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In this paper we introduced and study the notions fuzzy weak maximal ideals as a 

generalization of weak maximal ideals  , Also,we give  many basic properties 

about this notion. 

 

 

1. Introduction   

"An ideal  𝐼 of a rang 𝑅 is called weak maximal ideal if and only if 𝑅 𝐼⁄  is a regulear ring [1]" . 

In this paper, we fuzzily the concept to weak maximal ideals.  Many properties and connections 

with other concepts are given . 

. 

2. preliminaries 

First we give the following : 

Definition 1.1 [2]: Let R be a ring , let X: R→ [0,1] is called Fuzzy ring if and only if for each 

𝑥, 𝑦 ∈ 𝑅, 
1. 𝑋(𝑥 + 𝑦) ≥ min{𝑋(𝑥), 𝑋(𝑦)}. 

2. 𝑋(𝑥. 𝑦) ≥ min{𝑋(𝑥), 𝑋(𝑦)}. 

3. 𝑋(𝑥) = 𝑋(−𝑥)" 

Moreover the set Xt = {x ∈ R, X(x) ≥ 𝑡} and X∗ = {x ∈ R, X(x) = X(0)} are subrings of 𝑅". 

"Definition 1.2 ,[3]: A F- subset 𝐾 of a ring 𝑅 is called a Fuzzy ideal of 𝑅 if for each 𝑥, 𝑦  𝑅:  
1 − 𝐾 (𝑥𝑦)  𝑚𝑖𝑛 { 𝐾 (𝑥), 𝐾 (𝑦)} . 

         2 − 𝐾 (𝑥𝑦)  𝑚𝑎𝑥 { 𝐾 (𝑥), 𝐾 (𝑦)}" 
"Proposition 1.3,[3]: 

A F- subset 𝐾 of 𝑅 is a F- ideal of 𝑅 if and only if  ∀𝑡 ∈ [0,1],  𝐾𝑡 , is an ideal of 𝑅 . Moreover , 

if 𝐾 is a F- ideal of 𝑅 then 𝐾∗ = { 𝑥 ∈ 𝑅, 𝐴(𝑥) = 𝐴(0)} is an ideal of 𝑅 ". 

 

"Proposition 1.4 [4]: Let 𝐴 and 𝐵 be two Fuzzy ideals of 𝑅. Then:  

1- 𝐴𝐵 is a F- ideal of 𝑅  

2- (𝐴𝐵)𝑡 = 𝐴𝑡 𝐵𝑡  , 𝑡  [0, 1] " . 

3-  

Corollary 1.5: Let 𝐴 and 𝐵 be two Fuzzy ideals of 𝑅. Then: (𝐴𝐵)∗ =  𝐴∗𝐵∗ . 

 

"Proposition1.6[4]: Let 𝑋 be a F-ring of R and 𝐴 be a F-ideal of 𝑅 such that 𝐴 ≤ 𝑋. Then, 𝐴 is a F-

ideal of F-ring ". 

 

"Definition 1.7 [4]: Let 𝑋  be a F- ring of 𝑅 , 𝐴 is a 𝐹-ideal of 𝑋 such that 𝐴 ≠ 𝑋 , 𝐴(0) = 𝑋(0). 𝐴  is 

called  a maximal F-ideal of 𝑋 iff for any 𝐵 𝑖𝑠  𝐹 −ideal of X, 𝐴 ≤ 𝐵 ≤ 𝑋, then 𝐴∗ = 𝐵∗ 𝑜𝑟 𝐵 = 𝑋". 
 

"Definition 1.8 [5]: A F- ideal 𝐾 of a ring R is called pure if and only if 𝐾  𝐽  𝐾𝐽, for each F- ideal 𝐽 

of R ."  

 

 

Proposition 1.3.2 [13] : 
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"Proposition 1.9,[5]: Let A be a F- ideal of R, then A is pure if and only if At is a pure ideal of R,  t  

[0, 1]". 

 

"Definition 1.10 [5]: A F- ring 𝑋 is called regular if every F- ideal  of  X is pure" . 

