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In this article, we introduce the concept of 𝜎-convergent triple sequences spaces, 

which are defined by triple sequences of young functions 

(𝒸0)3𝜎(℧), (𝒸)3𝜎(℧), (ℓ∞)3𝜎(℧),  (𝕞0)3𝜎(℧),  and (𝕞)3𝜎(℧) and we examine 

some of their topological and algebraic properties, such as linear space and 

sequence algebra. Inclusion relations involving these sequence spaces are also 

proved by us.  

 

 

1. Introducation  

        Fast [4] and Schoenberg [11] independently each presented the idea of statistical convergence for 

the first time. This idea was expanded upon by Kumar [6] in probabilistic normed space. The 𝜎-

convergence double sequence spaces were first introduced by Khan and Khan ([7],[8]). Tripathy [13] 

established the concept of statistical convergent double sequence and developed it in 𝜎-convergent 

double sequence.   

        The double sequence space connected to multiplier sequences was researched by Tripathy and 

Sen [14]. A generalization of statistical convergence is the idea of 𝜎-convergence. Kostyrko, Salat, and 

Wilczynski [5] established the concept of 𝜎-convergence of real sequence in its earliest stage. Later, 

Salat, Tripathy, and Ziman [12] and other other scholars investigated it. Utilizing triple difference 

sequences of real numbers, Tripathy and Goswami [15] expanded this idea in probabilistic normed 

space. Sahiner, Gurdal, and Duden [10] introduced and studied the many conceptions of triple 

sequences in the beginning.   

        This idea is generalized by Dutta, Esi, and Tripathy [1] using the Orlicz function. In their study of 

𝜎-related features in triple sequence spaces, Sahiner and Tripathy [9] produced several intriguing 

findings.  Recently, Tripathy and Goswami ([16],[17]) explored multiple sequences in probabilistic 

normed spaces and vector valued multiple sequences using the Orlicz function, respectively. By 

utilizing the difference operator, Debnath, Sharma, and Das [3] and Debnath and Das [2] generalized 

these ideas.  

 

2.  Definitions and Preliminaries  

           Ω ∶ [0, ∞) → [0, ∞) is a continuous, non-decreasing , and convex with Ω(0) = 0, Ω(𝔄) ≻

0 as 𝔄 ≻ 0 and Ω(𝔄) → ∞ as 𝔄 → ∞ implies Ω is an Orlicz function . 

        ℋ: [0, ∞) → [0, ∞) ∋ ℋ(𝔄) =
Ω(𝔄)

𝔄
 , 𝔄 ≻ 0 and ℋ(0) = 0, ℋ(𝔄) ≻ 0 as 𝔄 ≻ 0 and  ℋ(𝔄) →

0 as 𝔄 → ∞ tend to ℋ is a young function .  

        The conditions are holds : 

 (i) ϕ ∈ σ. 

 (ii) 𝔸, 𝔹 ∈ σ implies 𝔸 ∪ 𝔹 ∈ 𝜎.  

(iii) 𝔸 ∈ σ , 𝔹 ⊂ 𝔸 implies 𝔹 ∈ σ lead to σ ⊂ 𝕏 ≠ ϕ is an ideal in 𝕏 . 
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∀ ε ≻ 0 , {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ |𝔖𝔥𝔤𝔣 − 𝕃| ≽ ε} ∈ 𝜎 pointing to a sequence (𝔖𝔥𝔤𝔣) is  σ-Convergence 

to a number 𝕃. 

∀ ε ≻ 0 , ∃ 𝔢 = 𝔢0 , 𝔡 = 𝔡0 , 𝔠 = 𝔠0 ∋ {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ |𝔖𝔥𝔤𝔣 − 𝔖𝔢𝔡𝔠| ≽ ε} ∈ σ implies (𝔖𝔥𝔤𝔣) is 

σ-Cauchy.  ∃ ℳ ≻ 0 ∋ {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ |𝔖𝔥𝔤𝔣| ≻ ℳ} ∈ σ lead to (𝔖𝔥𝔤𝔣) is σ-Bounded. 

