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1.Introduction

The theory of modular space was introduction by Nakano [2] in 1950 in the connection with the theory of order spaces and
redefined and generalization by Musielak and Orlicz [4 ] in 1959 , many other mathematicians have studied modular space from
several point of view , there are is a large set of known application of modular space in various part of analysis , probability and
mathematical statistics .

In this effort , we introduction the notion Compact linear operator on modular space and bounded linear operator on modular space
and also define continuous linear operator in modular space .

2. Main Results
Definition (2. 1)[5]:

Let X be a linear space over afield [F. A function M: X — [0, o2] is called modular if:
1.M(x)=0 2x=0.

2. M(ax) =M(x) forx € Fwith || =1 foran @ € F.
3 M(ax+By)=M(x)+M(y) iwrea,B =0 foran x € X.
Example (2.2)) [1]:
Let X = R* with (x,y) = |x| + |y| ,forany pair (x — ¥) in X, then Xy is modular space .

Example (2.3) [5]:

As a classical example we mention to the Orlicz  modular defined for every
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measurable real function f by the formula

M(F) = f U7 du(o),

where [l denotes the Lebesgue’s measure in Rad O: R — [U,Cﬂ] is continuous . we also assume that E}E}’] =0 if

andonlyif ¥ = 0 and@(t) = o0 as £ — ©0
Definition (2.4) :
Let X and Y be a modular spaces and T:X =Y alinear operator .The operator T

is said to be bounded if there exist a real number 7~ Such that M(T(l’]) = rM(x).
Example (2.5):

1. The identity operator 1: X — X onamodular space X # {07 is bounded.

2. The zero operator 0:X — Y onamodular space X is bounded .
Definition (2.6) :

Let X and ¥ be amodular spaces. A operator T:X—Y iscalled compact linear operator if for every bounded

subset B of X that T (B is compactin Y.
Definition (2.7) :
Let (X, Mlj and (Y, sz be a modular spaces over the same field F, The

operator Tz (X, M;) — (¥, M, ) is said to be continuous at Xo € X ifforevery € € (0,1) andall t = 0 there
exist & € (0,1) suchthat forall X € X:

M,(x—x,) <6 = M, (T(x] — T[x,:,]) < g
Lemma (2.8):

Let X and ¥ be a modular spaces , then Every compact linear operator T:-X—=Y isbounded , hence continuous .

Theorem (2.9):

Let T:X — Y bealinear operator and X, Y are modular spaces .Then
1. T is continuous if and only if T is bounded .

2. If T iscontinuous at a single point ,it is bounded .
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Definition (2.10) [3]:
Let T:X — Y bealinear operator ,then null space of T isthesetofall X EX suchthat Tx =0
Corollary (2.11) [3]:

Let T be a bounded linear operator .Then :
1. x, = X implies Txn —=T,.

2. The null spaces V' (T) s closed .

Definition (2.12) :

Let [:X, M] be a modular space. A subset A of X is said to be compact if any sequence {Xﬂ} in A hasa subsequence

converging to an element of A

Theorem (1.13) :

Let (X, M) be a modular spaces ,then
1.owx, =x ,V, 2V tenX, +V, = x+ V.
2. If X, X then X, > cX,c € F/{0} .
Proof :
llet X, =X and Vy, = ¥
M((x, + 1) — (x+ ) = M((x, — ) + (0, — ¥))
<=M(x,, —x)+MQ,—v)
since M(x, —x) = 0 and M(y,, —¥) — 0
Then M((x,, +v,) —(x+Vy)) = 0an— o
Then X, + ¥, = X+ V.
2. Let Xp = X
M(cx, —ecx) = M(e(x,, —x)) = M(x, — x)
since M(x,, —x) = 0 as = o then M(cx,, —cx) > 0asn — o

Then €X,, — CX.
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Theorem (2.14):

Let X, Y beamodular spaces and T:X—Y islinear operator .Then T is compact linear operator if and only if

it maps every bounded sequence {S'Cn} in X onto a sequence {T (Xﬂ]} in ¥ which has a convergent subsequence.
Proof :

1f T is compact linear operator and {Xﬂ} is bounded ,then the closure of {T [xﬂ]} in Y is compact and from definition
(2.6) shows that {T (Xﬂ)} contains a convergent subsequence.