  

"Proposition 1.11,[5]: Let 𝑋 be a F- ring, 𝑋 is a regular F- ring if and only if 𝑋𝑡 is regular ring  

𝑋 , ∀ 𝑡 ∈ [0,1]".   

           

 Lemma 1.12:  Let 𝐻 be a F- ring of 𝑅. If  𝐻 is a regular  F- ring, then  𝐻∗ is a regular ring. The 

converse hold if condition (*) hold.          

Proof:  If 𝐻 is a F- regular ring, then 𝐻𝑡 is a regular ring by [30]. Hence, every  ideal of 𝐻𝑡 is pure. 

Hence, for any F- ideal 𝐴 of𝐻 , 𝐴∗ is a pure ideal in 𝐻∗ . Thus, 𝐻∗ is regular ring .    

Conversely, if every ideal of 𝑋∗ is pure, then for each F- ideal  𝐴  of 𝑋,   A∗ is a pure in H  . 

Now for any F- ideal 𝐵 of 𝐻 , B∗ is a pure 𝑖𝑛 H . Hence,  A∗ ∩ B∗ = A∗B∗ , since A∗ is a pure in HX∗. It 

follows that A∗ ∩ B∗ = (𝐴 ∩ 𝐵)∗ = (𝐴𝐵)∗ 

So by Condition (*) , 𝐴 ∩  𝐵 =  𝐴𝐵 , and so 𝐴 is pure in 𝐻 . Thus, H  is  regular.   

Lemma  1. 13: 

  If G is a reguler rang, let H be a F- reing over 𝐺, then 𝐻 is a  F-reguler  ring . 

Proof: 

  If 𝐴 be a F- ideal of X , implies At ≤ Ht. But 𝐺  is a reguler ring, So  Ht is regular ,∀ 𝑡 ∈ [0,1]. 
Therefore,  At is pure in  Ht , ∀ 𝑡 ∈ [0,1]. 
So 𝐴 is pure in 𝐻. Thus,  𝐻 is a F- regular ring . 

Areeg in [6] introduced the following definition: 

 

Definition 1. 14 ,[6]: Let 𝑋 be a F- ring of a ring 𝑅 and 𝐴 be a F- ideal in 𝑋. Define  𝑋 𝐴⁄ : 𝑅 𝐴∗⁄ →
[0,1] such that   

𝑋 𝐴⁄ (𝑎 + 𝐴∗) = {
1                                     𝑖𝑓 𝑎 ∈ 𝐴∗ ,

sup {𝑋(𝑎 + 𝑏)                    𝑖𝑓 𝑏 ∈ 𝐴∗, 𝑎 𝐴∗
   

For all 𝑎 + 𝐴∗ ∈ R /𝐴∗  .  𝑋 𝐴⁄  is called a  quotient F- ring of  𝑋 by  𝐴".  
 

Proposition .1.15,[6]: If 𝑋 is a F- ring of a ring 𝑅 and 𝐴 is a F- ideal in 𝑋 , then 𝑋 𝐴⁄  is  a F-ring in 

𝑅/𝐴∗ .  

 

Proposition 1.16 [7] :  First Fuzzy isomorphism Theorem 

Let 𝑋 and Y be F-modules and a f be a F-homomorphism between then  X Kerf ≅ f(X)⁄ . 
 

Proposition 1.17 [7]: Second Fuzzy isomorphism Theorem" 

"Let X be a F-module of an R- module M. Let A, B be a F- submodules of X with 𝐴 ≤ 𝐵.Then 𝐵 𝐴 ⁄ is a 

F-submodule of 𝑋 𝐴 ⁄ and (𝑋 𝐴⁄ ) (𝐵 𝐴)⁄⁄ ≅ 𝑋 𝐵⁄ . 
 

3. Fuzzy Weak Maximal Ideals 

Definition 2.1: Let 𝐻 be a F- ring and 𝐾 be a F- ideal of 𝐻 , then 𝐾 is called  a  weak maximal  F-ideal 

if   𝐻 𝐾⁄  is a F- regular ring. 