(𝔖𝔥𝔤𝔣 ∗ 𝔈𝔥𝔤𝔣) ∈ 𝔼3, whenever (𝔖𝔥𝔤𝔣) ∈ 𝔼3 and (𝔈𝔥𝔤𝔣) ∈ 𝔼3 tend to a triple sequences space 𝔼3 is a 

sequence algebra. We provide and define these spaces as follows in this study: 

(𝒸0)3𝜎(℧) = {𝔖 ∈ 𝕎3 ∶ σ − lim ℋ𝔥𝔤𝔣 (|𝔖𝔥𝔤𝔣|) = 0} ∈ σ.  

(𝒸)3𝜎(℧) = {𝔖 ∈ 𝕎3 ∶ σ − lim ℋ𝔥𝔤𝔣 (|𝔖𝔥𝔤𝔣 − 𝕃|) = 0, for some 𝕃} ∈ σ.  

(ℓ∞)3𝜎(℧) = {𝔖 ∈ 𝕎3 ∶ sup𝔥,𝔤,𝔣∈ℕ  ℋ𝔥𝔤𝔣(|𝔖𝔥𝔤𝔣|) ≺ ∞} ∈ σ.  

(𝕞0)3𝜎(℧) = (𝒸0)3𝜎(℧) ∩ (ℓ∞)3𝜎(℧).  

(𝕞)3𝜎(℧) = (𝒸)3𝜎(℧) ∩ (ℓ∞)3𝜎(℧).   

3. Main Results  

Theorem 3.1: (𝒸0)3𝜎(℧), (𝒸)3𝜎(℧), (ℓ∞)3𝜎(℧), (𝕞0)3𝜎(℧), and (𝕞)3𝜎(℧) are linear spaces. 

Proof: Assume that (𝔖𝔥𝔤𝔣), (𝔈𝔥𝔤𝔣) ∈ (𝒸)3𝜎(℧) and α, β be two scalars such that 

 |α| ≼ 1 and |β| ≼ 1. Then 

        σ − lim ℋ𝔥𝔤𝔣 (|𝔖𝔥𝔤𝔣 − 𝕃1|) = 0, for some 𝕃1 ∈ ℂ  

        σ − lim ℋ𝔥𝔤𝔣 (|𝔈𝔥𝔤𝔣 − 𝕃2|) = 0, for some 𝕃2 ∈ ℂ  

Now, ∀ ε ≻ 0, we can write 

          𝔸1 = {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ ℋ𝔥𝔤𝔣(|𝔖𝔥𝔤𝔣 − 𝕃1|) ≻
ε

2
} ∈ 𝜎.  (1) 

          𝔸2 = {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ ℋ𝔥𝔤𝔣(|𝔈𝔥𝔤𝔣 − 𝕃2|) ≻
ε

2
} ∈ 𝜎.   (2) 

Since ℋ𝔥𝔤𝔣 is a young function, we get 

 ℋ𝔥𝔤𝔣(|(α𝔖𝔥𝔤𝔣 + β𝔈𝔥𝔤𝔣) − (α𝕃1 + β𝕃2)|) = ℋ𝔥𝔤𝔣(|(α𝔖𝔥𝔤𝔣 − α𝕃1) + (β𝔈𝔥𝔤𝔣 − β𝕃2)|)  

      ≼ ℋ𝔥𝔤𝔣(|𝛼||𝔖𝔥𝔤𝔣 − 𝕃1|) + ℋ𝔥𝔤𝔣(|β||𝔈𝔥𝔤𝔣 − 𝕃2|) = |𝛼|ℋ𝔥𝔤𝔣(|𝔖𝔥𝔤𝔣 − 𝕃1|) + |β|ℋ𝔥𝔤𝔣(|𝔈𝔥𝔤𝔣 − 𝕃2|) 

      ≼ ℋ𝔥𝔤𝔣(|𝔖𝔥𝔤𝔣 − 𝕃1|) + ℋ𝔥𝔤𝔣(|𝔈𝔥𝔤𝔣 − 𝕃2|).  

