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Abstract :

In this paper , we have introduced the definition of fuzzy soft normed space and obtained some new properties of these space by
studying the open and closed balls. Moreover , we studied the continuity and the convergences in fuzzy soft normed space .
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1. Introduction:

In 2002 , Maji et.al gave a new concept called fuzzy soft set , After the rontier work of Maji, many investigator have extended this
concept in various branches of mathematics and Kharal and Ahmad in [2] introduced new theories like new properties of fuzzy soft
set and then in [3] defined the concept of mapping on fuzzy soft classes and studies of fuzzy soft in topological introduced by
Tanay and Kandemir [4].Mahanta and Das [5] continued studier .In all of the above —mentioned works , the researchers used a fuzzy
soft vector space or soft vector space ,while in this worke we used a vector space . In this work we introduce Fuzzy soft normed
space and discussed the continuity and convergence and bounded

2.Preliminaries

In this work we use the simples X , E , P(x) to denote for an initial universe ,a set of parameters and the collection of all subsets
of X, respectively .

Definition (2.1): [1] A fuzzy set A in X is characterized by a function with domain as X and value in 1. The collection of all fuzzy
sets in X is denoted by

Definition (2.2) [15] : Let X be a universe set and E be a set of parameters , P [:Xj the power set of XadAESEA
pair (F,H:J is called soft set over X with recepect to A and F is a mapping given by F:4— P(X] ,
(F,A) ={F(e) e P(X):e € A}.

Definition 2.3 [1] : Let A be a subset of E . A pair (F ,A) is called a fuzzy soft set over (X, E) ,if F: A—-1% is a mapping
from A into I* .The collection of all fuzzy soft sets over ( X, E) is denoted by F(X , E)

Definition (2.4)[1]: A Fuzzy soft set (F,A) over (X,E) is said to be absolute fuzzy soft set , if for all e € A, F(e) is a fuzzy

universal set Lover X and denoted it by E

Definition(2.5)[1]: A fuzzy soft set (F,A) over (X, E) is said to be null fuzzy soft set ,if for all e € A, F(e) is the null fuzzy set 0
over X .we denoted it by @
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Definition(2.6)[41] Let X be a non-empty set, * be a continuous t-norm on I- [0, 1]. A function
N: XX (U,Cﬂj —* [{], 1] is called a fuzzy norm funcion on X if it satisfies the following
axioms: for all x,y € X, t,s = 0;

1) N(x,t) = 0.
2) N(ixt) =1 =x = 0.
3) N (ax,t)= N (x ﬁ) forall & € [Fi{0}.
4) N(xt)*N(y,s) = N(x+y,t+s).
5) N (x,.): (0,2) — [0,1] is continuous.
6) Lime ., N (x,t) =1.

(X, N,*) is called a fuzzy normed space.

Definition(2.7) : Let X be a vector space .Then a mapping ||. || # X = R(E)" is said to be a soft norm on X if ||. || satisfies
the following conditions :

x|l =0 forallxe X

) llxll =0 x=0

3) |lr x|l = |rlllx|| for all x € X and for every soft scalar r
o llx +yll < llxll + llyll forallx,y € X

The vector space X with a soft norm " || on X is said to be soft normed space and denoted by (X, || ||)

3.Main result

Definition(3.1) :Let X be a vector space over the scalar filed K, suppose * is continuous t-norm , and. A fuzzy sub set I" on X x

(0,0) is called fuzzy soft norm on X ifand only if forx . ,ye- £ Xand ke K the following condition hold
1) E(x.,t)=0 VI <0
2) Exe,t)=1 VL = 0 ifandonlyif x.= 04

3) E(kxe,t):E(xe,ﬁ)if E+0Vt=0

4) E(t® X ,t®s) ZE(X,,t)*E(y,. ,s) VE,8§ > 0 andx y, €X

5) E(Xe , . ) is continuous functionand lim,_, .. E(x.,t) =1

9
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The triple (X, E, || || ) will be refered to a fuzzy soft normed space

Definition(3.2): let (X, E, || || ) be a fuzzy soft normed space and £ == 0 we define an open ball , a closed ball and sphere

with center at X, and radius < as follows

B, 7" 1) = {Ver € XiE(Xer — Yoo, t) = 1 — 7}
E(xel, T 1) ={yer € X:E(Xe1 — Ve, t) = 1 —173
S, T o t) = {Yer € X E(Xes — Yoo, t) =1 —T3%

SFS(B( Xer , r, 1)), SFS(B(Xe1 , T, t)) and SFS(S(xe1 , ¥, t)) are called fuzzy soft open ball, fussy soft closed ball , fuzzy soft

sphere respectively with center X, and radius 7"

Definition(3.3):A mapping A X XX X (U, :ﬂ] — (U,l) is said to be fuzzy soft metric on X if A satisfies the following
condition

1) AXer Yeo, ) =0forallt = 0

2) A(xe1 yez ) =1 forallt = 0 ifand only if xe: = yeo

3) Axer Yeo 1 ) = AYer s Xea 1)

4) A1, 25, 5Dt )= AlXer Yez , 8) * AYer Zes ) VE,8 = 0

5) Axer Yez, ) = (0,90) — (0,1) is continuous .