 

Proposition 2.2: Let 𝐻 be a F- ring of a ring 𝑀 and 𝐾is a F- ideal of  𝐻 , then 𝐾 is  a  weak maximal F-

ideal if and only if 𝐾∗ is a weak  maximal ideal. Provided  (𝐻/𝐾)∗ =  𝐻∗/𝐾∗ and Condition (*) hold of 

F- ideals of  𝐻/𝐾. 
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Proof: Let 𝐾 be a  weak maximal F- ideal of  𝐻, then  𝐻 𝐾⁄  is a regular F-ring.  Hence, (𝐻/𝐾)∗ is a 

regular ring  .  

But (𝐻/𝐾) ∗ = 𝐻∗/ 𝐾∗ . Hence  𝑋∗ 𝐾∗⁄  is regular and so 𝐾∗ is a weak maximal ideal in  𝐻∗ .       

Conversely ; to prove 𝐾 is a  weak maimal F- ideal . 

If  𝐾∗ is a weak maimal ideal in 𝑋 ∗ , then  𝐻∗ 𝐾∗⁄  is a regular ring . 

But (𝐻/𝐾)∗ =  𝐻∗/𝐾 ∗ . Hence, (𝑋/𝐾)∗ is regular ring .  

Thus,  𝐻 𝐾⁄  is a  regular F- ring, by Lemma 1.12.   

Therefore, 𝐾 is a  weak maximal F- ideal.   

 

Lemma 2.3: Let 𝐻 be  regular F-rng and 𝐴 be a F- ideal of 𝐻 , then 𝐻 𝐴⁄  is a regular F-ring .      

Proof: 

Let  𝐵 𝐴⁄   be F- ideal of 𝐻 𝐴⁄  . To prove 𝐻 𝐴⁄   is F- regular. For any 𝐶 𝐴⁄  F- ideal  of 𝐻 𝐴⁄  
(𝐵 𝐴⁄ ) ∩ (𝐶 𝐴 ) ≈ (B ∩ 𝐶) 𝐴)⁄⁄ . But B and C are pure F- ideals of H, so B ∩ C = BC  Hence (B ∩
𝐶) 𝐴)⁄ = (B 𝐶) 𝐴) = (𝐵 𝐴⁄ ). (𝐶 𝐴⁄ )⁄  

Thus,  (𝐵 𝐴⁄ ) ∩ (𝐶 𝐴⁄ ) = (𝐵 𝐴⁄ ). (𝐶 𝐴⁄ ) . Thus 𝐻 𝐴⁄   is  a F- regular ring.  

 

Remarks and Examples  2.4:    

1) Every semimaximal F-ideal is F- week maximal ideal . Provided (𝐻/𝐾)∗ =  𝐻∗/𝐾∗ . 

Proof: 

If 𝐾  is a semimaximal  ideal, then 𝐾 = 𝑛
𝑖=1

∩ 𝐾𝑖   ,  𝐾𝑖 is a  maimal F- ideal of X , ∀ 𝑖 = 1,2 … , 𝑛 . 

Then,  𝐻 𝐾 = 𝑋 /⁄ 𝑛
𝑖=1

∩ 𝐾𝑖 ≈F- ideals of ( 𝑖=1
𝑛   𝑋𝑖 /𝐾𝑖) ≈ 𝐵 . 

 But ∀ 𝑖 = 1,2 … , 𝑛.   ( 𝐻𝑖 /𝐾𝑖  ) is simple , hence B is semisimple and so it is reguler . Thus,  𝐻/𝐾 is a 

regular ring and K is a weak maimal F- ideal  and  

The an example show the converse is not true: 

 Let 𝐻: 𝑍 → [0,1]  , defined by 𝑋(𝑥) = 1 , ∀𝑥 ∈ 𝑍, let 𝐶: 𝑍 → [0,1] defined  by:  

  𝐶(𝑥) = {  

1                                                  𝑖𝑓 𝑥 ∈ 6𝑍,

3 4                                             ⁄ 𝑖𝑓 𝑥 ∈ 2𝑍 − 6𝑍,

   1 2                 ⁄               𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                           

 

It is clear that 𝐶 is a F- ideal of F- rng  𝐻 and 𝐻∗ = 𝑍 , 𝐶∗ = 6𝑍 , which is clear that 𝐶∗ is a weak 

maximal in 𝐻∗ . Also 𝐾 is a weak maxmal F- ideal in  𝐻 , since 𝐻 𝐶: 𝑍 6𝑍 ≈ 𝑍6⁄ → [0,1]  ⁄ and 𝑍6 is 

reguler, so by Lemma 1.13 ,𝐻 𝐶 ⁄ is regular. 