From (1) and (2), we obtain  

{(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ ℋ𝔥𝔤𝔣(|(α𝔖𝔥𝔤𝔣 + β𝔈𝔥𝔤𝔣) − (α𝕃1 + β𝕃2)|) ≻ ε} ⊂ 𝔸1 ∪ 𝔸2.  

Therefore α𝔖𝔥𝔤𝔣 + β𝔈𝔥𝔤𝔣 ∈ (𝒸)3𝜎(℧). Thus, (𝒸)3𝜎(℧) is a linear space. 

Other cases are similar. 

 

Theorem 3.2: A sequence 𝔖 = (𝔖𝔥𝔤𝔣) ∈ (𝕞)3𝜎(℧) is 𝜎-convergence ⟺ ∀ε ≻ 0, ∃𝕀ε, 𝕁ε, 𝕂ε ∈ ℕ ∋

{(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ ℋ𝔥𝔤𝔣|𝔖𝔥𝔤𝔣 − 𝔖𝕀ε𝕁ε𝕂ε
| ≼ ε} ∈ (𝕞)3𝜎(℧).  

Proof: Let 𝕃 = 𝜎 − lim𝔖. Then we have 

𝔸ε = {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ ℋ𝔥𝔤𝔣|𝔖𝔥𝔤𝔣 − 𝕃| ≼
ε

2
} ∈ (𝕞)3𝜎(℧), ∀ ε ≻ 0.   

Next fix 𝕀ε, 𝕁ε, 𝕂ε ∈ 𝔸ε then we have 

               |𝔖𝔥𝔤𝔣 − 𝔖𝕀ε𝕁ε𝕂ε
| ≼ |𝔖𝔥𝔤𝔣 − 𝕃| + |𝕃 − 𝔖𝕀ε𝕁ε𝕂ε

| ≼
ε

2
+

ε

2
= ε, ∀𝔥, 𝔤, 𝔣 ∈ 𝔸ε.  

Thus, {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ ℋ𝔥𝔤𝔣|𝔖𝔥𝔤𝔣 − 𝔖𝕀ε𝕁ε𝕂ε
| ≼ ε} ∈ (𝕞)3𝜎(℧). 

 Conversely, suppose that {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ ℋ𝔥𝔤𝔣|𝔖𝔥𝔤𝔣 − 𝔖𝕀ε𝕁ε𝕂ε
| ≼ ε} ∈ (𝕞)3𝜎(℧),we get       
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 {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ ℋ𝔥𝔤𝔣|𝔖𝔥𝔤𝔣 − 𝔖𝕀ε𝕁ε𝕂ε
| ≼ ε} ∈ (𝕞)3𝜎(℧), ∀ ε ≻ 0, then we can find the set 

 𝔹ε = {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ 𝔖𝔥𝔤𝔣 ∈ [𝔖𝕀ε𝕁ε𝕂ε
− ε, 𝔖𝕀ε𝕁ε𝕂ε

+ ε]} ∈ (𝕞)3𝜎(℧). 

∀ ε ≻ 0, consider 𝒩ε = [𝔖𝕀ε𝕁ε𝕂ε
− ε, 𝔖𝕀ε𝕁ε𝕂ε

+ ε]. 

Now we have 𝔹ε ∈ (𝕞)3𝜎(℧) as well as 𝔹ε

2
∈ (𝕞)3𝜎(℧), hence 𝔹ε ∩ 𝔹ε

2
∈ (𝕞)3𝜎(℧) which implies 

𝔹ε ∩ 𝔹ε

2
≠ ϕ. Then {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶ 𝔖𝔥𝔤𝔣 ∈ ℕ} ∈ (𝕞)3𝜎(℧) which implicates diam 𝕄 ≼ diam 

𝕄ε where the length of the interval ℕ is indicated by the diam of 𝕄. 