X with a fuzzy soft metric A is called a fuzzy soft metric space and denoted by (X, A B ]

Definition(3.4) : Let { Iz}- } be a sequence of vectors in a fuzzy soft normed space (X ’ E, || || ].Then the sequence

convergence to l’g J with respect to fuzzy soft norm.

0

If (x;lj - Xgp 0= 1 — & forevery M = Myand @ € (0,1] where nyis positive integer and T > 0

0

orlim, . E(x;; —x;;,t) =1 ast ==

Similarly if limn_,x A (x;’“j — xgj ,t] =las L = 20 then{ x;‘}- } is convergent sequence in fuzzy soft metric space

X, A x)

Definition(3.5): A sequence { I:j } in a fuzzy soft normed space (X ’ E, || ||) is said to be a Cauchy sequence with respect to

the fuzzy soft norm if

E(IE} - x::} )y =1 —a forevery T, M = Nyand @@ € (0,1] where ng is positive integer and £ == 0
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or limy o E(X7; — x75,t) =last =0
Similarly if lim,_. A [1’:}- - X 0 ,t) =1as T — D then { l’:}- } is a Cauchy sequence in fuzzy soft metric
space (X , A ,*)

Definition(3.6): let (X , E, ||.||) be a fuzzy soft normed space .Then (X, E,|l.|l) is said to be complete if every

Cauchy sequence in X converge.
Definition(3.7): A Complete fuzzy soft normed space is called a fuzzy soft banach space.

Definition(3.8): let {?'Cz}}a sequence in a fuzzy soft metric space (X ’ A o ] Then the sequence {x;lj}is said to be a bounded

sequence with respect to the fuzzy soft metric A it " x —xm ej

=inf{t; A(xg;, 25,0 =2 a, a €(0,1] 3

By definition [|x7; — x[7

That is {l’:}} is said to be bounded if there exist a positive integer N depending on M such that A (l’z}- P 3} P t:J =
Yn,m = N(M).
Theorem(3.9) : Every convergent sequence is Cauchy sequence.

Proof : Let{xgj} be a sequence in a fuzzy soft normed space (X, E, || ||] . Consider {Xz}} converges to ng .

Then we have E(Iz} , t) =1—aforeveryn =My and & € (0,1] whereny, € N and t >0

Q_Ir’

Therefore
0 0
E(x:j Xej !t) E(xBj :} @ng — Xgj Ft)
= E((xgj - xgj ) 69(172;’ - xgj ) ;t)
t

n 3 m
= E(xgj— Xg; ) *E () — Xg; ,5)
=2(1—a)*(1—a)
=min{l —a,1 —a}
=1l—a
E(x7; —

g},t) =1—a foreveryn m= My and @ € (0,1]

Thus {X;lj} is a Cauchy sequence >

Theorem(3.10): limit of a sequence in fuzzy soft normed space if exist is unique.

11
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Proof :

Let{i'C:}} be a sequence in a fuzzy soft normed space (X, E, || ||) .
suchthat lim,,_., E(x7; — x,,t) =1
Lim,, ... E(:'r:z“j — X, ,t) = 1 , are two limits of sequence {x;’}-}.
Then by definition there exist positive integers 114,75 such that
E(Iz}- — l’g,t) =1—aforeeryn=nyanda € (0,1]
E(x;’“j - X, -.,t) =1—afoeeryn=n,anda € (0,1]
Choose 1 == Mg , My =min{N4, N, }
E(Xe — X, ,0)=EX, — X @Xg; —x,1,1)

=e((xg; — X)) @(xg; —x,1),0

Ze(xp — 22 ) EGE — %, ,0)
=2(1-—oy*1l—a
=min{1-&, 1 — a3
=1-

EX, — X, ,h=1—a
That implies lim,, ., E (x, —x, ,1) =1
E(x, —x,,t) =1
By definition of fuzzy soft normed space
E(x, —x,,t)=twith t >0 ifandonlyif x, —x,1 =8, .

Hence X, = X1

Definition(3.11): Let X and Y be two universe sets . We define two fuzzy soft (F , A) and (G,B) over universe sets , respectively .
Let f: X =Y and g: A — B pe two functions. Then the pair (f,g] is called Fuzzy soft function from (F,A ) to (G,B)

and denoted by I:f,g]: (F, 1':':.) — (G, B] if it is satisfies f(F(JC]) = G(g(x]] forall X € A.