  But  𝐶 is not a semimaxiamal ideal of  𝐻 since image of C=3 [[8],Theorem 2.10]   

2)  A F- subideal of  weak maximal  ideal need not to be  weak  maximal F-ideal, for example: 

 Let 𝐻: 𝑍12 → [0,1] ,  defined by:  𝑋(𝑥) = 1  , ∀𝑥 ∈ 𝑍12         

Let    𝐶(𝑥) = {  1                    𝑖𝑓 𝑥 ∈ < 2̅ >,
0           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒              

 

And   𝑉(𝑥)  = {  1                    𝑖𝑓 𝑥 ∈ < 4̅ > ,
0             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒              

 

𝐶 and 𝑉 are F- ideals in a F- ring 𝐻 and note that 𝐶∗ =< 2̅ > , 𝑉∗ = < 4̅ >  , we have  𝐻∗ /𝐶∗ = 𝑍2 is a 

reguler ring .Since  
𝐻

𝐶
: 𝑍12 𝐶∗ ≈ 𝑍2⁄ : → [0,1] and 𝑍2 is  a reguler ring . Hence 

𝐻 

𝐶
  is a  reguler F- ring 

by Lemma 3.1.3 . 

So 𝐻/𝐶  is a F- regular ring . Therefore,  𝐶 is a F- weak maximal ideal .  

But (𝐻/𝑉)∗ = 𝑍4 𝑖𝑠 not reguler ring .  

Hence,  𝐻 𝑉⁄  is not  regular  F-ring . 

Thus, 𝑉  is not is  F- weak maximal   ideal of 𝐻 .      

3) The fuzzy direct summand of weak maximal ideal need not be necessary F- weak maximal ideal . 

For example: 

Let 𝐻: 𝑍24 → [0,1] , defined by:   𝐻(𝑥) = 1 , ∀𝑥 ∈   𝑍24 . 
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Let   𝐴(𝑥) = {1                𝑖𝑓 𝑥 ∈   < 8̅  > ,
0                         𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  

Define 𝐵: 𝑍 → [0,1]   by:  𝐵 (𝑥) = {1               𝑖𝑓 𝑥 ∈ <  6̅  > ,
0             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒          

 

       𝑋 𝐴⨁𝐵⁄ : 𝑍24 < 2̅ > ≈ 𝑍2  → [0,1]⁄  and 𝑍2is reguler ring , so by Lemma 1.13,  𝑋 𝐴⨁𝐵 ⁄ is 

regular. Hence 𝐴⨁𝐵 is weak maximal .    

But  𝐴∗ =<  8̅  > is not a weak maximal ideal. Therefore 𝐴 is not F- weak  maximal ideal. 

 

Lemma 2.5:  Every  semisimple  F- ring  𝑋  a F- regulear ring.    
Proof: 

If  𝐺 be semisimple F- ring , then  𝐺𝑡 is a semisimple ring, then, 𝐺𝑡  is semisimple ring ,∀ 𝑡 ∈ [0,1] . 
Hence, 𝐺𝑡  is  regular ring ,∀ 𝑡 ∈ [0,1] . And so G  is a  regular F- ring by Lemma 1.13. 

   

Corollary 2.6:Every F- ideal of semisimple F- rng is a F- weak maximal ideal. 

Proof:  

Let 𝐾 be F- ideal in semisimple F- ring 𝐻, So 𝐻/𝐾 is semisimple F-ring. That is 𝐻/𝐾 is a F- regular 

ring by Lemma 2.3.   So 𝐾 is a F- weak maximal ideal .   

                                                                           

 Proposition 2.7:A proper F- ideal of  Boolean  F-rng is a F- weak maximal ideal. 