Thus, using the principle of induction, we discovered the series of closed intervals  

𝕄ε = 𝜎0 ⊇ 𝜎1 ⊇ 𝜎2 ⊇ ⋯ ⊇ 𝜎𝕤 ⊇ ⋯ 

with the help of the property that diam 𝜎𝕤 ≼
1

2
 diam 𝜎𝕤−1, ∀ 𝕤 = 1,2,3,4, …. and {(𝔥, 𝔤, 𝔣) ∈ ℕ × ℕ × ℕ ∶

𝔖𝔥𝔤𝔣 ∈ 𝜎𝔥𝔤𝔣} ∈ (𝕞)3𝜎(℧) , ∀ 𝔥, 𝔤, 𝔣 = 1,2,3,4, ….  

Then ∃ 𝜉 ∈ ∩ 𝜎𝕤 where 𝕤 ∈ ℕ ∋ ξ = 𝜎 − lim 𝔖, so that ℋ𝔥𝔤𝔣(ξ) = 𝜎 − limℋ𝔥𝔤𝔣 (𝔖) therefore 𝕃 = 𝜎 −

limℋ𝔥𝔤𝔣 (𝔖).  

 

Theorem 3.3: (𝒸0)3𝜎(℧) ⊂ (𝒸)3𝜎(℧) ⊂  (ℓ∞)3𝜎(℧) . 

Proof: We consider (𝔖𝔥𝔤𝔣) ∈ (𝒸)3𝜎(℧)  . Then ∃ 𝕃 ∈ ℂ ∋ 𝜎 − limℋ𝔥𝔤𝔣 (|𝔖𝔥𝔤𝔣 − 𝕃|) = 0,  

we get ℋ𝔥𝔤𝔣 (|𝔖𝔥𝔤𝔣|) ≼ ℋ𝔥𝔤𝔣 (|𝔖𝔥𝔤𝔣 − 𝕃|) + ℋ𝔥𝔤𝔣 (|𝕃|).   

On taking supremum over 𝔥, 𝔤, and 𝔣 on both sides gives (𝔖𝔥𝔤𝔣) ∈ (ℓ∞)3𝜎(℧). 

Therefore (𝒸)3𝜎(℧) ⊂  (ℓ∞)3𝜎(℧).  The direction (𝒸0)3𝜎(℧) ⊂ (𝒸)3𝜎(℧).  

Thus, (𝒸0)3𝜎(℧) ⊂ (𝒸)3𝜎(℧) ⊂  (ℓ∞)3𝜎(℧). 

 

Theorem 3.4: (𝒸0)3𝜎(℧), (𝒸)3𝜎(℧), (ℓ∞)3𝜎(℧), (𝕞0)3𝜎(℧), and (𝕞)3𝜎(℧)  are sequence algebras.  

Proof: Let (𝔖𝔥𝔤𝔣), (𝔈𝔥𝔤𝔣) ∈ (𝒸0)3𝜎(℧), then we have 𝜎 − limℋ𝔥𝔤𝔣 (|𝔖𝔥𝔤𝔣|) = 0 and 

𝜎 − limℋ𝔥𝔤𝔣 (|𝔈𝔥𝔤𝔣|) = 0.  

Now we obtain 𝜎 − limℋ𝔥𝔤𝔣 (|𝔖𝔥𝔤𝔣. 𝔈𝔥𝔤𝔣|) = 0. It implies that (𝔖𝔥𝔤𝔣. 𝔈𝔥𝔤𝔣 ) ∈ (𝒸0)3𝜎(℧)  

Thus, (𝒸0)3𝜎(℧) is a sequence algebra. 

Other cases are similar. 
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