V(Hﬂaﬂm ,o(ny + 1,9%@,1;0)) _

sup e Tmo+siv dist (@(ny + 1, Hnnm,xﬂ), (@ (nc,, HHD_}-_im,B[HHD_}-_im))
jz

= supe Trotij+s dist{fp{nﬂ, + 1, Bnnmjxu.}l {p (nc. +1,8, wp (nc” Y B{Enn_}.m}))
jz0

Supjzu E—Tng+L_J'+1 g%ng diSf(ID,@ (TLD, Hﬂu_}'m; B (&ﬂn —jm)))

Toy+1j+1 = Tny jo1 — %D+:V(3no+1m:@(nu +1,6,, v, xu)

= sup E_Tnu-l-l’j-l-l e“nodist (xi_h (P(nﬂ! Hﬂg —fm’ B (H’ﬂn —_.fm)))
Jjz0

= e~ supe Tned dist(x,, ¢, 6, ;B (Hﬂn_jm)])

j=0
< e 1V (8, w,x,), Which is the desired inequality. Moreover, since
g =00

qp(l,ﬂnnm, IG) = B(HﬂnJrlm) c N(Hnnﬂm) the proof continues inductively to
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give, V(H,HD +jW, qp(nﬂ, +1, H,HD w, xﬂ,) = E'_jV(&ﬂD W, Xg), for allj € M. This completes the proof of theorem
3.4,
Definition. 3.5. A family random sets De ijﬂ.tt is called past-tempered with respect to Air

lim; ., * log* dist ((0,0), A(6py ;@) ) =0 For al MG EL . o cquivaeny i

lim, ... e dist (D(6,,_;0),A(8,,_jw)) =0 foranmg €Z, 0 <y.

Proposition3.6. For past-tempered family random sets, D < IV it follows that

lim dist (1,8, _;,D(6,,_;0), A(6,,_;0)) =0

J=m=
Proof

V(0w ¢ (nn,ﬂﬂu_jm,xtzﬂﬂu_jm)) < e /dist (D (Hﬂﬂ_jm),ﬂ(ﬂﬂu_jm)) — 0 as ] — ©0. Hence

a(f, w,diste (n,:,, Oy - @, x(ﬂﬂn_jm), A(Hnn_jm))
< e~ dist (D(8,,_;©),A(6,,_;©)) > 0 as j = oo,

Since Ny is fixed in the lower expression, this implies the pullback convergence

lim dist (1,8, _;®, D(6,,_;0), A6, ) ) = 0

joo
Theorem3.7. (Rate of pullback convergence)

If B is pullback absorbing neighborhood system, then for all Mg & InelN g DE :Datt there exists an

N(D, nﬂ.,ﬂ) € N suchthat V(H,HD w, @ (nﬂ,ﬂnn_mm,Z(ﬂnD_mMJ)

< e"Tnondist (B(6,,),A(8,,0))
Proof

@ (nm Ony—n-m®, D (Hﬂn —n—mfﬂ))
=g (ng,ﬂnu_ﬂm, @ (nc. — 1,0, m®,D(6,, —n—mﬂd)))
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c o (n,:., Bpy—n@, B (Sﬂn—“m))
=@ (no, Ony—i @, @ (” ~ L 0p,nw, B (&”0 _“m)))

= @(nﬂ,ﬂna_im,gﬂﬂﬂa_imn Foreveym=Nnz=1z=0

Where the positive invariance of B was used the last line. Hence

] (n,:, —n, Sﬂu_ﬂ_mm, D (an_n_mm)) c @ (n,:, —n, Snn_n_mm, D (Sﬂc_n_mm)).
Forevery M = N(D,ng,n)  and 1 =1 = 0 orequivalently

@ (n,:. —n,0, o, D(&ﬂn_mm)) (=) (n,:. -—n6, ;wB (&ﬂn_im)) For
everym =n +N(D,ngn)ad n=1=0.

This means that for any Z(Hnu_mm) eD (Hﬂo_mm) the supremum in
V(g @, @ (10, 81y 0, Z (8 _0) ) =
e~ Tnaidist ( qp(ﬂﬂam), Hﬂﬂ —m®, Z(Hnﬂ_mm)) , O (n,:, —n, &ﬂn_im, B (Hnﬂ_im))

Need only be consider over [ = M. Hence

V (H‘nn w, @ (n,:,, &RD @, Z(Hﬂn_mm))

= supe T noidiste (nc., By —m @, Z(ﬂﬂﬂ_mw)); @ (n,:., Opy i@, B (Hnn—im)))

1=0

< e~ Tronsupe T nonidiste (ﬂﬂ: (Snn _m@, Z(8,, _mM)) , H(Hﬂnm)]
jz0

< e Tnondist(B(6,, w),A(6, @))

Since A(Hﬂnm) c o (nﬂ,, Oy i j @, B(Hnn_l-_jm))and

@ (nu,ﬂnn_mm,Z(ﬂﬂn_mm)) = B(Hﬂnm)
Thus V(8,,, @, @ (nﬂ,aﬂn_mm,z(ann_mm)) < e~ Tnondist (B(6,, w),A(6,, 0)).

For every Z(Hﬂn_mm) = D(Hnu_mm),m =n-+ N(D,HD,H]and n=10

Corollary3.8. We can be assumed that the mapping 7. == 1. + N(D, no,n]
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If monotonic increasing in 1 (by taking a large N(D, no,n] if necessary, and is hence invertible. Let the inverse of

n = M(m) = N(D,ngy,n). Then

VB, 0, @ (116,80, Z (8 _0))

< e Tnoxmdist(B(6, w),A(6,,w))
Forevery m = N(D,n,,0) = 0.

usually N(D,n,,0) = 0 . This expression can be hold for every 711 = O by replacing M (m) by M* (1) defined
for every 7 = 0 and introducing a constant K D = 1 to account for the behavior over the finite time

sett = N(D,n,,0) = 0 forevery m = 0 thisgives

V(810 @, @ (10, 81y -0, Z (8 0) ) < K, Aist (B(6,, ), A(8, ) ).
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