Proof: 

If 𝑀 is a F- Boolean ring , then 𝑀 is regular F- rng [9] , therefore   each F- ideal 𝐴 of 𝑀 , 
𝑡ℎ𝑒𝑛 𝑡ℎ𝑒 𝑒𝑞𝑢𝑜𝑡𝑖𝑒𝑛𝑡 𝑀 𝑏𝑦 𝐴⁄  is reguler and so that 𝐴 is a  weak F- maximal  ideal.   

                        

Corollary  2.8 : 

Every F- proper ideal of F- ring regulaer is a F- weak maximal ideal . 

 Proof: 

Let 𝐻 be F- regulear ring , let 𝐶 ≤ 𝐻 , by  Lemma 1.13, 𝐻 𝐶⁄  is a F- regulear ing . Therefore,  

𝐶 is a F- weak  maximal ideal.   

                

Proposition 2.9: If 𝐷 and S be F- ideals of F- ring 𝐻 such that 𝐷 ≤ 𝑆. Then, 𝑆 is  F- weak  maximal 

ideal in 𝐻 iff  𝐵 𝐴⁄  is a  weak F- maximal ideal in H/D . 
Proof: 

If 𝐷 ≤ 𝑆 and 𝑆 is F- weak maximal ideal in X , then 𝐻/𝐷 is a regular F- rieng. To prove 𝑆/𝐷 is F- 

weak maximal ideal 𝐻/𝐷, Since 
𝐻 𝐷⁄

𝑆 𝐷⁄
 ≈ 𝐻⁄ 𝑆  by second fuzzy isomorphism Theorem. But 𝐻 𝑆⁄  is a 

regular F- ring. Then, 𝑆/𝐷 is a weak F- maximal in 𝐻/𝐷.     

Conversely, since 𝐵 𝐴⁄  is a F-- weak maximal in 𝑋/𝐴, implies  
𝑋 𝐴⁄

𝐵 𝐴⁄
 ≈ 𝑋 𝐵⁄  , so 𝑋/𝐵 a regular F- rings. 

Thus, 𝐵 is a F- weak maximal ideal in  𝑋. 

                     

Proposition 2.10: Let 𝐴 and 𝐵 be two F- ideals of F- ring 𝑋 such that 𝐴 ≤ 𝐵 . If 𝐴 is  a F- weak 

maximal ideal in 𝑋 . Then B is a F- weak maximal ideal in 𝑋 . 
Proof:  

If 𝐴 is a F- maximal ideal in 𝑋 , then 𝑋/𝐴 is a F- regular ring . 

Then, by Second fuzzy isomorphism theorem, we have (𝑋 𝐴)⁄ (𝐵 𝐴⁄ )⁄ ≈ 𝑋 𝐵⁄ . Hence, 𝑋/𝐵  is a F- 

regular by  Lemma 1.13. Therefore, 𝐵 is a F- weak maximal ideal.  

                                                          

 Corollary 2.11: If 𝐴 and 𝐵 are two F- weak maximal ideals of F- ring  𝑋 , then  𝐴 + 𝐵 is a F- weak 

maximal ideal. 
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Corollary 2.12: If {𝐴𝑖}
𝑛 

𝑖=1
 is a finite family of F- weak maximal ideals of ring 𝑋, then,  ∑ 𝐴𝑖

𝑛
𝑖=1  is a F- 

weak maximal ideal of  𝑋. 

 

Proposition 2.13: The intersection of  two F- weak maximal ideals 𝐴 and 𝐵 of 𝐹 –ring 𝑋 is also F- 

weak maximal ideal such that 𝐴(0) = 𝐵(0). 

Proof: 

𝑋/(𝐴 ∩ 𝐵) ≈ fuzzy subring  of (𝑋 𝐴⁄  𝑋/𝐵), but 𝑋 𝐴⁄  and 𝑋 𝐵⁄  are F- regular rings since 𝐴 , 𝐵 are F- 

weak maximal ideals , hence (𝑋 𝐴⁄  𝑋/𝐵) is F- regular ring and so any F- subring of (𝑋 𝐴⁄  𝑋/𝐵) is 

a F- regular ring . Thus,  𝑋/(𝐴 ∩ 𝐵) regular and so 𝐴 ∩ 𝐵 is F- weak maximal ideal. 