12
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The image of the fuzzy soft set (F,A) under the fuzzy soft function I:f,g], denoted by Ef,g](F,A) :(f (F], B] , is a fuzzy

{Vg(_x) =y f(F(x)) ifg () =0
@

soft set over universe set Y and defined by .
otherwise

ForallX € B . The pre-image of fuzzy soft set (G,B) under fuzzy soft set (f, g) , denoted by (f,gj'l(G,B) :(f_l [G], A] is
fuzzy soft set over verse set X and defined by

Definition(3.12): Let (X, E" || ) and (Y E" ||) be two fuzzy soft normed spaces . A function f : X = Y is said to be
fuzzy soft continuous at X, € X if for every sequence { Xap 3 in X with {X2 1 — {X% 7} as . — 2 we have
FOXR ) — f(XD)asn — 20 if f isfuzzy soft continuous at each vector of X then f is said to be fuzzy soft

continuous function .

Theorem(3.13): If (X ’ E ’ || ||] be a fuzzy soft normed space then

a) the function (X, , Vo' )= X.® ¥V, iscontinuous

b) the function (C, x.) = C* X, iscontinuous where x¢; Y., € SSP(X) andC € K
Proof :

a) If Xz = Xz and ygn-. —* V1 thenas 1 — 20

Een @ Vo) — (g @Y, 1)) =0 @ Vot —Xo =V, )
=E((Xon — %)@ (Y1 — Vo1 )t)
=Ean —X0r) *E(Va) = ,1,0)
-1 ast— =

Thus the function( X, , V1 ) 7 X. @& Y1 iscontinuous

Definition(3.14): A fuzzy soft function f : X =Y is said to be fuzzy soft bounded ,if there exist a fuzzy soft real
number M such that IIf[xg]II =M "Xg" forall X, & X

Theorem(3.15) : The fuzzy soft function f : X—=Yis fuzzy soft continuous if and only if it is fuzzy soft bounded .

Proof: Assume thatf : X —= Y be fuzzy soft continuous and f is not fuzzy soft bounded .Thus, there exist at least one

sequence {X;fn } such that

IfXED I =nll X2 )

13
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Where n is a fuzzy soft real number . It s clear that X?m * 5",;..

Let us construct a fuzzy soft sequence as follow :

1
m . _Xen
Yen = Ll
It is clear that :}’;1,1 — 3,:,. as M —20 . Since f is fuzzy soft continuous , then we have
If sdll = 0asn — =,
Xen ! n |l X2, |l
lroml =[|f || = ——— iramon > =1
- nllxg, [ nllxz, |l - n [ Xg, |

Which is a contradiction

Conversely , suppose that f X—=Yis fuzzy soft bounded and the fuzzy soft sequence {X;fn } is convergent to the {XSU } In
this case

If(X5) — F(Xa) | = If (X2, — X))l = M| X2, —X511 — 0
Which indicates that f is fuzzy soft continuous .

Definition(3.16): A fuzzy soft function f X =Y issaidtobe fuzzy soft linear function if
1) f is additive , thatis f(x, +v,) = f(x,) + f(v.) forevery X, V., € X

2) f is homogeneous that is , for every soft scalarr, (1 x,) = |r| f(x,) forevery X, € X,

Theorem(3.17) : Every fuzzy soft normed space is a fuzzy soft metric space.

Proof :
Define the fuzzy soft metric space by A(X e ,Ver , t) = E( X e, — Ve, it ) I * forevery X, , Ve, € X .
Then it is clear to show that the fuzzy soft metric space axioms are satisfied .
1) AXer Yer , ) =E( Xg, — Ve, ,L) =0 ift <0
2) A(xer yer ) =E( Xp, — Vo, ,t) =11if t >0
3) AXer Yeo . ) =E( Xy — Ve, » L)
=E(Ve, — Xe, s )

=I\( Yey1Xeg, » t )

14
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ﬂ(X el -ye2 ’ t) = ﬂ( .}Igzl xgi » t )

4) A(xer Zo, s@®) =E(Xs, — Zg, ,LES)
= E(Xe, — Ve, T Ve, — Ze, ,LES)
=E ( Xe, —yez,s) *E(x,, — 2, ,1)
A, Ve, 9) A, Zo 0
A 2o, s@t) Z Ax, Vo, 9D, 2,00
5) By the definition * of A we get A is continuousand  A( X, Y, ..):(0,%0) = [0,1]

Theorem(3.18): Let f: X =Y pe a fuzzy soft function .Then ||f|| is fuzzy soft norm .

Theorem(3.19): Let f: X —= ¥V and g: ¥ — £ be two fuzzy soft function . Then

a) If gl <Ifligll;

b) if f:X =Y istfuzzy soft function then [|F7| < || FII™ .
Is satisfied .

Proof :

a) If° gl =sup{llf ®g )l lIx.ll = 13

= sup{|f(g(x))|: llx.Il < 13
< sup{ [IfIl. lgCxDll: llx. Il < 1}
< lIfllgll

b) If we take [ = @ then we have "lel = "f"E.Then "f“" = "f""rl is obtained.
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