Conversely ,suppose that every bounded sequence {Xn} contains a subsequence

{Xn,} suchthat {T(xn i )} converges in ¥ .Considerevery bounded subset A € X and let {},, } be any sequence in
T(A) Then v, = T(x,,) forsome X, € A, and {X,,} is bounded

since A is bounded . By a ssumption , {T (xﬂ]} contains a convergent subsequence.

Hence T (A) by definition (2.12) because {V},} in T (A ) was arbitrary. By definition , this shows that 1 is compact
linear operator.

Theorem (2.15):

Let X and Y be a modular spaces and T;, X =Y s compact linear operator where G = 1,2 Then Tl + Tz

is compact linear operator and also CT;, is compact linear operator, where C any scalar € & F— {U } ( F is field and

g=12)
Proof

Let {Xn} bounded sequence in modular space X
Since TH t X = Y s compact linear operator where g = 1,2
Then from theorem (2.14) we have {X,, } contains a subsequence {xﬂk} such that
{Tl (xﬂk ]} and {Tz (xﬂk ]} are converges in Y
then from theorem (2.13) we have {Tl (xﬂk) + T (xﬂk )} is convergesin ¥ = {(T} + T5) (x,, )} is
converges in ¥’
Therefore from theorem (2.14 ) we have Tl + Tz is compact linear operator .
Also since {Tl; (xﬂkj} is convergesin ¥ where g=12

4
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Then by theorem (2.13) {€T (%, )} is converges in ¥ where where € any scalar
c € F — {0}, (F isfield)

Then from theorem (2.14) we have CT?E is compact linear operator .

Theorem (2.16) :( Riesz Lemma)

Let C be a closed proper subspace of modular space and Let A areal numberssuch that O << A < 1 then there
exists a vector X3 € X suchthat M(x;) > Oand M(x —x;3) = A foral X € C .

Proof:

since C be aclosed proper subspace of X=C=X

There exist Xo € X such that X5 & C

Let d = inf (M(x — xp):x € C}

SincexﬂEMzbd::{},smce{]ﬂ:lezilzbfbd

By the definition of infimum, there exist X; € C suchthat d < M(x —x,) <

| R

Let X; = K(xg —x;) where K = M(x; —x,)" 1 >0
Then M(x;) = M(K(xﬂ — xlj) =M(x;—x,) >0
ltx EC=kx+x,€C

M(x —x;) = M(x— k(x, —xlj)

=kM(k™*x +x,) —x,) = kd

Wehave = <5 so kd =

Hence M (x — xﬂ] = A

Theorem (2.17):

Let X be a modular space and assume that A= {X: M[X] = 1} is compact then X is finite dimensional .



Journal of Iraqi Al-Khwarizmi Society (JIKhS)  Volume:3 Issue:Special 2019 pages: 1-7

Proof:

Suppose that X is not finite dimensional
Choose X1 & A and let Ml be the subspace spanned by X1
Then Ml is proper subspace of X

since M is finite dimensional => M is complete = M is closed

By Riesz Lemma then there exist X; € A such that M(Iz - XI] =

B | et

Let Mz be the closed proper subspace of X generated by {xl, xz}
1
Then 3x3 € A suchthat (t(x; — x) = .

It follows that neither the sequence {l’n} nor its any subsequence converges , this is contradiction

Then X is finite dimensional.

Lemma (2.18):
Let T: X — X be a compact linear operator and S: X — X be abounded linear

operator on a modular spaces X Then 8T are compact linear operator.

Proof:

To prove that ST is compact linear operator
Let (l’ﬂj be any bounded sequence in X
Then (TX,,) has convergent subsequence (1 X,z ) by theorem (2.14)and (ST x,, )

converges by theorem (2.15 )Then ST is compact (by theorem( 2.15)) .
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