                                                             

Remark 2.14: The intersection of  an infinite of collection of F- weak maximal ideals of F- ring 𝑋 need 

not be a F- weak maximal ideal of 𝑋 , as the following example show: 

 Let 𝑋: 𝑍 → [0,1]  , defined by:    𝑋(𝑥) = 1 , ∀𝑥 ∈ 𝑍    . 

Let Ap(x) = {  
1                                  if x ∈ pZ, p is a prime number ,

0                               otherwise                                              
 

However,(∩ 𝐴𝑝) ∗ = (0) is not weak maximal ideal of Z, since  𝑋∗ (∩ 𝐴𝑝) ∗⁄ ≈ 𝑍 which is not regular. 

Thus,  ∩ 𝐴𝑝 is not F- weak maximal ideal of  𝑋. 

 

Proposition  2.15: If 𝐴1  and  𝐴2 are two F- weak maximal ideals of F- ring 𝑋1  and 𝑋2 respectively , 

then 𝐴⨁ 𝐵 is also F- weak maximal ideal in 𝑋1  𝑋2 . 

Proof: It is similar to proof of Corollary 2.11. 

 

Corollary 2.16: If {𝐴𝑖  }
𝑛 

𝑖=1 
 is a F- weak maximal ideals of fuzzy ring 𝑋𝑖  , i = 1,2, . . 𝑛  , then ∑ 𝐴𝑖

𝑛
𝑖=1  is 

a F- weak maximal ideal . Provided (X/A)∗ =
𝑋∗ 

 𝐴∗ 
 .      

Proposition 2.17: If 𝐺 is a reguler ring , then every a F- ideal  of F ring H- over 𝐺 is a weak maximal  

ideal. 

Proof:Since 𝐺 is regular , then 𝐻 is a  F- regular ring  by  Lemma 1.13 . 

Hence,    ∀ 𝐴 ≤ 𝐻, 𝐻 𝐴⁄  is a F- regular  by Lemma 2.3. Therefore,  𝐴 is a F- weak maximal ideal .                                                     

 

    Now we shall give some characterizations of F- regular ring which needed later .  

Lemma 2.18: If M be a F- ring, then 𝑀 is regular if and only if every principle F- ideal of 𝑋 is 

generated by F- idempotent  singleton . 

Proof: 

(→) Let  𝐴 =< 𝑥𝑡 >≤ 𝑋 . Since 𝑋 is regular , then 𝑥𝑡 = 𝑥𝑡𝑦𝑘𝑥𝑡 , for some 𝑦𝑘 ∈ 𝑋 , let   = min{𝑡, 𝑘} 

and 𝑦𝑘𝑥𝑡 = (𝑦𝑥)  . 
Put 𝑒 = 𝑦𝑥, then,  (𝑒)2 = (𝑦𝑘𝑥𝑡)(𝑦𝑘𝑥𝑡 ) = 𝑦𝑘(𝑥𝑡𝑦𝑘𝑥𝑡  ) =  𝑦𝑘𝑥𝑡 = 𝑒.         
Hence, 𝑒 is an idempotent. It is easy to show that 𝐴 =< 𝑒 > , since 𝑥𝑡 = 𝑥𝑡𝑒 ,  implies 𝐴 = < 𝑥𝑡 >
≤< 𝑒 > . Also 𝑒 = 𝑦𝑘𝑥𝑡 implies < 𝑒 > ≤ < 𝑥𝑡 >= 𝐴  

(←) To prove 𝑋 is regular . let  𝑥𝑡 ∈ 𝑋 . By hypothesis < xt >=< e > , for some F- idempotent 

singleton e . Then, 𝑥𝑡 = 𝑦𝑘 𝑒 = (𝑦𝑘 𝑒)𝑒, but e ∈< 𝑥𝑡  > , So 𝑒 = 𝑐𝑙 𝑥𝑡 , for some 𝑐𝑙 ∈ 𝑋  and 

so 𝑥𝑡 = 𝑥𝑡  𝑐𝑙  𝑥 𝑡 . Thus,  𝑋 is regular. 

 

Corollary  2.19: If 𝑀 be a F- ring , let 𝑁 ≤ 𝑀. Then 𝑁 is a F- weak maximal ideal of 𝑀 iff  every F- 

principal ideal of 𝑀 𝑁⁄  is generated by idempotent  fuzzy singleton .  

Proof: 

Let 𝑛 be a F- weak maximal ideal of  𝑀, then 𝑀 𝑁⁄  is reguler. The result follows by previous  Lemma 

2.18. 
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Lemma 2.20: If 𝑀 be F- ring . Then 𝑀 is regular if and only if every  finitely generated F- ideal of  𝑀 

is a F- principal ideal such that 𝑁(0) = 𝑁(1) . 

Proof: 

Let 𝑁 be  finitely generated F- ideal of 𝑀 ideal , hence 𝑁𝑡 is fineitely generated ideal , ∀ 𝑡 ∈ [0,1]  [10] 

. But 𝑀 is a F- regular ring implies 𝑀𝑡  is  reguler ring . Thus, 𝑁 ∗ is finitely generated ideal in  𝑀∗ . 

 That  is 𝑁 ∗  is a prinecipal ideal in 𝑀∗ . Therefore, 𝑁 is a  principal F- ideal [5].  

 

Corollary 2.21: Let 𝑋 be a F- ring. Then 𝑋 is regular if and only if every F- finitely generated ideal of 

𝑋 is generated by F- singloten idempotent  

Proof: 

By Lemma 2.20  every F- finitely generated ideal of 𝑋 is a F-principal ideal , hence the result follows 

by  Lemma 2.20. 

  

Corollary  2.22: A F- ring 𝑋 is regular if and only if every F- finitely generated ideal of 𝑋 is a fuzzy 

direct summand . 

Proof: 

By Lemma 2.20,  𝑋 is regular if and only if every F- finitely generated is a F- principal ideal .Hence by 

Lemma 2.20  𝑋  is regulear if and only if every fineitely generated F- ideal generated by F- 

iedempotent singleton .Thus,  𝑋  is regular if and only if every F- finitely generated ideal of 𝑋 is a 

direct-F- summand. 

Conversely , since every finitely generated F- ideal is a fuzzy direct summand, so every F- principal 

ideal of 𝑋 is a direct summand. 

  

Corollary 2.23: If 𝑀 be a F- rng , 𝑁 ≤ 𝑀  . Then 𝑁 is a F- weak maximal ideal if and only if every 

finitely generated F- ideal of 𝑀 𝑁⁄  is generated by F- idempotent singleton . 

Proof: 

Since 𝐴 is a F- weak maximal ideal , then 𝑀 𝑁⁄  is regular. Hence, the result follows by Corollary 2.21.  

  

Theorem 2.24: The following statements are equivalent: 

1. 𝑁 is a  weak maximal  F- ideal .  

2. Every a finitely generated F- ideal of 𝑀 𝑁⁄  is generated by F- iedempotent singleton . 

3. Every a F- principal ideal of 𝑀 𝑁 ⁄ is generated by F- idempotent singleton . 

Proof: 

(1 ⇔ 2) It follows by  Corollary 2.21. 

(2 ⟹ 3) It is clear . 

(3 ⟹ 1) By Lemma 2.22 ,  𝑀 𝑁⁄  is F- regular .Hence 𝐴 is a weak maximal F- ideal .  

Theorem 2.25 : 

If 𝑀 be  a F-ring,  𝑁 ≤ 𝑀, then the following  are equivalent: 

1- 𝑁 is a  weak maximal F- ideal . 

2- Every a finitely generated F- ideal of  𝑀 𝑁⁄  is a F- direct summand . 

3- Every a principal F- ideal of 𝑀 𝑁⁄  is a fuzzy direct summand . 

Proof: 

(1 ⇔ 2) It follows by  Corollary 2.21 

(2 ⇔ 3) It is clear since every a principal F- ideal is a finitely generated    

(3 ⇔ 1) It follows by  Theorem 2.24. 
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